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Foreword

This volume containsthe proceeding®f the 4th Workshopon Pragmaticsof
DecisionProceduresn AutomatedReasonindPDFAR'06), heldin Seattle USA,
on August21st,2006,aspartof the 2006 Federated.ogic ConferencgFLoC'06)
andaf liated with the 3rd InternationallointConferencen AutomatedReasoning
(IJCAR'06).

Theapplicatveimportanceof decisionproceduresor thevalidity or thesatis -
ability problemin decidablerst-order theorieds beingincreasinglyacknaviedged
in theveri cation community: mary interestingandpowerful decisionprocedures
have beendeveloped,andappliedto the veri cation of word-level circuits, hybrid
systemspipelinedmicroprocessorgndsoftware.

The PDFRAR'06 workshophasbroughttogetherresearchermterestedn both
the theoreticalandthe pragmaticalaspectf decisionproceduresgiving thema
forumfor presentinganddiscussingiotonly theoreticakndalgorithmicissueshut
alsoimplementatiorand evaluationtechniqueswith the ultimate goal of making
new decisionprocedurepossibleandold decisionproceduresnore powerful and
moreuseful.

In this edition of PDFAR we have allowed not only original papers,but also
“presentation-onlypapers”,i.e., papersdescribingwork previously publishedin
non-FLOC'06forums (which arenot insertedin the proceedings) We are allow-
ing the submissiorof previously publishedwork in orderto allow researcherso
communicatggoodideasthatthe PDFAR attendeegrepotentiallyunavareof.
Theprogramincluded:

2 two keynote presentationby PeterO'Hearn, University of London,andKoen
ClaessenChalmerdJniversity.

2 10technicalpapermpresentationsncluding5 original papersand5 “presentation-
only” papers.

2 A discussiorsession.

Additional detailsfor PDRAR'06 (including the program)are available at the
website http://www.dit.unitn.it/ “rseba/pdpar06/

We gratefullyacknavledgethe nancial supportof Microsoft Research.

Seattle August2006

Byron Cook Microsoft ResearchCambridge UK
RobertoSebastiani DIT, University of Trento,ltaly
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Pro of Pro cedures for
Separated Heap Abstractions

(keynote presenation)

Peter O'Hearn
QueenMary, University of London
ohearn@dcs.gmul.ac.uk

Abstract

Separationlogic is a program logic gearedtowards reasoningabout
programs that mutate heap-allocated data structures. This talk de-
scribesideasarising from joint work with Josh Berdine and Cristiano
Calcagnoon proof procedurefor a sublogic of separation logic that is
oriented to lightweight program veri cation and analysis. The proof
theory usesideasfrom substructural logic together with induction-free
reasoningabout inductiv e de nitions of heapstructures. Substructural
reasoningis usedto to infer frame axioms, which describe the portion
of a heapthat is not altered by a procedure,aswell asto dischargever-
i cation conditions; more precisely the leavesof failed proofs can give
us candidate frame axioms. Full automation is achieved through the
use of special axioms that capture properties that would normally be
proven using by induction. | will illustrate the proof method through
its usein the Smallfoot static assertion cheder, where it is usedto
prove veri cation conditions and infer frame axioms, as well asin the
Spacelnvader program analysis, whereit is usedto acceleratethe con-
vergenceof xed-p oint calculations.



The Power of Finite Mo del Finding

(keynote presenation)

Ko en Claessen
ChalmersUniversity of Tednology and
Jasper Design Automation
koen@cs.chalmers.se

Abstract

Paradax is a tool that automatically "nds "nite models for rst-
order logic formulas, using incremertal SAT. In this talk, | will presen
a new look on the problem of nding "nite models for rst-order logic
formulas. In particular, | will presen a novel application of nite model
“nding to the verication of nite and innite state systems; here,
a nite model nder can be usedto automatically nd abstractions
of systemsfor usein safety property veri cation. In this veri cation
process,it turns out to be vital to use typed (or sorted) rst-order
formulas. Finding models for typed formulas brings the freedom to
usedi®erent domain sizesfor ead type. How to choosethesedi®erert
domain sizesis still very much an unexplored problem. We showv how
a simple extensionto a SAT-solver can be usedto guide the seard for
typed models with seweral domains of di®erert sizes.



Mothers of Pip elines

Sava Krsti §, Robert B. Jones,and John W. O'Leary

Strategic CAD Labs, Intel Corporation, Hillsb oro, OR, USA

Abstract.  We presert a novel method for pipeline veri cation using SMT solvers.
It is basedon a non-deterministic \mother pipeline" machine (MOP ) that abstracts
the instruction set architecture (ISA). The MOP vs. ISA correctnesstheorem splits
naturally into a large number of simple subgoals. This theorem reduces proving the
correctnessof a given pipelined implementation of the ISA to verifying that eac of
its transitions can be modeled as a sequenceof MOP state transitions.

1 Intro duction

Proving correctnessof microarchitectural processordesigns(MA) with respect to
their instruction setarchitecture (ISA) amournts to establishinga simulation relation
betweenthe behaviors of MA and ISA. There are di®erert ways in the literature to
formulate the correctnesstheoremthat relatesthe stepsof the two machines[1], but
the complexity of the MA's step function remainsthe major impedimert to practical
veri cation. The challengeisto nd a systematicway to break the veri cation e®ort
into manageablepieces.

We propose a solution based on the obvious fact that the execution of any
instruction canbe seenasa sequencef smalleractions (let uscall them mini-stepsin
this informal overview), and the obsenation that the mini-steps can be understood
at an abstract level, without mertioning any concrete MA. Examples of mini-steps
are fetching an instruction, getting an operand from the register Te, having an
operand forwarded by a previous instruction in the pipeline, writing a result to the
register le, and retiring. We introduce an intermediate speci cation MOP between
ISA and MA that describesthe execution of ead instruction asa sequenceof mini-
steps. By design, our highly non-deterministic intermediate speci cation admits a
broad range of implementations. For example, MOP admits implementations that
are out-of-order or not, speculative or not, superscalar or not, etc. This approach
allows us to separatethe implementation-indep endert proof obligations that relate
ISA to MOP from those that rely upon the details of the MA. This can potentially
amortize someof the proof e®ort over seweral di®erert designs.

The conceptof parcels, formalizing partially-executed instructions, will be needed
for a thorough treatment of mini-steps. We will follow the intuition that from any
given state of any MA onecanalways extract the current state of its ISA componerts
and infer a queueof parcelscurrently preser in the MA pipeline. In Section 2, we
give a precisede nition of a transition system MOP whose states are pairs of the
form HSA state, queueof parceld, and whosetransitions are mini-steps asdescribed
above. Intuitiv ely, it is clearthat with a suxciently completesetof mini-steps we will



be able to model any MA stepin this transition systemasa sequenceof mini-steps.
Similarly, it should be possibleto expressany ISA step as a sequenceof mini-steps
of MOP.

Figure 1 indicates that correctnessof a microarchitecture MA with respect to
ISA is implied by correctnessresults that relate these machines with MOP. In
Section 3, we will prove the crucial MOP vs. ISA correctnessproperty: despite its
non-determinism, all MOP executionscorrespond to ISA executions.The proof rests
on the local con°uenceof MOP . (Proofs are provided in the Appendix.)

Fig. 1. With transitions that expressatomic stepsin instruction execution, a mother of pipelines
MOP simulates the ISA and its multiple microarchitectural implementations. Simulation g la
Burch-Dill °ushing justi es the arrow from MOP to ISA.

The MA vs. MOP relationship is discussedn Section4. We will seethat all one
needsto prove hereis a preciseform of the simulation mertioned above: there exists
an abstraction function that maps MA statesto MOP states such that for any two
states joined by a MA transition, the corresponding MOP states are joined by a
sequenceof mini-steps.

MA vs. MOP vs. ISA correctnesstheorems systematically reduceto numerous
subgoals,suitable for automated SMT solvers (\satis abilit y modulo theories"). We
used CVC Lite [4] and our initial experienceis discussedin Section 5.

2 MOP De nition

The MOP de nition dependson the ISA and the classof pipelined implemertations
that we are interestedin. The particular MOP described in this sectionhasa simple
load-store ISA and can model complex superscalar implementations with out-of-
order execution and speculation.

2.1 The Instruction Set Arc hitecture

ISA is a deterministic transition systemwith system variables pc : 1Addr, rf : RF,
mem : MEM, imem : IMEM. We assumethe types Regand Word of registers and
machine words, sothat rf can be viewed as a Regindexed array with Word values.
Similarly, mem can be viewed as a Word-indexed array with valuesin Word, while
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instruction imem.pc| actions

opcl dest srcl src2 = pc+ 4 rf:dest:= aluopcl (rf :srcl) (rf :src2)
= pc+ 4 rf:dest:= aluopc2 (rf :srcl) imm

= pc+ 4 rf:dest:= mem:(rf :srcl + o®sef)

opc2 dest srcl imm
Id dest srcl o®set

st srcl dest o®set = pc+ 4 mem:(rf :dest+ o®sel) := rf :srcl
target if taken
pc + 4 otherwise’
target = get_target pc o®set

taken = get_taken (get_test opc3) (rf :reg)

where

8 88 838

opc3 reg o®set

Fig. 2. ISA instruction classes (left column) and corresponding transitions. The variables
dest; srcl;src2;reg have type Reg and imm; o®set have type Word. For the three opcodes, we
have opcl 2 fadd; sub multg, opc2 2 faddi; subi multig, opc3 2 f beqz bnez jg.

imem is an IAddr-indexed array with valuesin the type Instr of instructions. Instruc-
tions fall into v e classeghat are identi ed by the predicatesalu_reg, alu_imm, Id,
st, branch. The form of an instruction of ead classis given in Figure 2. The gure
alsoshows the ISA transitions|the change-of-stateequationsde ned separatelyfor
ead instruction class.

2.2 State

Parcels are recordswith the following “elds:

instr : Instr, my _pc : I1Addr, dest; srcl;src2 : Reg
imm : Word, opc : Opcode; datal; data2; res, mem_addr : Word-
tkn : bool, next_pc : IAddr, wb:f? ;>g pcupd:f?; ; ;>g

The subscript ? to a type indicates the addition of the element ? (\unde ned") to
the type. The empty_parcel hasall elds equalto ?. The eld wb indicates whether
the parcel has written badk to the register Te (for arithmetical parcelsand loads)
or to the memory (for stores). Similiarly, pc_upd indicates whether the parcel has
causedthe update of pc. The additional values and areto recordthat the parcel
has updated pc speculatively and that it mispredicted.

In addition to the architected state componerts pc, rf , mem, imem, the state
of MOP contains integers head and tail, and a queue of parcelsq. The queueis
represetted by an integer-indexed array with head and tail de ning its front and
badk ends. We write idx | as an abbreviation for the predicate head - | - tail,
saying that j is a valid index in g. The | parcelin q will be denoted q;j .

2.3 Transitions

The transitions of MOP are de ned by the rules givenin Figures 3 and 4. Each rule
is a guarded parallel assignmen described in the def/grd/a  ct format, where def
contains local de nitions, grd (guard) is the set of predicates de ning the rule's
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domain, and act are the assignmeits made when the rule res. Somerules corntain
additional predicatesand functions, de ned next.

The rule decode requiresthe predicatedecoded p © p:opc 6 ? and the function
decode that updatesthe parcel eld opc and someof the “elds dest, srcl, src2, imm.
This update dependson the instruction classof p:instr, asin the following table.

instruction opc dest srcl src2 imm
ADD R1IR2R3 | add R1 R2 R3 ?
ADDI R1R217|addi R1 R2 ? 17
LD R1R217 Id R1 R2 ? 17
ST R1R217 st ? R1 R2 17
BEQZ R1 17 begz ? R1 2 17
J17 j ? ? ? 17

To specify how a given parcel should receiwe its datal and data2|from the register
‘Te or by forwarding|w e usethe predicatesno.mrwrj~ (S=;)andmrwrjk”
(S6 ; "max$S = k), whereS = fkjk < j ~idxk ™ gk:dest = rg. The former
chedks whether the parcel g;j needsforwarding for a given register r and the latter
givesthe position k of the forwarding parcel (mrw = \most r ecen write").

The rule write _back allows parcelsto write badk to the register Te out-of-
order. The parcel g;j can write badk assuming (1) it is not mispredicted, and (2)
there are no parcelsin front of it that write to the sameregister or that have not
fetched\;m operand from that register. Thesecondm\pns are expressedyy predicates
t] head<j 0. | _at j%and valid _data_upto j head- jo. j Valid_data j 9 where

tatj  qgjmypc=0qg( i 1)nextpc6 ?
valid dataj = qgj:datal6 ? ~ (aluregqj ) ¢j:data26 ?)

Memory accessrules (load and store ) enforcein-order execution of loads and
stores. The existenceand the location of the most recert memory accessparcel are
described by predicatesmrma and no_mrma, analogousto mrw and no_mrw above:
onehasmrma j k when k the largest valid index sud that k < j and gk is a load
or store; and one hasno_mrma j when no such number k exists. The completion of
a parcel's memory accesss formulated by

ma_completep” (load p” prres6 ?) _ (store p” pwb= >):

The last four rules in Figure 3 cover the computation of the next pc value
of a parcel, and the related test of whether the branch is taken and (if so) the
computation of the target address.The functions get taken and get_target are the
sameonesusedby the ISA.

The rulespc_up date and speculate governthe program counter updating. The
“rst is basedon the next_pc value of the last parcel and implemerts the regular ISA
°ow. The secondimplemernts practically unconstrained speculative updating of the
pc, speci ed by an arbitrary branch predict function.

Note that the status of a speculating branch changeswhen its next_pc value is
computed; if the prediction is correct (matchesmy_pc of the next parcel), the change
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DEF i = imem:pc fetc h
GRD length= 0 _ qgtail :pc_upd 2 f ;>g

ACT q:(tail + 1) := empty_parcel[instr 7! i; my_pc 7! pc] tail := tail + 1

DEF p= qj decode j
GRD idx j : (decoded p)

ACT p:= decode p

DEF p= qj datal rf j
GRD idx j decoded p p:srcl 6 ? p:datal = ? no_mrw (p:srcl) j

ACT p:datal := rf :(p:srcl)

DEF p=qj p= gk; where mrw (p:srcl)j k datal forw ard j
GRD idxj decoded p pisrcl 6 ? pres6 ? p:datal = ?

ACT p:datal := pres

p:data2 if alu_regp
p:imm if alu_imm p
idx j p:datal 6 ? pres= ?
(alureg p” p:data2 6 ?) _ alu_imm p
ACT pres:= alu p:opc dd°
DEF p=qj d= pdatal d°= p:data2 mem _addr |
GRD idxj pmem.addr=? (Idp~rd6 ?)_ (stp” d°6 ?)
d+ pimm if Id
ACT p:mem_addr := 4+ F:):imm it stg
DEF p= qj write _back j
GRD idx ] aluregp_aluiimmp_Idp 't valid _data_upto j
no_mrw (p:dest)j prresé ? pwb
ACT rf :(p:dest) := pres pwb:= >
DEF p= qj load j
idxj Idp p:mem_addr & ? pres= ?
GRD - .
no.mrma j _ (mrma j k”~ ma_complete g:k)
ACT prres:= mem:(p:mem_addr)
DEF p= qj store j
idxj stp pmem.addr 6 ? pdatal6 ? pwb=7? 1 j
GRD - . ]
no_mrma j _ (mrma j k~ ma_complete qk)
ACT mem:(p:mem_addr) := p:datal pwb:= >
DEF p= qj branc h_target j
GRD idx j branchp decoded p pres= ?
ACT prres:= get_target (p:my_pc) (p:imm)
DEF p=qj t= get.test(p:opc) branc h_tak en j
GRD idx j branchp decoded p p:datal 6 ? pitkn = ?
ACT p:itkn := get_takent (p:datal)

DEF p=qj d= pdatal d°= result j

GRD

i
?

DEF p= qj next _pc_branc h j
GRD idx j branchp pitkn 6 ? pres6é ? p:nextpc= ?
. ._  pres if p:tkn
ACT  pinext.pc := (p:my_pc) + 4 otherwise
DEF p= qj next _pc_nonbranc h j

GRD idx j : (branchp) decoded p p:next_pc= ?
ACT p:next_pc := (p:my_pc) + 4

Fig. 3. MOP transitions (Part 1). The rules data2 _rf and data2 _forw ard are analogous to
datal _rf and datal _forw ard, and are not shown.



DEF p = q:tall pc_up date
GRD length> 0 decoded p p:next_pc & ? p:pc.upd 6 >

ACT pc:= p:nextpc p:pcupd = >

DEF p = q:tall speculate
GRD length> 0 decoded p branchp p:pcupd = ? p:next_pc= ?

ACT pc := branchpredict pmy_pc p:pc_upd :=

DEF p= qj prediction _ok j
GRD idx j idx (j + 1) p:pc_upd = Tat(+1)

ACT p:pc_upd = >

DEF p= qj squash j
GRD idx j idx (j + 1) p:pc-upd = :(tat( +1) pnextpcé ?

ACT tail :=j p:pc_upd :=

DEF retire
GRD length > 0 complete (g:head)

ACT head:= head+ 1

Fig. 4. MOP transitions (Part 2)

is modeled by rule prediction _ok. And if the next_pc value turns out wrong, rule
squash becomesenabled,e®ectingremoval of all parcelsfollowing the mispredicting
branch.

Rule retire res only at parcelsthat have completedtheir expected modi cation
of the architected state. complete p is de ned by (p:wb = >)” (p:pc_upd = >) for
non-branches,and by p:pc_upd = > for branches.

3 MOP Correctness

We call MOP states with empty queues®ushed and consideredthem the initial
statesof the MOP transition system.The map°: s 7] hs;empty_queue establishes
a bijection from ISA statesto °ushed MOP states.

Note that MOP simulates ISA: if s and s® are two consecutive ISA states, then
there exists a sequenceof MOP transitions that leadsfrom °(s) to °(s%. The se-
guencebegins with fetch and proceedsdepending on the class of the instruction
that was fetched, keepingthe queuesize equal to one until the last transition re-
tire . One can prove with little e®ort that a requisite sequencefrom °(s) to °(s9
can always be found within the set described by the strategy

fetc h ; decode ; (datal _rf [|(datal _rf ; data2 _rf)) ;
(result [mem _addr [(branc h_tak en ; branc h_target )) ; [load [ store ] ;
(next _pc_branc h [next _pc_nonbranc h); pc_up date ; retire

A MOP invariant is a property that holds for all states reachable from initial
(°ushed) states. Local con°uenceis MOP's fundamental invariant.

Theorem 1. Restricted to reachablestates, MOP is locally con°uent.
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We omit the proof of Theorem 1. Note, however, that proof of local con°uence
breaks down into lemmas|one for eac palr/of rules For MOP, most of the cases
are resolved by rule commutation: if m; AT m j s mz (i.e., % applies to the
state m and leads from it to m;), then m; .!a m?O A4 m», for some m® For
the sake of illustration, we show in Figure 5 three exampleswhen local con°uence
requires non-trivial resolution. Diagrams 1 and 2 showv two ways of resolving the

\’:5;;‘ _forw ard j
o

retire _~

A A
2 -~ RA275 3

~ \:\’/ = A ~
A ; o) A iy
2 ol 2 2 ol
-~ (squash t);pc_up date ~
prediction _ok head A~—~ fetc h datal _rf j A? retire
2 2

Fig. 5. Example non-trivial casesof local con°uence

con®uence of the rule pair (fetch;pc_update). Note that both rules are enabled
only when gitail :pc_upd = . Thus, the parcel g:itail must be a branch, and the
fetch is speculative. Diagram 1 applies when the speculation goeswrong, Diagram
2 when the fetched parcel is correct. (In Diagram 2, t is the index of the branch
at the tail of the original queue.) Diagram 3 shows local con®uence for the pair
(retire ;datal _forw ard j) whenmrw j (q:;j:srcl) head holds.

The secondfundamertal property of MOP is related to termination. Eventhough
MOP is not terminating (of course),every in nite run must have anin nite number
of fetc hes:

Lemma 1. Without the rule fetch, MOP (on reachablestates) is terminating and
locally con®uent.

Proof. Every MOP rule exceptfetc h either reducesthe sizeof the queue,or makes
a measurableprogressin at least one of the elds of one parcel, while keepingall
other elds the same.Measureableprogressmeansgoing from ? to a non-? value,
or, in the caseof the pc_upd “eld, going up in the ordering? A A A >. This
“nishes the proof of termination. Local con°uence of MOP without fetch follows
from a simple analysis of the (omitted) proof of Theorem 1. o

Let us say that a MOP state is irr educible if none of the rules, except possibly
fetch appliesto it. It follows from Lemma 1, together with Newman's Lemma [3],
that for every reachable state m there exists a unique irreducible state which can
be reached from m using non-fetch rules. This state will be denoted jmj.

Lemma 2. For everyreachablestate m, the irr educible state jmj is °ushed.

9



Proof. Supposethe queue of jmj is not empty and let p be its head parcel. We
needto considerseparatelythe casesde ned by the instruction classof p. All cases
being similar, we will give a proof only for one:when p is a conditional branch. Since
decode doesnot apply to it, p must befully decaded. Sincedatal _rf doesnot apply
to p, we must have p:data 6 ? (other conditions in the guard of datal _rf aretrue).
Now, sincebranc h_tak en and branc h _target do not apply, we can concludethat
pres6 ? and pitkn 6 ?. This, together with the fact that next _pc_branc h does
not apply, implies p:next_pc 6 ?. Now, if p:pc_upd = >, then retire would apply.
Thus, we must have p:pc_upd 6 >. Since pc_up date does not apply, the queue
must have length at least 2. If p:pc_upd = , then either squash or prediction _ok
would apply to the parcel p. Thus, p:pc_upd is equalto ? or , and this contradicts
the (easily cheded) invariant saying that a parcel with p:pc_upd equalto ? or
must be at the tail of the queue. o

De ne ®m) to be the ISA componert of the °ushed state jmj. Recall now the
function ° de ned at the beginning of this section. The functions ° and ® map ISA
statesto MOP states and the other way around. Clearly, ®&° (s)) = s.

The function ® is analogousto the pipeline °ushing functions of Burch-Dill [5].
Indeed, we can prove that MOP satis es the fundamenrtal Burch-Dill correctness
property with respect to this °ushing function.

Theorem 2. Supmsea MOP transition leads from m to m® and m is reachable.

Then ®&mY = isa_step (®&(m)) or &mY = ®&m).

Proof. We can assumethe transition m j! mP%is a fetch; otherwise, we clearly
have jmj = jm9, and so®m) = ®&mY. The proof is by induction on the minimum
length k of a chain of (non-fetch) transitions from m to jmj. If k = 0, then m is
°ushed, som = °(s) for somelSA state s. By the discussionat the beginning of
Section3, the fetch transition m j! mYisthe rst in a sequencdhat, without using
any further fetches, leadsfrom °(s) to °(sY, where s°= isa_step s. It follows that

im9 = j°(s9j, so®mY = &(° (sY) = s°, asrequired.

millml 2 jmj m—2dmy 2 o2 imj
|
fetc h L |||||3/|A fetc h fetc h

m° m® —=—/m?

Fig. 6. Two casesfor the inductiv e step in the proof of Theorem 2

Assumenow k > 0 and let m if(z m4 be the rst transition in a minimum
length chain from m to jmj. Analyzing the proof of Theorem 1, one can seethat
local con®uencein the caseof the rule pair (fetc h;%} can be resolved in one of the
two ways shown in Figure 6, where ¥2has no occurrencesof fetc h. In the rst case,
we have ®m9Y = ®m;), and in the secondcasewe have ®m% = ®&m§?), where m?

10



is asin Figure 6. In the st case,we have ®m% = ®&m;) = ®&m). In the second
case, the proof follows from ®&m) = ®&m;), &mY = &mY), and the induction

hypothesis:®m?) = ®&m;) or ®mY) = isa_step(®mY)). a

4 Simulating Microarc hitectures in MOP

SupposeMA is a microarchitecture purportedly implemerting the ISA. We will say
that a state-to-state map from MA to MOP is a MOP -simulation if for every MA
transition s ! ma s° the state ~(s9 is reachablein MOP from ~(s). Existence of a
MOP -simulation proves(the safety part of) the correctnessof MA. Indeed, for every
execution sequences; j ! ma S2i! ma i, wehave (s1)i! yop (S2)i! mop
.21, and then by Theorem 2, & (s1)) i! 1sa ®( (s2)) i! |sa ::: demonstrating
the crucial simulation relation between MA and ISA.

For a given MA, the MOP -simulation function ~— should be easyto guess.The
ditcult part is to verify that it satis es the required property: the existence of
a chain of MOP transitions ~(s) i! yop ~(sY for ead transition s j! ma S°
Somewhatsimplistically, this veri cation task can be partitioned as follows.

quences = sp A s3 A 1A sy 1 A sy = sOwheresi = Wi ve Vvt v
conveniertly serializesthe parallel computation that MA does when it makes a
transition from s to s® Thesen stepsare not MA transitions themselves since the
intermediate s; neednot be legitimate MA statesat all. Howewer, it is reasonableto
expect that the progressdescribed by this sequences re°ected in MOP by actual
transitions:

() =moi! wop Mii! mop iii! mop Mn=(sY: (1)

De ning the intermediate MOP states m; will usually be straightforward. Once
they have beenidenti ed, the task of proving that ~(s9 is reachable from ~(s) is
broken down into n tasks of proving that mj.; is reachable from m;. E®ectiwely,
the correctnessof the MA next-state function is reducedto proving a correctness
property for ead state componert update function next_v;.

5 Mec hanization

Our method is intended to be usedwith a combination of interactive (or manual)
and automated theorem proving. The correctnessof the MOP system (Theorem 2)
rests largely on its local con°uence(Theorem 1), which is naturally and easily split
into a large number of casesthat canbe individually veri ed by an automated SMT
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solver. The solver needsdecisionproceduresfor uninterpreted functions, a fragment
of arithmetic, and commondatatypesauch asarrays, recordsand enumeration types.
Oncethe MA -simulation function — of Section4 hasbeende ned and the intermedi-
ate MOP statesm; in the chain (1) identi ed, it should alsobe possibleto generate
the proof of reachability of m;,1 from m; with the aid of the samesolver.

We have used manual proof decomposition and CVC Lite to implement the
proof procedurejust described. Our modelsfor ISA, MOP, and MA are all written
in the re°ective general-purposefunctional languagereFLECt [7]. In this corveniert
framework we can executespeci cations and|through a HOL-lik e theorem prover
on top of reFLECt or an integrated CVC Lite[formally reasonabout them at the
sametime. Local con®uenceof MOP is (to someextent automatically) reducedto
about 400 goals,which are individually proved with CVC Lite. For MA we usedthe
textb ook DLX model [9] and proved it is simulated in MOP by constructing the
chains (1) and verifying them with CVC Lite. This proof is sketched in somedetail
in the Appendix.

Mechanization of our method is still in progress.Clean and excient useof SMT
solvers to prove properties of executable high-level models written in another lan-
guagecomeswith challenges,someof which werediscussedn [8]. For us, particularly
exigen is the demandfor heuristics for decidingwhento expandoccurrencesof func-
tion symbolsin goalspassedto the SMT solver with the functions' de nitions, and
when to treat them as uninterpreted.

6 Related Work

The idea of °ushing a pipeline automatically wasintroducedin a seminal paper by
Burch and Dill [5]. In the original approad, all in-°ight instructions in the imple-
mentation state are °ushed out of the pipeline by inserting bubble$NOPs that do
not a®ectthe program counter. Pipelinesthat usea combination of super-scalarexe-
cution, out-of-order execution, variable-latency execution units, etc. are too complex
to °ush directly. In response,researtiershave invented a variety of ways, many based
on °ushing, to relate the implementation pipeline to the speci cation. We cover here
only those approachesthat are most closelyrelated. The interestedreaderis refered
to [1] for a relatively complete survey of pipeline veri cation approacdes.

Damm and Pnueli [6] use a non-deterministic speci cation that generatesall
program tracesthat satisfy data dependenciesThey usean intermediate abstraction
with auxiliary variablesto relate the speci cation and an implementation with out-
of-order retirement basedon Tomasulo'salgorithm. In ead step of the speci cation
model, an entire instruction is executedatomically and its result written badk. In
the MOP approad, the execution of ead instruction is broken into a sequenceof
mini-steps in order to relate to a pipelined implementation.

SkakkebYzket al. [16,11]intro duceincremental °ushing and usea non-determini-
stic intermediate model to prove correctnessof a simple out-of-order core with in-
order retirement. Like us, they rely on argumenrts about re-ordering transactions.
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While incremertal °ushing must deal with transactions as they are de ned for the
pipeline, we decompose pipeline transactions into much simpler \atomic" transac-
tions. This facilitates a more general abstraction and should require signi cantly
lessmanual proof e®ortthan the incremental °ushing approad.

Sawvada and Hunt [14] usean intermediate model with an unbounded history ta-
ble called a micro-architectural execution trace table. It cortains instruction-speci ¢
information similar to that found in the MOP queue. Arons [2] follows a similar
path, augmerting an implementation model with history variables that record the
predicted results of instruction execution. In these approades, auxiliary state is|
like the MOP gueuelemplo yedto derive and prove invariants about the implemen-
tation's relation to the speci cation. While their auxiliary state is derived directly
from the MA, MOP is largely independert of MA and has ne-grained transitions.

Arvind and Shen[15] useterm rewriting to model an out-of-order processorand
its speci cation. Similar to our approac, multiple rewrite rules may be required
to complete an implementation step. As in the current approacd, branch prediction
is modeled by non-determinism. In cortrast with the current approad, a single
processorimplemertation is related directly to its in-order speci cation.

Hosakbettu et al. [10] deviseda method to decomposethe Burch-Dill correctness
statemert into lemmas, one per pipeline stage. This inspired the decomposition we
describe in Section 4.

Lahiri and Bryant [12], and Manolios and Srinivasan[13] veri ed complex mi-
croprocessormodels using the SMT solver UCLID. Someconsistencyinvariants in
[12] occur naturally in our con°uence proofs as well, but the overall approad is
not closely related. The WEB-re nement method used in [13] produces proofs of
strong correspondencebetweenISA and MA (stuttering bisimulation) that implies
liveness.We have proved that MOP with a bounded queueand ISA are stuttering
equivalent, also establishing liveness.The proof is cortained in the Appendix.

7 Conclusion

We have presernted a new approac for verifying a pipelined system P against its
speci cation S by usingan intermediate \pip eline mother" systemM that explicates
atomic computations occurring in stepsof S. For de niteness, we assumedthat P is
a microprocessomodel and S is its ISA, but the method can potentially be applied
to verify pipelined hardware componerts in general,or in protocol veri cation. This
can all be seenas a re nement of the classical Burch-Dill method, but with the
dizcult °ushing-basedsimulation pushedto the M vs. S level, whereit amourts to
proving local con°uenceof M |a conjunction of easily-stated properties of limited
size,readily veri able by SMT solvers.

As an example, we speci ed a concrete intermediate model MOP for a simple
load-store architecture and proved its correctness.We also veri ed the textb ook
machine DLX against it. Howewver, our MOP contains more than is needed for
verifying DLX : it is designedfor simulation of microprocessormodelswith complex
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out-of-order executionthat cannot be handled by currently available methods. This
will be addressedin future work. Also left for future work are improvemerts to
our methodology (manual decomposition of veri cation goalsinto subgoalswhich
we prove with CVC Lite [4]) and performance comparison with other published
methods.

Ac knowledgmen t. We thank JesseBingham for his commerts.
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Abstract

In this paper we shav how hierarchical reasoning can be used to
verify properties of complex systems. Chains of local theory extensions
are usedto model a casestudy taken from the European Train Control
System (ETCS) standard, but considerably simplied. We shav how
testing invariants and bounded model chedking can automatically be
reducedto cheding satis abilit y of ground formulae over a basetheory.

1 Intro duction

Many problemsin computer sciencecan be reducedto proving satis abilit y
of conjunctions of (ground) literals modulo a badground theory. This theory
can be a standard theory, the extension of a basetheory with additional
functions (free or subject to additional conditions), or a combination of
theories. In [8] we shawed that for special typesof theory extensions,which
we called local, hierarchic reasoningin which a theorem prover for the base
theory is used as a \black box" is possible. Many theories important for
computer scienceare local extensionsof a basetheory. Seeral examples
(including theories of data structures, e.g.theories of lists (or arrays cf. [3]);
but alsotheoriesof monotonefunctions or of functions satisfying semi-Galois
conditions) are given in [8] and [9]. Here we presen additional examplesof
local theory extensionsoccurring in the veri cation of complex systems.

In this paper we addressa casestudy taken from the speci cation of
the European Train Control System (ETCS) standard [2], but considerably
simpli ed, namely an example of a communication device responsible for
a given segmem of the rail track, where trains may enter and leave. We
supposethat, at xed momerts in time, all knowledge about the current

positions of the trains is available to a controller which accordingly imposes
constraints on the speedof sometrains, or allowsthem to move freely within

the allowed speedrange on the track. Related problemswere tackled before
with methods from veri cation [2].

The approach we use in this paper is di®erent from previously used
methods. We use sorted arrays (or monotonely decreasingfunctions) for
storing the train positions. The useof abstract data structures allows us to
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passin an elegart way from veri cation of seweral nite instancesof problems
(modeledby nite-state systems)to generalveri cation results, in which sets
of states are represened using formulae in “rst-order logic, by keepingthe

number of trains as a parameter. We show that for invariant or bounded
model cheding the speci ¢ properties of \p osition updates" canbe expressed
in a natural way by using chains of local theory extensions. Thereforewe can
useresultsin hierarchic theorem proving both for invariant and for bounded
model chedking!. By using locality of theory extensionswe also obtained

formal argumerts on possibilities of systematic\slicing" (for boundedmodel

cheding): we shaw that for proving (disproving) the violation of the safety

condition we only needto considerthosetrains which arein a'neighborhood'

of the trains which violate the safety condition?.

Structure of the paper. Section2 contains the main theoretical results needed
in the paper. In Section 3 we describe the casestudy we consider. In Sec-
tion 4 we presert a method for invariant and bounded model chedking based
on hierarchical reasoning. Section 5 contains conclusionsand perspectives.

2 Preliminaries

Theories and models. Theories can be regarded as sets of formulae or
as sets of models. Let T be a theory in a (many-sorted) signature | =
(S; 8;Pred), where S is a set of sorts, § is a set of function symbols and
Preda set of predicate symbols (with givenarities). A |-structure is atuple

M = (fMsGs2s;ffm Gr25:TPm Op2pred);

where for every s 2 S, Nb is a non-empty set, for all f 2 § with arity
a(ff)=s1::sp! s,y in=1 Mg ! Mg and for all P 2 Pred with arity
a(P) = s1::isn;Pw M Mg £ 111 £ Mg, . We considerformulae over variables
in a (many-sorted) family X = fXgjs2 Sg, wherefor everys2 S, Xgisa
setof variablesof sort s. A modelof T isa|-structure satisfying all formulae
of T. In this paper, wheneer we speak about a theory T we implicitly refer
to the set Mod(T) of all models of T, if not otherwise speci ed.

Partial structures. Let Tp be atheory with signature| ¢ = (Sp; 80; Pred).
We consider extensions Ty of Tp with signature | = (S;8§;Pred), where
S = So[ S1;8 = 89 [ 81 (i.e. the signature is extended by new sorts
and function symbols) and T; is obtained from Ty by adding a set K of
(universally quanti ed) clauses. Thus, Mod(T;) consistsof all |-structures

which are models of K and whosereduct to | ¢ is a model of Tp.

A partial | -structureis astructure M = (fMs0s2s;ffm Gr2s ;T Pm Op2pred),
wherefor every s 2 S, Mg is a non-empty setand for every f 2 § with arity

YHere we only focus on one example. However, we also used this technique for other
casestudies (among which one is mentioned { in a slightly di®erert context { in [9]).

2In fact, it turns out that slicing (locality) results with a similar °avor preserted by
Necula and McPeak in [6] have a similar theoretical justi cation.

16



S1:::Snh ! s, fm is a partial function from Mg, £ ¢¢¢CE Mg, to Ms. The
notion of ewvaluating a term t with variables X = fXsj s 2 Sg w.r.t. an
assignmen f s:Xgs! Mg s2 Sgfor its variablesin a partial structure M
is the same as for total many-sorted algebras, except that this evaluation
isunde ned if t = f(ty;:::;ty) with a(f) = (sz:::sp ! ), and at least

of fp . In what follows we will denote a many-sorted variable assignmen
f ssXs! Mgjs2Sgas :X! M. Let M bea partial |-structure, C
aclauseand :X ! M. Wesa that (M ; ) Fw C i® either (i) for some
term t in C, (t) is unde ned, or else(ii) ~(t) is de ned for all termst of C,
and there exists a literal L in C s.t. (L) istrue in M. M weakly satis es
C (notation: M F C) if (M ;) Fw C for all assignmems . M weakly
satis es (is a weak partial model of) a set of clausesK (notation: M E K,
M isaw.p.model of K) if M F,, C for all C 2 K.

Lo cal theory extensions. Let K beasetof (universallyquarti ed) clauses
in the signature| = (S;§;Pred), whereS = Sg[ S;and 8 = §g[ 81. In

what follows, when referring to setsG of ground clauseswe assumethey are
in the signature |} © = (S;8 [ 8¢;Pred where §. is a set of new constarts.

An extensionTo U To[ K is local if satis abilit y of a set G of clauseswith

respectto Tg[ K, only dependson Ty and thoseinstancesK[G] of K in which

the terms starting with extensionfunctions are in the set st(K; G) of ground
terms which already occur in G or K. Formally,

K[G] = fC3%jC 2 K; for eath subterm f (t) of C; with f 2 §1;
f (t)%2 st(K; G); and for eadh variable x which doesnot
occur below a function symbol in 8 1;¥%(x) = Xg;

and To 4 Ty=To[ K is a local extensionif it satis es condition (Loc):

(Loc) For every set G of ground clausesG F1,? i® there is no partial
I C-structure P such that Pit o is a total model of Ty, all terms
in st(K;G) arede ned in P, and P weakly satis es K[G] " G.

In [8, 9] we gave seweral examplesof local theory extensions: e.g. any ex-
tension of a theory with free function symbols; extensions with selector
functions for a constructor which is injective in the basetheory; extensions
of seweral partially orderedtheorieswith monotonefunctions. In Section4.2
we give additional exampleswhich have particular relevancein veri cation.

Hierarc hic reasoning in local theory extensions. Let Tou Ti=To[ K
be a local theory extension. To ched the satis abilit y of a set G of ground
clausesw.r.t. T; we can proceedas follows (for details cf. [8]):

Step 1: Uselocality. By the locality condition, G is unsatis able w.r.t. T; i®
K[G]” G hasno weak partial model in which all the subterms of K[G]* G
are de ned, and whoserestriction to | ¢ is a total model of Tj.
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Step 2: Flattening and puri ¢ ation. We purify and °atten K[G] " G by
introducing new constarts for the argumerts of the extension functions as

f 2 §3, together with new corresponding de nitions ¢; Y42 t. The set of
clausesthus obtained hasthe form Ko™ Go” D, whereD is a set of ground

constarts, and Kg; Gg are clausesetswithout function symbolsin §;.

Step 3: Reduction to testing satis ability in To. We reducethe problem to
testing satis abilit y in Ty by replacing D with the following set of clauses:

N m
Ng = fog¥d! cvdjf(ci;:ii;¢c)=cf(dg;:::;dn)=d2Dg:
Theorem 1 ([8])|_1With the notations alove, the following are equivalent:
(1) To™ K™ G hasa model.
(2) To"K [G]* G hasa w.p.madel (where all terms in st(K; G) are de ned).
(3) To"K o"Go"D hasa w.p.madel (with all terms in st(K; G) de ned).
(4) To"K o™ Gp™Ng hasa (total) §g-model.

3 The RBC Case Study

The casestudy we discusshere is taken from the speci cation of the Eu-
ropean Train Control System (ETCS) standard: we considera radio block
certer (RBC), which communicateswith all trains on a given track segmer.
Trains may enter and leave the area, given that a certain maximum number
of trains on the track is not exceeded. Every train reports its position to
the RBC in giventime intervals and the RBC communicatesto every train
how far it can safely move, basedon the position of the precedingtrain. It
is then the responsibility of the trains to adjust their speed between given
minimum and maximum speeds.

For a rst try at verifying properties of this system, we have considerably
simpli ed it: we abstract from the communication issuesin that we always
evaluate the system after a certain time ¢t , and at these evaluation points
the positions of all trains are known. Depending on these positions, the
possible speed of every train until the next ewvaluation is decided: if the
distance to the precedingtrain is lessthan a certain limit lyam, the train
may only move with minimum speedmin (otherwise with any speedbetween
min and the maximum speed max).

3.1 Formal Description of the System Mo del

We presen two formal system models. In the rst one we have a xed
number of trains; in the secondwe allow for entering and leaving trains.

Mo del 1: Fixed Num ber of Trains. In this simpler model, any state of
the systemis characterized by the following functions and constarts:
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2 ¢t > 0, the time betweenewaluations of the system.

2 min and max the minimum and maximum speedof trains. We assume
that 0 min- max

2 lyam, the distance betweentrains which is deemedsecure.
2 n, the number of trains.

2 pos a function which mapsindices(between0 and nj 1) assaiated to
trains on the track to the positions of those trains on the track. Here
pogi) denotesthe current position of the train with index i.

We use a new function pos’ to model the ewolution of the system: pos\i)
denotesthe position of i at the next evaluation point (after ¢t time units).
The way positions change (i.e. the relationship between pos and pos) is
de ned by the following set K¢ = fF1; F2; F3; F4g of axioms:

(F1 8 (i=0 ! pogi)+ ¢tamin- g pos(i) - g pogi) + ¢t smax)

(F 8 (O0<i<n ™ podgij 1)>r0 7~ poyp(i)) i pos(i), r laarm
I pogi) + ¢t amin- g posXi) - g pogi) + ¢t smax

(F3) 8 (O<i<n ” podiji 1)>r0 "~ poyp(i)) i Po(i) <r laiam
I pos(i) = pogi) + ¢t omin)

(F4) 8 (O<i<n ~ pogij 1)-r0 ! posi) = pogi)),

Note that the train with number 0 is the train with the greatest position,
i.e. we court trains from highest to lowest position.

Axiom F1 states that the rst train may always move at any speed
between min and max F2 states that the other trains can do so if their
predecessorhas already started and the distance to it is larger than lgam.
If the predecessorof a train has started, but is lessthan lyam away, then
the train may only move at speed min (axiom F3). F4 requiresthat a train
may not move at all if its predecessohas not started.

Mo del 2: Incoming and leaving trains. If we allow incoming and
leaving trains, we additionally needa measurefor the number of trains on
the track. This is given by additional constarts rst and last, which at any
time give the number of the rst and last train on the track (again, the rst
train is supposedto bethe train with the highestposition). Furthermore, the
maximum number of trains that is allowedto be on the track simultaneously
is given by a constant maxTrains Thesethree valuesreplacethe number of
trains nin the simpler model, the rest of it remainsthe sameexceptthat the
function posis now de ned for valuesbetween rst and last, where beforeit
was de ned between0 and nj 1. The behavior of this extended systemis
described by the following set K, consisting of axioms (V1) j (V9):

(VD 8i (i=Trst! pogi)+ ¢t amin- g pos(i) - gr pogi) + ¢t @max
(V2) 8i (rst<i- last®pogij 1)>r0”podij 1)i podi), R laam
I pogi) + ¢t amin- g po(i) - g pogi) + ¢t @max)
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(V3) 8i (rst<i- last®pogij 1)>r0”podij 1)i podi) <R laarm
I pos(i) = pog(i) + ¢t ©min)

(V4 8 (rst<i- last pogij 1) 0! posXi) = pogi))

(V5) lastj rst + 1< maxTrains! last’= last_last®= last+ 1
(Vv6) lastj “rst + 1= maxTrains! last= last

(V7) lastj rst+ 1> 0! Trst®= Trst _rst®= Trst + 1

(V8) lastj rst+ 1= 0! Trst®= Trst,

(V9) las= last+ 1 ! posXlast) < pos(last)

where primed symbols denotethe state of the systemat the next evaluation.

Here,axiomsV1; V4 aresimilar to F1j F4, exceptthat the xed bounds
are replacedby the constarts rst and last V5 statesthat if the number of
trains is lessthan maxTrainsg then a new train may enter or not. V6 says
that no train may enter if maxTrainsis already reached. V7 and V8 are
similar conditions for leaving trains. Finally, V9 statesthat if atrain enters,
its position must be behind the train that was last before.

4 Hierarc hical reasoning in veri cation

The safety condition which is important for this type of systemsis collision
freeness.Intuitiv ely (but in a very simpli ed model of the system of trains)
collision freenessis similar to a 'bounded strict monotonicity' property for
the function poswhich storesthe positions of the trains:

Mon(pos) 8i;j (0 i<j<n! pogi)>rpogj))
Mon(pos) expressesthe condition that for all trains i;j on the track, if i
precedes then i should be positioned strictly aheadof j.

We will also consider a more realistic extension, which allows to express
collision-freenessvhen the maximum length of the trains is known. In both
cases,we focus on invariant chedking and on bounded model cheding.

4.1 Problems: Invariant checking, bounded model checking
In what follows we illustrate the ideas for the simple approad, in which
collision-freenesss identi ed with strict monotonicity of the function which
storesthe positions of the trains. To ched that strict monotonicity of train
positions is an invariant, we needto ched that:

(@) In the initial state the train positions (expressedby a function pos))
satisfy the strict monotonicity condition Mon(pos,).

(b) Assumingthat at a given state, the function pos (indicating the po-
sitions) satis es the strict monotonicity condition Mon(pos), and the
next state positions, stored in pos, satisfy the axioms K, where K 2
fK ¢ ; Kyg, then pos’satis esthe strict monotonicity condition Mon(pos).
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Cheding (a) is not a problem. For (b) we needto shaw that in the extension
T of a combination Tp of real arithmetic with an index theory describing
precedenceof trains, with the two functions posand pos’ the following hold:

T E KAMon(posg) ! Mon(pos); i.e. T~AK”Mon(pos”: Mon(pos) E? :

The set of formulae to be proved unsatis able w.r.t. T involvesthe axioms
K and Mon(pos), containing universally quanti ed variables of sort i. Only
: Mon(pos) correspondsto a ground set of clausesG. However, positive re-
sults for reasoningin conbinations of theorieswere only obtained for testing
satis abilit y for ground formulae [7, 4], so are not directly applicable.

In bounded model chedking the sameproblem occurs. For a xed k, one
hasto shaw that there are no paths of length at most k from the initial state
to an unsafe state. We therefore needto store all intermediate positions in
arrays posy; pos;;:::;pos,, and { provided that K(pos, ;;pos) is de ned
such that K = K(pos pos) { to show:

N
TA K(pos; 1;pos) * Mon(pog) » : Mon(pos) F? forall0- j - k:
i=1

4.2 Our solution: locality, hierarc hical reasoning

Our idea. In order to overcomethe problem mentioned above we proceed
as follows. We considertwo successie extensionsof the base many-sorted
combination Ty of real arithmetic (for reasoningabout positions, sort num)
with an index theory (for describing precedencebetweentrains, sort i):

2 the extensionT; of Tp with a monotone function pos of arity i !  num,
2 the extension T, of Ty with a function pos’ satisfying K 2 fK ¢ ; K,g.

We show that both extensionsTy i T1 = To[ Mon(pos) and T, 4 To = T1[ K
are local, where K 2 fK ¢;K,g. This allows us to reduce problem (b) to
testing satis abilit y of ground clausesin Ty, for which standard methods for
reasoningin combinations of theories can be applied. A similar method can
be usedfor bounded model cheding.

The base theory . As mertioned before, we assumethat Ty is the many-
sorted combination of a theory TOi (sort i) for reasoningabout precedence
betweentrains and the theory Tg"'™ of real numbers(sort num) for reasoning
about distancesbetweentrains. As a corvertion, everywherein what follows
i; j; k denote variables of sort i and c;d denote variables of sort num.

We have se\eral possibilities of choosing TOi: we can model the trains on
a track by using an (acyclic) list structure, where any train is linked to its
predecessorpr using the theory of integerswith predecessor.

In what follows let TOi be (a fragmert of) integer arithmetic and Ty"'™ be
the theory of real or rational numbers. In both these theories satis abilit y
of ground clausesis decidable.
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Collision freeness as monotonicit y. Let Tg be the (disjoint, many-
sorted) combination of T4 and TU™. Then classicalmethods on combina-
tions of decisionproceduresfor (disjoint, many-sorted) theories can be used
to give a decisionprocedurefor satis abilit y of ground clausesw.r.t. Tp. Let
T, be obtained by extending Tp with afunction posofarityi! nummapping
train indicesto the real numbers, which satis es condition Mon(pos):

Mon(pog 8i;j (rst- i< | - last! pogi)>r podj));

wherei and j are indices, < is the ordering on indices and > is the usual
ordering on the real numbers. (For the caseof a xed number of trains, we
can assumethat rst = Oandlast=nj 1))

A more precise axiomatization of collision-freeness. The monotonic-
ity axiom above is, in fact, an oversimpli cation. A more precisemodel, in
which the length of trains is consideredcan be obtained by replacing the
monotonicity axiom for poswith the following axiom:

8i;j;k (rst- j- i-lasthijj=k! pogj)i poqi), kelLengthTrain);

where LengthTrain is the standard (resp. maximal) length of a train.

As basetheory we consider the combination TOO of the theory of inte-
gers and reals with a multiplication operation @ of arity i £ num! num
(multiplication of k with the constart LengthTrain in the formula above)®.

Let T2 be the theory obtained by extending the combination TZ of the
theory of integersand reals with a function pos satisfying the axiom above.

Theorem 2 The following extensionsare local theory extensions:

(1) The theory extensionTp 4 Ti.

(2) The theory extension T T2
Proof : We prove that every model of T1 in which the function posis partially
de ned can be extendedto a model in which posis totally de ned. Locality
then follows by resultsin [8]. To de ne posat positions whereit is unde ned
we usethe density of real numbers and the discretenessof the index theory
(betweentwo integersthere are only nitely many integers). 2

We now extend the resulting theory T; again in two di®erert ways, with
the axiom sets for one of the two system models, respectively. A similar
construction can be done starting from the theory T

Theorem 3 The following extensionsare local theory extensions:

(1) The extensionTy 1t T1[ K;
(2) The extensionT, 4 T1[ K.

3In the light of locality properties of such extensions (cf. Theorem 2), k will always be
instantiated by valuesin a nite set of concrete integere, all within a given, concrete range;
thus the intro duction of this many-sorted multiplication doesnot a®ectdecidability.
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Proof: (1) Clausesin K; are °at and linear w.r.t. pos’ sowe again prove lo-
cality of the extensionby showing that weak partial models can be extended
to total ones. The proof proceedsby a casedistinction. We usethe fact that
the left-hand sidesof the implications in K; are mutually exclusive. (2) is
proved similarly. 2

Let K 2 fK ;K¢ g. By the locality of Ty p T, = T1 [ K and by Theorem 1,
the following are equivalert:

(1) To” Mon(pos) ~ K~ : Mon(pos) ?;
(2) To” Mon(pos) » K[G]* G 2, where G = : Mon(pos);
(3) To” Mon(pos) " Ko” Go* No(pos) = ?;

whereK|[G] consistsof all instancesof the rulesin K in which the terms start-
ing with the function symbols po<’ are ground subterms already occurring
in G or K, Ko” Gg is obtained from K[G]”~ G by intro ducing new constarts
for the argumernts of the extension functions as well as for the (sub)terms

the set of instancesof the congruenceaxioms for pos’ which correspond to
the de nitions for these newly introduced constarts.

It is easyto seethat, due to the special form of the rules in K (all free
variables in any clauseoccur as argumerts of pos’ both in K; and in Ky),
K[G] (hencealsoKj) is a set of ground clauses.By the locality of To u Ty =
To[ Mon(po9), the following are equivalert:

(1) To” Mon(pos) * Ko” Go” No(pos) F?;
(2) To™ Mon(po9[GI~ GO ?, where G= Ko ” Go” No(pos);
(3) To™ Mon(pogo ™ GG~ No(pos) = ?;

where Mon(pog)[GY consists of all instances of the rules in Mon(po9) in
which the terms starting with the function symbol posare ground subterms
already occurring in G% Mon(pos)o” G is obtained from Mon(po9[GI* Gby
puri cation and °attening, and Ng(pos correspondsto the set of instances
of congruenceaxioms for pos which needto be taken into accourt.

This allows us to use hierarchical reasoningon properties of the system,i.e.
to reduce the veri cation of system properties to deciding satis abilit y of
constraints in Tp. An advantageis that, after the reduction of the problemto
a satis abilit y problem in the basetheory, one can automatically determine
which constraints on the parameters (e.g. ¢t ; min; max; :::) guarantee truth
of the invariant. This canbe achieved, e.g.using quanti er elimination. The
method is illustrated in Section 4.3; more details can be found in [5].

Similar results can be establishedfor bounded model cheding. In this case
the argumerts are similar, but one needsto consider chains of extensions
of length 1;2;3;:::;k for a bounded k, corresponding to the paths from
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the initial state to be analyzed. An interesting side-e®ectof our approac
(restricting to instanceswhich are similar to the goal) is that it provides a
possibility of systematic \slicing": for proving (disproving) the violation of
the safety condition we only needto considerthose trains which are in a
‘neighborhood’ of the trains which violate the safety condition.

4.3 lllustration

In this section we indicate how to apply hierarchical reasoningon the case
study given in Section 3, Model 1. We follow the stepsgiven at the end of
Section 2 and show how the sets of formulas are obtained that can nally
be handedto a prover of the basetheory Tp.

To chek whether T1[ K; E ColFregpos), where

ColRegpos) 8 (0- i<nj 1 ! poi)>gpoi+ 1));

we chek whether Ty [ Ki [ GE ?, whereG = fO- k< nj 1, k%=
k+ 1, pos(k) - r posXk9g is the (skolemized) negation of ColFregpos),
°attened by introducing a new constart k. This problem is reducedto a
satis abilit y problem over T; as follows:

Step 1: Use locality. We construct the set K¢ [G]: There are no ground
subterms with po<’ at the root in K¢, and only two ground terms with pos’
in G, posXk) and pos{k9. This meansthat K [G] consistsof two instances
of K¢ : onewith i instantiated to k, the other instantiated to k° E.g., the
two instancesof F2 are:

(F2[G) (O<k<n "~ pogki 1)>g0 " pogki 1)j pogK), R laam
I pogk) + ¢t amin- g posXk) - g pogk) + ¢t omax)
(0<k%<n ~ pogk® 1)>g0 ~ pogk® 1)j pogkd), g laam
I pogk?d + ¢t amin- g poXk? - g pogk? + ¢t smax)

The construction of (F1[G), (F3[G) and (F4[G) is similar. In addition, we
specify the known relationships betweenthe constarts of the system:
(Dom)y ¢t >0 ~ O- min ~ min:- max

Step 2: Flattening and puri cation. Kt [G] " G is already °at w.r.t.
pos’. We replaceall ground terms with pos’ at the root with new constarts:
we replace pos{k) by ¢; and pos{k9 by c,. We obtain a set of de nitions
D = fpo(k) = c1;pos{kd = c,g and a set Ky, of clauseswhich do not
contain occurrencesof pos’, consisting of (Dom) together with:
(Go) 0- k<nj1 ~ K=k+1 * c-Rre
(F%) (O<k<n ~ pogkj 1)>gr0 " pogki 1)j pogK), r laam

I pogk)+ ¢t amin- g ¢; - r pogk) + ¢t amax)

(0<k°<n 7 pogk® 1)>gr0 "~ pogk® 1)i pogkd , r laiarm
I pogkd + ¢t amin- g - g pogk9) + ¢t mmax)

The construction can be continued similarly for F1, F3 and F4.
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Step 3: Reduction to satis abilit y in T;. We add the functionality
clauseNg = fk = k°!' ¢; = cog and obtain a satis abilit y problem in Ty:
Kt, » Go ™ No. To decide satis ability of T1 * K¢, » Go ™ Np, we have to
do another transformation w.r.t. the extension Top p T;. The resulting set
of ground clausescan directly be handed to a decision procedure for the
combination of the theory of indices and the theory of reals. We °atten and
purify the setKs,” Go” Ng of ground clausesw.r.t. posby introducing new
constarts denoting k j 1 and k®; 1, together with their de nitions k%=
ki 1;k9% kO 1;aswell asconstarts d; for pogk); pogk9; pogk°y; pog k%
Taking into accourt only the corresponding instances of the monotonicity
axiom for pos we obtain a set of clausesconsisting of (Dom) together with:
(Gg) k00= ki 1 N kOOO koi 1

(Go) 0k<|’]|1 N kK= k+1 ~ Ci- RO

(GFZ)) O<k<n ™ d3>gr0 " di3j d; ., R lgarm ! di+ €t oamin - g ¢ - r di+ ¢t oMax

O<k%n A dy>R0O ~ dsj do, R laam ! Do+ Gt Omin - g G, - g dp+ Gt oMax

and Mon(po9[GY. After making somesimpli cations we obtain the following
set of (many-sorted) constraints:

Cpenitions ‘ Cindices ‘ CRreals ‘ Chwixed
pOé’(k) =C pOdkO) =d, [k®=kj 1 G- rC d3>rds | (GFL)
po(k) = c, pogk® =d; | k=K% 1 |dy>grd, ds>grd;|(GF2)
pogk) = d; pogk®=ds [0- k<nj 1|d3>rd; dy=ds |(GF3)

KO= k+1 |ds>rdy (Dom) | (GF4)

For cheding the satis abilit y of Cjgices” Creals”™ Cwmixed WE Can usea prover

for the two-sorted combination of the theory of integersand the theory of
reals, possibly combined with a DPLL methodology for dealing with full
clauses. An alternative method, somewhatsimilar to DPLL( Tp), would be
to use only branching on the literals containing terms of index sort { this
reducesthe veri cation problem to the problem of chedking the satis abilit y
of a set of linear constraints over the reals.

5 Conclusions

In this paper we described a casestudy concerninga system of trains on a
rail track, wheretrains may ernter and leave the area. An exampleof a safety
condition for such a system(collision freeness)was considered. The problem
above can be reducedto testing satis abilit y of quanti ed formulae in com-
plex theories. However, the existing results on reasoningin combinations of
theories are restricted to testing satis abilit y for ground formulae.

This paper shows that, in the example considered,we can reduce sat-
is abilit y chedking of universally quanti ed formulae to the simpler task of
satis abilit y cheding for ground clauses.For this, we identify corresponding
chains of theory extensionsTo p Ty g ¢¢¢p Ti; such that Tj = Tj; 1[ Kj isa
local extensionof T;; 1 by a setK; of (universally quanti ed) clauses.This
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allows us to reduce, for instance, testing collision freenessin theories con-
taining arrays to represen the train positions, to cheding the satis abilit y
of a set of setsof ground clausesover the combination of the theory of reals
with a theory which expressegrecedencebetweentrains. The applicability
of the method is however general: the challengeis, at the momernt, to recog-
nize classesof local theories occurring in various areasof application. The
implementation of the proceduredescribed hereis in progress,the method is
clearly easyto implement. At a di®eren level, our results open a possibility
of using abstraction-re nement deductive model cheding in a whole classof
applications including the examplespreseried here{ these aspects are not
discussedin this paper, and rely on results we obtained in [9].

The results we presert here also have theoretical implications: In one
of the models we consideredhere, collision-freenesss expressedas a mono-
tonicity condition. Limits of decidability in reasoningabout sorted arrays
were explored in [1]. The decidability of satis abilit y of ground clausesin
the fragment of the theory of sorted arrays which we considerhereis an easy
consequencef the locality of extensionswith monotone functions.
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Council (DFG) as part of the Transregional Collaborative Researt Center \Auto-
matic Veri cation and Analysis of Complex Systems" (SFB/TR 14 AVACS). See
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Elememary Functions
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Abstract

Inequalities involving functions sucd as sines,exponertials and log-
arithms lie outside the scope of decision procedures,and can only be
solved using heuristic methods. Preliminary investigationssuggestthat
many suc problems can be solved by reduction to algebraic inequali-
ties, which can then be decidedby a decisionprocedurefor the theory
of real closed elds (RCF). The reduction involvesreplacing eac oc-
currence of a function by a lower or upper bound (as appropriate)
typically derived from a power seriesexpansion. Typically this re-
quires splitting the domain of the function being replaced, since most
bounds are only valid for speci ¢ intervals.

1 Intro duction

Decisionproceduresare valuable, but too many problemslie outside of their
scope. Linear arithmetic restricts usto the languageof =, <, - , + and mul-
tiplication by integer constarts, combined by Boolean connectives. In their
formalization of the Prime Number Theorem [2], Avigad and his colleagues
spent much time proving simple facts involving logarithms. We would like
to be able to prove inequalities involving any of the so-called elemenary
functions: sine, cosine, arctangent, logarithm and exponertial. Richard-
son's theorem tells us that this problem is undecidable [11], so we are left
with heuristic methods.

In this paper, we outline preliminary work towards sud heuristics. We
have no implementation nor evena de nite procedure,but we do have meth-
odsthat we have tested by hand on about 30 problems. Our starting point is
that the theory of real closed elds|that s, the real numberswith addition
and multiplication|is  decidable. Our idea is to replace ead occurrence of
an elemenary function by an algebraic expressionthat is known to be an
upper or lower bound, asappropriate. If this resultsin a purely algebraicin-
equality, then we supply the problem to a decisionprocedurefor the theory
of real closed elds.
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Complications include the need for caseanalysis on the argumens of
elemenary functions, since many bounds are only valid over restricted in-
tervals. If these argumens are complex expressions,then identifying their
range requires something like a recursive application of the method. The
resulting algebraic inequalities may be too ditcult to be solved exciently.
Even so, the method works on many problems.

Paper outline. We begin by reviewing the basis of our work, namely
existing decisionproceduresfor polynomials and prior work on verifying in-
equalitiesinvolving the elemenary functions (Sect.2). Toillustrate the idea,
we preseri a simple exampleinvolving the exponertial function (Sect.3) and
then a more complexexampleinvolving the logarithm function (Sect.4). We
concludeby preserning a list of solved problemsand outlining our next steps
(Sect.5).

2 Background

Our work relieson the existenceof practical, if not always excient, decision
proceduresfor the theory of real closed elds (RCF). According to Dolz-
mann et al. [3], Tarski found the rst quanti er elimination procedurein the
1930s,while Collins introducedthe rst feasiblemethod in 1975. His cylin-

drical algebmic decomposition is still doubly exponertial in the worst case.
Dolzmann et al. proceedto survey seweral quanti er elimination algorithms
and their applications. One freely-available implementation is QEPCAD [5],
a decision procedurethat performs partial cylindrical algebraic decomposi-
tion. The prover HOL Light provides a simpler quanti er elimination pro-
cedure for real closed elds [8]. Also in HOL Light is an implementation

of Parrilo's method [10] for deciding polynomials using sum-of-squaresde-
compositions; lessgeneral than any quanti er elimination procedure, it is
dramatically more excient.! Somepolynomial inequalities can also be tack-
led using heuristic proceduressud asthoseof Hunt et al. [6] and Tiwari [12].

Our secondstarting point is the work of Metnoz and Lester [9], on proving

real number inequalities that may contain the elemenary functions, but no
variables. The examplethey give is

W9, H 35

180 v 180
whereg and v are constarts. Their method for proving such ground inequal-
ities relieson upper and lower bounds for the elemenary functions, coupled
with interval arithmetic. The absenceof variables makesthe problem much
simpler; in particular, if we needto establish the range of the argument x
in tan(x), we simply call the procedurerecursively.

YHarrison has mentioned this implementation [4], but as yet no documentation exists.

28



Thesemethods might be expectedto work for someproblems containing
variables. Interval arithmetic should be able to prove some inequalities
involving a variable x say, if we know that 0 - x - 1. Howewer, the
method fails on some easy-laoking problems; as Munoz and Lester note,
interval arithmetic can lose information rapidly. For example,if x 2 [0; 1],
interval arithmetic cannot prove the trivial xj x, 0: weget[0;1]; [0;1]=
[0;1]+ [ ;0] = [i 1;1], and neither [j 1;1] - Onor[j 1;1], Ohold. This is
a well-known issueand there are sometechniquesthat canreduceits impact,
sudh as (obviously) reducing x j x to 0 beforeapplying interval arithmetic.
But, in somecases,when we wanted to prove E - 0, the best we could do
with interval arithmetic wasto provethat E - 2 for an arbitrary small, but
positive, 2. A method basedon a decision procedure for real closed elds
ought to be more generaland e®ectie.

3 A Simple Example Concerning Exp onentials

Figure 1 presens a family of upper and lower bounds for the exponertial
function. Munoz and Lester [9] give similar bounds, but we have corrected
errors in the “rst two and altered the presenation. All corvertions are as
in the original paper. The lower bound is written exp(x; n) and the upper
bound is written exp(x; n), wheren is a non-negative integer. For all x and
n, they satisfy

exp(x;n) - € - exp(x; n):

As n increases,the bounds converge monotonically to the target function,
hereexp. As n increasesthe boundsget tighter and the RCF problemsthat
must be decided get harder; in return, we should be able to prove harder
inequalities involving exponertials.

Case analysis on the value of x in € cannot be avoided. Clearly no
polynomial could sene as an upper bound, or as an accurate lower bound,
of the exponertial function. The role of m in theseboundsis to segmen the
real line into integers, with separate bounds in eath segmeih. These case
analyseswill complicate our proofs. In particular, unlessthe argumert of
the exponertial function has a nite range, these bounds are useless,since
they would require the examination of in nitely many cases.

For a simple demonstration of our idea, let us prove the theorem

0- x- 1=) & 1+ x+ x%
Here it sutcesto replacethe function e by an upper bound:
2.

0- x- 1=) exp(x;n)- 1+ x+X

We have a lower bound if 0 < x - 1, sowe needto perform a simple case
analysis.
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260+1)

x

i=0
exp(0;n) = exp(0;n) = 1

1

exp(i x; n)
1
exp(i x;n)

exp(x; n) =
exp(x; n) =

exp(x; n) = exp(x=m; n)™
exp(x; n) = exp(x=m; n)"

exp(x; n) = exp(x=m; n)™
exp(x; n) = exp(x=m; n)"

ifil- x<O

ifil- x<O

fO<x- 1
fO<x- 1
if xX<il m=ijbxc
if xX<il m=ijbxc

if 1< x; m= bjxc
if 1< x; m= bjxc

Figure 1: Bounds for the Exponertial Function
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2 If x=0thenexp(O;n)=1- 1+ 0+ 0°= 1, trivially .
2 If 0< x - 1, then by equations (5) and (1)

2(ng1)+1

exp(x;n) = @

i=0

and putting n = 0, it sutcesto prove
A !
. )2 .3
G x)°, (%)
2 6

il

1+ (i x)+ 1+ x+ x2%

This last inequality is non-trivial, but as it falls within RCF, it can be
proved automatically. Existing toolsrequire us rst to eliminate the division,
reducing the problem to the two inequalities

H fin 2
and 1- 1+x+x%> 1j x+

2

O0<1j x+ X—i

3 X311
2' 6

2'%6
HOL Light has two separatetools that can prove these. Sean McLaugh-
lin's quanti er elimination padkage[8] can prove the pair of inequalities in
351 seconds,while John Harrison's implementation of the sum-of-squares
method [10] needsonly 0.48 seconds?

Let us chek these inequalities ourselves. The rst one is clear, since
x¥*1 . xK for all k. Multiplying out the secondinequality reducesit to

x2 2% x4 x°

0O —i —+ =i —:

2 3 3 6

Multiplying both sidesby 6 and factoring reducesthis inequality to
0- x’(1i x)Bj x+ x?)

when it is obvious that all of the factors are non-negative.

This proof is not obvious, and its length shows that we have much to gain
by automating the procedure. That involves performing the caseanalysis,
substituting the appropriate bounds, calling an RCF decision procedure,
and in caseof failure, retrying with a larger value of n.

4 An Extended Example Concerning Logarithms

Figure 2 presers the bounds for the logarithm function. They are again
taken from Munoz and Lester [9], while correcting several errata. The next

2All timings were done on a dual 3GHz Pertium equipped with 4GB of memory.
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example will demonstrate how a complicated derivation can arise from a
simple-looking inequality:

i%<x- 3=) In(A+x)- x:

We re-expressthe condition on x in terms of 1+ x, which is the argumert
of In, when substituting in the lower bound:

1 _
5 < 1+x- 4=) In(1+x;n)- X

As with the exponertial function, to obtain reasonablytight boundsrequires
consideringrather small intervals. Our problem splits into four cases:

%<1+x<1 or 1+x=1 or 1<1+x- 2 or 2<1+x- 4

Let usleavethe rst casefor last, asit is the most complicated, and consider
the other three cases.

Xy
In(x;n)= (i 1)'*1M ifl1<x- 2 (10)
i=1
L 1)
In(x; n) = (i 1)'+1M if 1< x- 2 (11)
i=1
In(1;n) = In(1;n) = 0 (12)
w, T
In(x;n)=j | ;;n ; fOo<x<1 (13)
Wy T
In(x;n) =i | o ifo<x<1 (14)

In(x;n) = mIn(2;n) + In(y;n) ifx>2x=2"y;1<y- 2 (15)
In(x;n) = min(2;n) + In(y;n) ifx>2x=2"y;1<y- 2 (16)

Figure 2: Bounds for the Logarithm Function

If 1+ x = 1, then x = 0 and trivially In(1+ x;n)=1In(1;n)=0- x.
If 1< 1+ x- 2,then

Ty @iy R

In(1+ x;n) = (i 1)
i=1 ' i=1 :

32



by equation (11). Setting n = 0 yields In(1 + x;n) = x and reducesour
inequality to the trivial x - Xx.

If 2< 1+ x - 4, then we have to apply equation (16). That requires
‘nding apositiveintegerm and somey suchthat 1+ x = 2"yand1l<y - 2.
Clearly m = 1. In this case,putting n = 0, we have

X+l , Coq)l Xt : L 1)l
Gt LD LTy L'i Yoo 1v i
i=1 i=1
=y
- 2yi 1l
= X

Now, let us turn to that postponed rst case. If % < 1+ x < 1, then
1< 151+ x) < 2. Putting n = 1, we have

B M 1 1
In(1+x;n)=j In il
N
= Xn (I 1)i+1 (%l 1)
i=1
:Xn(il)‘“ix‘"i
1 i 1+ x
:IJ X ﬂ+u}ﬂuixﬂ2.
1+ X 2 1+ X
Now
ho ﬂ+u1ﬂuix‘ﬂz
1+ X 2 1+x x ()

X(L+ Xx) + %xz- x(1+ x)? ()

x+gx2- X+ 22+ x3 ()

1o 3
|2X x? ()

which holds because% < 1+ x. Note that putting n = 0would have required
usto prove 0 - X, which fails.

This derivation reveals some limitations. We should have been able
to prove this result with looserbounds on x, sinceln(1 + x) - x holds for
X > i 1. We could not do this becauseour upper bound, In(x; n), introduces
the value m in equation (16). This formulation allows the upper bound to
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be tight, but for our purposeswe needto seeklooserboundsthat have less
restrictiv e range conditions.

The bounds for the exponertial function have a similar problem. An
alternativ e lower bound, valid for all x , 0, comesdirectly from its Taylor
expansion:

X i
exp(x; n) = o
o 1!

This seriesfor the logarithm [1] also suggestsa lower bound, for x , 1:
X (xi by

In(x; n) = !
X

Finding upper and lower bounds for elemenary functions that work well
with RCF decision proceduresis one of our rst tasks.

5 Conclusions

Our preliminary investigations are promising. We have used the method
described above to solve the problems shown in Fig. 3. (Note that someof
thesesplit into seweral problemswhenthe absolutevalue function is removed
and chains of inequalities are separated.) We manually reduced ead prob-
lem to algebraic form as described above, then tried to solve the reduced
problems using three di®erern tools.

2 QEPCAD solved all of the problems, usually taking less than one
second.

2 HOL Light's sum-of-squaregool (REAL_SQSolvedall of the problems
but two, again usually in lessthan a second.

2 HOL Light's quanti er elimination tool (REAL_QELIM_CQNbdlved all
of the problems but three. It seldomrequired more than v e seconds.
The 351 secondswe reported above is clearly exceptional.

The simplestbound usingn = 0 wassuzcient for all but oneof the problems,
which required n = 1.

Much work remainsto be done beforethis procedurecan be automated.
We need to experiment with a variety of upper and lower bounds. Case
analyseswill still be inevitable, sowe needtechniquesto automate them in
the most common situations. We needto tune the procedure by testing on
a large suite of problems, and we have to evaluate di®erert ways of deciding
the RCF problemsthat are nally generated.
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1+x I+ x)- x
-3.)(.7—) iX-lﬂ(l'X)"X
: 277 1 x : '
0- x- 3=) jin(L+x)i xj- x°
i3 x- 0=) jin(lj x)+xj- x?

AN

Qo =) A K 20
1
,:)

2
0- x- 0:5828=) jIn(1i x)j-

ixj - jIn(@i x)+xj- 2x?

2
i 0:5828- x - 0=) jIn(1l+ x)j -
1

2
0. x- 1=) e*iX). 14
il x-1=) 1+x- €&
il x-1=) 1j x- e~

X- 4=) Inx- xj 1

1
il x-1=) €.
: ) 1i x
. 1
i1 . 1= i X,
: X ) e 1+ X
1 Y e (11
X - é:) e =ldix) . 15 x

NI =

i Z-ox=) @0 14 x
0- x- 1=) e*. 1;
il x-0=) & 1+

0 jxj- 1=) 1 €0 1 —jxj

Figure 3: Problems Solved
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Abstract

If a rewrite-based inference systemis guaranteed to terminate on
the axioms of a theory T and any set of ground literals, then any
theorem-proving strategy basedon that inferencesystemis a rewrite-
baseddecisionprocedurefor T -satis abilit y. In this paper, we consider
the classof theories de ning recursive data structures that might ap-
pear out of reach for this approad, becausethey are de ned by an
in nite set of axioms. We overcomethis obstacleby designinga prob-
lem reduction that allows usto prove a generaltermination result for
all thesetheories. We also show that the theorem-proving strategy de-
cidessatis abilit y problemsin any combination of thesetheories with
other theories decided by the rewrite-based approac.

1 Intro duction

Most state-of-the-art veri cation tools rely on built-in satis abilit y proce-
duresfor speci ¢ theories. Thesesatis abilit y procedurescan be quite com-
plicated to designand combine, and signi cant e®ortis dewvoted to proving
them correct and complete, and implementing them. A new approac to
de ning satis abilit y procedureswas introduced in [3], where the authors
showved that a sound and complete rst-order theorem-proving strategy can
be usedto solve satis abilit y problemsfor seweral theoriesof data structures.
The ideabehind this approad is that sincesud a strategy is a semi-decision
procedurefor rst-order validity, if one provesthat it terminates on a pre-
sertation of the theory of interest T and any set of ground literals, then
it is a decision procedure for T -satis ability . In [3], this idea was applied
to a standard inference system, the superposition calculus SP, and seeral
theories, including those of arrays and possibly cyclic lists.

Since most veri cation problemsinvolve more than one theory, a signif-
icant advantage of an approach basedon genericreasoningis that it makes
it conceptually simple to combine theories, by consideringthe union of their
presenations. Along with seweral experimental resultsthat showvedthe prac-
ticalit y of the rewrite-based approad, the authors of [1] de ned the notion
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of variable-inactive theories. This variable-inactivity condition guararntees
that SP terminates on a combination of theories, provided it terminates on
ead individual theory. The authors showved that an SP-basedstrategy is a
satis abilit y procedure for any combination of the theories of [3] and those
they considered.

Seweral of the theoriesfor which SP hasbeenshawn to yield satis abilit y
proceduresinvolve lists. The superposition calculusyields satis abilit y pro-
ceduresfor the theoriesof lists p la Shostakand g la Nelsonand Oppen (see
[3]), and for the theory of lists with nil (see[2]). A theory of lists that was
not yet consideredis that of acyclic lists, where formulae such ascar(x) ' X
are unsatis able. This theory, along with that of integer o®setsconsidered
in [6, 1], belongto the generalclassof theories of recursive data structures
that we denote RD S. Each member of this classis denoted RD Sy, where
k represents the number of seletors in the theory. We shall seethat the
theory of integer o®setsis RD S1, and the theory of acyclic lists is RD Ss.
In this paper, we investigate how a rewrite-based inference system can be
usedto solve any RD Sy-satis abilit y problem, for any k. The cortributions
of the paper are the following:

2 Every theory in the classRD S is presernted by anin nite setof axioms,
which cannot be given as an input to a theorem prover. Here, we
presert a reduction that conquersthis in nite presernation problem.

2 We provethat for any fair seart plan, the inferencesystemterminates
on any reduced RD Si-satis abilit y problem.

2 We show that for every k, the theory RD Si can be combined with all
the theories consideredin [3, 1, 2], namely those of lists g la Shostak
and g la Nelson and Oppen, arrays and records with or without ex-
tensionality, setswith extensionality, possibly empty lists and integer
o®setsmodulo.

Related work. Theoriesof recursive data structures were studied by Op-
pen in [8], where he described a linear satis abilit y procedure for the case
where uninterpreted function symbols are excluded. In [9], Zhang et al.
investigated quarti er-elimination problems for an extension of the theory
consideredby Oppen: their setting includes atoms (constants) and se\eral
di®erent constructors. However, their setting also excludesuninterpreted
function symbols. They provided a satis abilit y procedure for this theory
that \guesses"a so-calledtype completion, to determine which constructor
was used on ead term, or whether the term is an atom, and then calls
Oppen's algorithm.

In this paper, we considerthe recursive data structures asde ned in [8],
since our aim was to investigate how to apply the rewrite-based method-
ology to theories de ned by in nite sets of axioms. Similar to any other
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theory for which the superposition calculus can be used as a satis abilit y
procedure, all these theories can be combined with the theory of equality
with uninterpreted functions. For instance, it can be usedto prove the
RD Sk-unsatis abilit y of a set such as

S = fcongcy;:::i o) c; condcy;iiiick) ¢ f(c) 6 f(Hg;

wheref is an uninterpreted function symbol.
Due to spacerestrictions, the proofs were not included in this paper.
They can all be found in [5].

Preliminaries

In the following, given a signature §, we considerthe standard de nitions
of 8-terms, 8-literals and §-theories. The symbol ' denotes unordered
equality, and ./ is either ' or 6'. Unless stated otherwise, the letters x
and y will denote variables, d and e elemeris of an interpretation domain,
and all other lower-caseletters will be constarts or function symbolsin 8.
Given a term t, Var(t) denotesthe set of variables appearingin t. If t is a
constart or a variable, then the depth of t is depth(t) = 0, and otherwise,
depth(f (t1;:::;tn)) = 1+ maxfdepth(tj)ji = 1;:::;ng. The depth of a
literal is de ned by depth(l ./ r) = depth(l) + depth(r). A positive literal is
°at if its depth is 0 or 1, and a negative literal is °at if its depth is 0. We
will make use of the following standard result: given a signature § and a
8-theory T, let S be a nite set of §-literals. Then there exists a signature
§ % obtained from § by adding a "nite number of constarts, and a nite set
SOof °at §%literals such that SCis T -satis able if and only if S is.

A simpli'c ation ordering A is an ordering that is stablg monotonic and
contains the subterm ordering: if s A t, then c[s]3%A c[t]¥%for any context
¢ and substitution ¥ and if t is a subterm of s then s A t. A complete
simpli c ation ordering, or CSO, is a simpli cation ordering that is total
on ground terms. We write t A s if and only if s A t. More details on
orderings can be found, e.g., in [4]. A CSO is extended to literals and
clausesby multiset extension as usual, and when no confusionis possible,
we will mention maximal literals without any referenceto A.

The superposition calculus, or SP, is a rewrite-basal inferenae system
which is refutationally complete for rst-order logic with equality (see,e.qg.,
[7]. It consistsof exmnsion and contraction rules, and is basedon a CSO
on terms which is extendedto literals and clausesin a standard way. Given
a CSOA, we write SP4 for SP with A. An SP 4-derivation is a sequence

So spa S1 sPa iiiSi spa iiis

ead S; being a set of clausesobtained by applying an expansionor a con-
traction rule to clausesin Sj; 1. Sud a derivation yields a set of persistent
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clauses [\
S = Si;
j, 00, ]

which can of coursebe in nite. Given a nite set of ground literals S, in
order to prove that the set of persistert clausesobtained by a fair SP4-
derivation from T [ Sis nite, we may imposeadditional restrictions on the
CSOA. Any CSO verifying theserestrictions will be termed as T -gaod. We
also say that an SP A-strategy is T -good if the CSO A is T -good.

A clause C is variable-inactive for A if no maximal literal in C is an
equationt ' x, wherex 2 Var(t). A set of clausesis variable-inactive for
A if all its clausesare variable-inactive for A. A theory presenation T
is variable-inactive for A if the limit S; of any fair SPA-derivation from
So = T [ S isvariable-inactive. When no confusionis possible,we will say
that a clause (resp. a set of clausesor a theory presenation) is variable-
inactive, without any mention of A.

2 The theory of recursiv e data structures

The theory RD Sy of recursive data structures is based on the following
signature:

8rps, = fcong[ 8sel;
8sel = fseh;:::;sekg;

This theory is axiomatized by the following (in nite) set of axioms, denoted
Ax(RD Sy):

sel(congxy; 1 xi5iinxk) T xp fori= 1k
congseh(x);:::;sek(x)) ' x;
t[x] 6' x;

wherex and the x;'s are (implicitly) universally quanti ed variablesand t[x]
is any compound 8§ g¢-term wherethe variable x occurs. The axiomst[x] 6' X
are acyclicity axiomsthat prevent the theory from entailing equationssuc
asseh(seb(sek(x))) ' x.

For the sake of clarity, we also de ne

Ac
Ac[n]

ft[x] 6' xj t[x] is a 8 s¢i-termg;
ft[x] 6' xj t[x] is a § s¢)-term and depth(t[x]) - ng:
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Example 1 Considerthe casewhere k = 2. If we write car(x) instead of
sek(x) and cdr(x) instead of seb(x), then our axioms become:

car(congx;y))
cdr(congx; y))
congcar(x); cdr(x))
t[x] 6

and for example, we have:

Ac[2]= fcar(car(x)) 6'x; cdr(cdr(x)) 6'X;
car(cdr(x)) 6' x; cdr(car(x)) 6' xg:

We considerthe problem of chedking the RD S-satis abilit y of a set S
of ground (equational) literals built out of the symbolsin 8rps, and a set
of nitely many constart symbols. This is doneby cheding the satis abilit y
of the following set of clauses:

AX(RDSy) [ S

According to the methodology of [3, 1, 2], this problem is solved in three
phases:

Flattening:  °atten all ground literals in the original problem, thus obtain-
ing an equisatis able set of °at literals,

RD Sk-reduction:  transform the °attened problem into an equisatis able
RD Si-reducad problem consisting of a nite set of clauses,

Termination: prove that any fair SP 4 -strategy terminates on the RD Sk-
reduced problems.

The °attening step is straightforward, and we now focus on the RD Sy-
reduction step.

3 RD Sg-reduction

The aim of a reduction is to transform a formula into another one which is
equisatis able and easierto work on. Here, given a formula S, we want to
transform it into a formula which is equisatis able in a theory that doesnot
axiomatize the relationship betweenthe constructor and the selectors. We
begin by observingthat S can be transformed by suppressingeither every
occurrenceof cons or every occurrenceof the sel's.
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Example 2 Considerthe casewherek = 2, and let
S = feongc;cy) ' ¢ seh(c) ' g
If we remove the occurrenceof cons S would become
S; = fseh(c)' c; seb(0)' o seh(c)' Jg:

If we remove the occurrenceof sel, S would become

S, = fcongei;c)' ¢ o' Qo

We chooseto remove every occurrenceof consbecauseit is easierto work
with function symbols of arity 1:

De nition 3 A setof ground °at literals is RD Sk-reduced if it corntains no
occurrenceof cons 3

GivenasetS of ground °at literals, the symbol consmay appear only in

ground °at literals are of the form ¢ 6' ¢ and therefore do not cortain
any occurrenceof cons The RD Si-reduction of S is obtained by replacing
ewvery literal congcy;:::;c) ' c appearing in S by the literals sel(c) '

Redrp s, (S), and it is obviously unique.
It is not intuitiv e in which theory the RD Si-reducedform of S is equi-
satis able to S, and we needthe following de nition:

De nition 4 Let (ext) denotethe following \extensionality lemma":

K

(sek(x) ' sek(y)) ) x'y: 3
i=1

Prop osition 5 The extensionality lemmais logically entailed by the axiom

We can then shaw that RD Sg-reduction reduces satis ability w.r.t.
Ax (RD Sy) to satis ability w.r.t. Ac[ f(ext)g.

Lemma 6 Let S be a set of ground °at literals, then AX(RDSk) [ S is
satis able if and only if Ac[ f(ext)g[ Redgrps,(S) is.

The rst implication of this lemma is quite simple to prove, we show on
an examplethe idea behind the proof of the converseimplication.
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Example 7 Consider the casewherek = 1 and S = fcongc® ' cg, the
RD S;-reducedform of S is therefore S°= fseh(c) ' c%. We considerthe
modelM = (N;I) of Ac[ f(ext)g[ S° wherel interprets cas0, c’as1, and
sel as the successoffunction on natural numbers. We construct a model
MO= (D%19 of AX(RDS1) [ S, such that D p D%and | %is identical to |
on D, asfollows.

Intuitiv ely, since M ® must satisfy the axiom congsek(x)) ' x, 1% will
interpret consas the predecessorfunction. Hence, for every d 2 N nfO0g,
conéo(d) is the predecessonof d.

Howewer, the predecessorfunction on natural numbers is not de ned
for 0. In order to dene correctly the value of cond’(0), we augmert D
with a new elemen, say j 1, and obtain a new set D;. Then we de ne
conéO(O) = i1, and seho(i 1) = 0. We now needto de ne the value of
conéo(i 1), so we augmert D; with a new elemen, say | 2, and de ne
cond’(j 1)= i 2, and sel’(j 2) = i 1.

By iterating this process,we obtain the model M® = (D%19, where
D%= Z, |%interprets sel as the standard successorfunction on integers,
and consas the standard predecessoffunction on integers. It is clear that
M %is a model of Ax(RDS1) [ S.

It is also possibleto de ne a notion of RD Si-reduction where every oc-
currence of the sel's is removed. However, no additional property is gained
by using this other alternative, and the corresponding reduction is lessin-
tuitiv e.

4 From Ac to Ac[n]

The set Ac being in nite, SP cannot be used as a satis abilit y procedure
on any set of the form Ac[ f(ext)g[ S. Thus, the next move is to bound
the number of axioms in Ac neededto solve the satis abilit y problem, and
try to consideran Ac[n] instead of Ac. It is clear that for any n and any
set S, a model of Ac[ f(ext)g[ S is alsoa model of Ac[n][ f(ext)g[ S,
the dixcult y is therefore to determine an n for which a model of Ac[ Sis
guaranteedto exist, provided Ac[n][ f(ext)g[ S is satis able. The following
example provides the intuition that this bound depends on the number of
selectorsin S.

Example 8 Let S = fsek(cy) ' cp; seb(cy) ' c3;8eb(C3) ' €45 C1 " C40.
Then:

Ac[1][ f(ext)g[ S and Ac[2][ f(ext)g[ S are satis able,
Ac[3][ f(ext)g[ S and Ac] f(ext)g[ S areunsatis able.

The following lemma allows us prove that having n occurrencesof selec-
tors implies that it is indeed sutcient to consider Ac[n] instead of Ac.
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Lemma 9 Let S be an RD Si-reduced set of ground °at literals and let |
be the number of occurrences of seletors in S. For n [, suppose that

5

Ac[n][ f(ext)g[ S is satis able. Then Ac[n+ 1][ f(ext)g[ S is also
satis able.

A simpleinduction usingLemma9 showsthat for every k , 0,if Ac[n][ S
is satis able, then sois Ac[n + k][ S. We can therefore deduce:

Corollary 10 Let S be an RD Sg-reduced set of ground °at literals and let
n be the number of occurrences of seletors in S. Then, Ac[ f(ext)g[ Sis
satis able if and only if Ac[n][ f(ext)g[ S is.

5 SP4 as a satis abilit y pro cedure

We now shaw that only a nite number of clausesare generated by the
superposition calculus on any set Ac[n][ f(ext)g[ S, where S is RD S-
reduced. This will be the caseprovided we usean RD Sg-good CSO:

Denition 11 A CSOA isRD Si-good if t A ¢ for every ground compound
term t and every constart c. 3

Lemma 12 LetSp= Ac[n][ f(ext)g[ S, where S is a nite RD Sy-reduced
set of ground °at literals. Consider the limit S; of the derivation Sy " sp,
S1 “spi i genenated by a fair RD Sk-good SP 4 -strategy; every clausein
S1 belongsto one of the categories enumerated below:

i) the empty clause;
i) the clausesin Ac[n][ f(ext)g, i.e.

a) t[x] 6' x, wheret is a § ¢ -term cﬁ depth at most n,
Hw,
b) x' y _ i(sel(x) 6'sel(y) ;

iii) ground clausesof the form
b0 (Mmoo
a)c' c_( jde 6'd’) wheem , 0,
b) f(c)' & (.M, d 6d wheem , 0,
wi=t ]
c) t[c] 6 c°_ ("1, d; 6 d°), wher t is a compound §sei-term of
depthat mostnj 1andm, O,
d) i, d 6d, wheem, I

iv) clausesof the form

™ T g
c' x_ 1 sel,(c) 6 sel,(x) K j+1 Gip 6' sel,(x)
W
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whereig;:::;ikx is a permutation of 1;:::;k, 0- j - kandm , O;

v) clausesof the form

My T uy f

c' O Li(sel(c) 6 sel () _ ijaa(sel(96c)) _
o (G, 6sel () _ K (e, 6 )
W g

wher i1;:::;ik is a permutation of 1;:::;k, 0 j1 - j2 - j3 - Kk,

ja>0andm, O.

This lemma is proved by induction on the length | of the derivations.
The result is true for | = 0: the clausesin Sg arein (ii) or (i) with m = 0.
A caseanalysis shows that if the result is true for | j 1, then it is alsotrue
for |. We give an example of such a derivation:

Example 13 Considerthe casewherek = 3, and supposewe want to test
the unsatis abilit y of the following set:

S= f sel(c) ' dy seh(ch ' d}; seb(c) ' dy
sei(ch ' d); seb(c) ' ds; seb(ch ' dY;

dp * d%; d ' d; dz ' dy;
c 6 ¢ g:
2 A superposition of seh(c) ' di into f(ext)g yields a clausein (iv)
(with m = 0):
3 ’ 3

c' x_ seb(c) 6'seb(x) _sek(c) 6'sek(x) _ di 6" sek(x) ;

2 A superposition of seb(c9 ' d9 into the underlined literal of this clause
yields a clausein (v):
3

c' & seb(c) 6'sek(cy _

3 3

seb(0) 6'dj _ 1 6 seh(c) ;

N

A simpli cation of this clauseby seb(c) ' d, yields a clausein (v):
3 ’ 3 ’ 3 ’

c' & seh(c)6'seb(c) _ di6'seh(c) _ dr6'dI :

N

Further simpli cations by sek(c% ' d?, seb(c) ' ds and seb(c) ' df

ield the clause
y H 3 1

c' & T died:
i=1

46



which together with ¢ 6' c® producesthe empty clause.

Sincethe signature is nite, there are nitely many clausessuch asthose
enumerated in Lemma 12. We therefore deduce:

Corollary 14 Any fair RD Sg-good SP 4 -strategy terminates when applied
to Ac[n][ f(ext)g[ S, where S is a nite RD Sk-reduced set of ground °at
literals.

We can also evaluate the complexity of this procedure by determining
the number of clausesin ead of the categoriesde ned in Lemma 12.

Theorem 15 Any fair RD Sg-good SP 4 -strategy is an expnential satis -
ability procedure for RD Sy.

Pr oof. Let n bethe number of literals in S, both the number of constarts
and the number of selectorsappearing in S are therefore in O(n). We
examinethe cardinalities of eact of the categoriesde ned in Lemma 12.

2 Category (i) cortains O(n) clausesf k = 1and O(k") clausesf k , 2.

2 Clausesin categories(iii) , (iv) or (v) can contain any literal of the
form d 6' d° where d and d° are constarts, thus, these categoriesall
contain O(2"*) clauses.

Hence,the total number of clausesgeneratedis bound by a constart which
is O(2”2), and sinceead inferencestep is polynomial, the overall procedure
is in O(2"°). -

Although this complexity bound is exponertial, it measuresthe size of
the saturated set. Since a theorem prover seeksto generate a proof, as
opposedto a saturated set, the relevance of this result with respect to pre-
dicting the performanceof a theorem prover can therefore be quite limited.

One could actually have expected this procedureto be exponertial for
k , 2, sincein that caseAc[n] cortains an exponertial number of axioms.
Howewer the procedure is also exponertial when k = 1, and a more care-
ful analysis shows that this complexity is a consequencenf the presenceof
(ext). In fact, it was shawvn in [2] that any fair SP 4-strategy is a polyno-
mial satis abilit y procedurefor the theory preseried by the set of acyclicity
axioms Ac whenk = 1.

We nally address combination by proving that RD Sy is variable-
inactive for SP 4.

Theorem 16 Let Sp = Ac[n][ S[ f(ext)g, where S is an RD Sy-reduced
set of ground °at literals, and n is the number of occurrences of seletors in
S. Then S; is variable-inactive.
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Pr oof. The clausesin S; belong to one of the classesenumerated in
Lemma 12. Thus, the only clausesof S; that may corntain a literal t ' X
where x 2 Var(t) are in class(iv). Since A is a CSO, the literals t ' x
cannot be maximal in those clauses. [

This shows that the rewrite-based approac to satis abilit y procedures
can be applied to the combination of RD Sy with any number of the theories
consideredin [3, 1], including those of arrays and records with or without
extensionality.

6 Conclusion

In this paper, we considereda classof theories represering recursive data
structures, ead of which is de ned by an in nite set of axioms. We showed
that the superposition calculus can be used as the basis of a satis abilit y
procedurefor any theory in this class,and this result was obtained by de n-
ing a reduction that permits to restrict the number of acyclicity axioms to
be taken into accourt.

A main issuewe plan to investigate is complexity, sincethe basic pro-
cedureis exponertial. A linear algorithm for such structures was obtained
in [8], but it excludesuninterpreted function symbols. The setting of [6]
includes uninterpreted function symbols, but the authors gave a polynomial
algorithm only for the casewhere k = 1 (the theory of integer o®sets). We
intend to investigate making the complexity of the rewrite-based procedure
dependent on k, and improving the bound for k = 1.

From the point of view of practical etciency, we plan to test the per-
formance of a state-of-the-art theorem prover on problems featuring this
theory, possibly combined with those of [3, 1], and compareit with systems
implementing decision proceduresfrom other approacdies. In this context,
we may work on designing specialized seart plans for satis abilit y prob-
lems. Another direction for future work is to examine how the rewrite-
basedapproadc appliesto recursive data structures with an atom predicate,
or multiple constructors.

Acknowledgmen ts

The authors wish to thank Silvio Ranise for bringing this classof theories
to their attention and for his encouragemen

References

[1] AlessandroArmando, Maria PaolaBonacina, Silvio Ranise,and Stephan
Schulz. On a rewriting approac to satis abilit y procedures: Extension,
combination of theories and an experimental appraisal. In Bernhard

48



Gramlich, editor, Frontiers of Combining Systems, 5th International
Workshop, FroCoS 2005, Vienna, Austria, Septemier 19-21, 2005, Pro-
ceedings, volume 3717 of Lecture Notes in Computer Sciene, pages65{
80. Springer, 2005.

[2] AlessandroArmando, Maria PaolaBonacina, Silvio Ranise,and Stephan
Schulz. On a rewriting approach to satis abilit y procedures: Theories
of data structures, modularity and experimental appraisal. Tecnical
Report RR 36/2005, Dipartimento di Informatica, Universita degli Studi
di Verona, 2006.

[3] AlessandroArmando, Silvio Ranise,and Michaél Rusinowitch. A rewrit-
ing approac to satis abilit y procedures.Inf. Comput., 183(2):140{164,
2003.

[4] Franz Baader and Tobias Nipkow. Term Rewriting and All That. Cam-
bridge University Press,1998.

[5] Maria Paola Bonacina and Mnacho Echenim. Generic theorem prov-
ing for decision procedures. Tednical report, Universitp degli studi di
Verona, 2006. Available at http:profs.sci.univr.it/~echenim/

[6] Robert Nieuwenhuis and Alb ert Oliveras. Congruenceclosurewith inte-
ger o®sets.In Moshe Y. Vardi and Andrei Voronkov, editors, Logic for
Programming, Arti cial Intelligence, and Reasoning, 10th International
Conference, LPAR 2003, Almaty, Kazakhstan, Septemler 22-26, 2003,
Proceedings, volume 2850 of Lecture Notes in Computer Sciene, pages
78{90. Springer, 2003.

[7] Robert Nieuwenhuis and Alb ert Rubio. Paramodulation-based theorem
proving. In John Alan Robinsonand Andrei VVoronkov, editors, Handhook
of Automated Reasoning pages371{443. Elsevier and MIT Press,2001.

[8] Derek C. Oppen. Reasoningabout recursively de ned data structures.
J. ACM, 27(3):403{411,1980.

[9] Ting Zhang, Henny B. Sipma, and Zohar Manna. Decision procedures
for recursive data structures with integer constraints. In David A. Basin
and Michadl Rusinowitch, editors, Automated Reasoning - Second Inter-
national Joint Conference, IJCAR 2004, Cork, Ireland, July 4-8, 2004,
Proceedings, volume 3097 of Lecture Notes in Computer Sciene, pages
152{167. Springer, 2004.

49



An Abstract DecisiorProcedurefor Satis ability in the
Theoryof Recursie Data Types

Clark Barrett! Igor Shikanian' CesareTinelli?
INew York University, barrett|igor@cs.nyu.edu
2The University of lowa, tinelli@cs.uiowa.edu

Abstract

The theory of recursive data typesis a valuable modeling tool for software veri ca-
tion. In the past, decisionprocedureshave beenproposedfor both the full theory and
its universal fragmert. Howewer, previous work has beenlimited in various ways. In
this paper, we presen a generalalgorithm for the universal fragmert. The algorithm
is preseried declaratively as a set of abstract rules which are terminating, sound, and
complete. We show how other algorithms can be realized as strategies within our
generalframework. Finally, we proposea new strategy and give experimertal results
shawing that it performs well in practice.

1 Intro duction

Recursive data types are commonly used in programming. The same notion is also a
cornvenient abstraction for common data types such as records and data structures suc
as linked lists usedin more conventional programming languages. The ability to reason
automatically and exciently about recursive data typesthus provides an important tool
for the analysisand veri cation of programs.

Perhapsthe best-knovn exampleof a simple recursive data type is the list type usedin
LISP. Lists are either the null list or are constructed from other lists using the constructor
cons. This constructor takestwo argumerts and returns the result of prepending its rst
argumert to the list in its secondargumert. In order to retrieve the elemerns of a list, a
pair of seletors is provided: car returns the rst elemen of a list and cdr returns the rest
of the list.

More generally, we are interestedin any setof (possibly mutually) recursive data types,
ead of which contains one or more constructors. Each constructor has selectorsthat can
be usedto retrieve the original argumerts as well as a tester which indicates whether a
given term was constructed using that constructor. As an example of the more general
case,supposewe want to model lists of trees of natural humbers. Consider a set of three
recursive data types: nat, list, and tree. nat hastwo constructors: zem, which takesno
argumerts (we call such a constructor a nullary constructor or constant); and sua, which
takesa single argumert of type nat and hasthe corresponding selectorpred. The list type
is as before exceptthat we now specify that the elemers of the list are of type tree. The
tree type in turn has two constructors: node, which takesan argumert of type list and
hasthe corresponding selectorchildren, and leaf, which takesan argumert of type nat and
hasthe corresponding selectordata. We can represert this set of typesusing the following
cornvenient notation basedon that usedin functional programming languages:
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nat suc(pred : nat) j zero;
list = cong(car:tree; cdr: list) j null;
tree node(children : list) j leaf(data : nat);

The testers for this set of data types are is_sua, is_zem, is_cons, is_null, is_node, and
is_leaf.

Propositions about a set of recursive data types can be captured in a sorted rst-
order languagewhich closely resenbles the structure of the data typesthemselhesin that
it has function symbols for ead constructor and selector, and a predicate symbol for
ead tester. For instance, propositions that we would expect to be true for the example
above include: (i) 8x : nat: suac(x) 6 zero; (i) 8x : list: x = null _ is_cons(x); and (iii)
8x :treeis_leaf(x) ! (data(x) = zem _is_suac(data(x))):

In this paper, we discussa procedure for deciding such formulas. We focus on satis-
“abilit y of a set of literals, which (through well-known reductions) can be usedto decide
the validity of universal formulas.

There are three main contributions of this work over earlier work on the topic. First,
our setting is more general: we allow mutually recursive typesand multiple constructors.
The secondcortribution is in presenation. We presert the theory itself in terms of an
initial model rather than axiomatically as is often done. Also, the presenation of the
decisionprocedureis given as abstract rewrite rules, making it more °exible and easierto
analyzethan if it were givenimperatively. Finally, asdescribedin Section4, the °exibilit y
provided by the abstract algorithm allows us to describe a new strategy with signi cantly
improved practical exciency.

Related Work. Term algebrasover constructors provide the natural intended model
for recursive data types. In [7] two dual axiomatizations of term algebrasare presened,
onewith constructors only, the other with selectorsand testers only.

An often-cited referencefor the quanti er-free caseis the treatment by Nelson and
Oppenin 1980[11,12] (where the problem is alsoshown to be NP-complete). In particular,
Oppen's algorithm in [12] gives a detailed decision procedure for a single recursive data
type with a single constructor; however, the caseof multiple constructors is discussedonly
brie°y and not rigorously.

More recertly, several papersby Zhang et al. [14, 15] explore decision proceduresfor a
singlerecursive data type. Thesepapersfocuson ambitious schemesfor quarti er elimina-
tion and combinations with other theories. A possibleextension of Oppen's algorithm to
the caseof multiple constructorsis discussedorie®y in [14]. A comparisonof our algorithm
with that of [14] is madein Section 4.

Finally, another approach basedon rst-order reasoningwith the superposition calculus
is described in [5]. This work shawvs how a decisionprocedurefor a recursive data type can
be automatically inferred from the rst-order axioms, even though the axiomatization is
in nite. Although the results are impressive from a theoretical point of view, the scope is
limited to theories with a single constructor and the practical exciency of sud a scheme
has yet to be shown.

2 The Theory of Recursiv e Data Types

Previous work on recursive data types (RDTs) uses rst-order axiomatizations in an at-
tempt to capture the main properties of a recursive data type and reasonabout it. We
‘nd it simpler and cleanerto use a semariic approad instead, as is done in algebraic
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speci cation. A setof RDTs can be given a simple equational speci cation over a suitable
signature. The intended model for our theory can be formally, and uniquely, de ned as
the initial model of this speci cation. Reasoningabout a set of RDTs then amourts to
reasoningabout formulas that are true in this particular initial model.

2.1 Specifying RDTs

We formalize RDTs in the context of many-sorted equational logic (see[9] among others).
We will assumethat the reader is familiar with the basic notions in this logic, and also
with basic notions of term rewriting.

We start with the theory signature. We assumea many-sorted signature 8 whoseset
of sorts consistsof a distinguished sort bool for the Booleans,and p, 1 sorts ¢;;:::;¢p

As mertioned earlier, the function symbols in our theory signature correspond to the
constructors, selectors,and testers of the set of RDTs under consideration. We assume
foreach ¢; (1- i- p) asetof m;, 1 constructors of ¢;. We denote these symbols as C!,
wherej rangesfrom 1to m;. We denotethe arity of Cji as n} (O-arity constructors are also
called nullary constructors or constarts) and its sort as s};l £ CCCE S};n} I ¢i. For eath

constructor Cji, we have a set of selectors, which we denote as Sj‘;k, wherek rangesfrom 1
to n} , of sort ¢ ! s} K- Finally, for eadh constructor, there is a tester? isti 2¢éi ' bool.
In addition to thesesymbols, we alsoassumethat the signature contains two constarts,
true and falseof sort bool, and an in nite number of distinct constarts of eat sort % The
constarts are meart to be namesfor the elemers of that sort, so for instance if 3% were
a sort for the natural numbers, we could useall the numerals as the constarts of sort ;.
Having all these constarts in the signature is not necessaryfor our approac, but in the
following exposition it provides an easyway of ensuring that the sorts in % are in nite.
Section 5.1 shows that our approach can be easily extended to the casein which some
of these sorts are nite. To summarize, the set of function symbols of the signature §
consistsof:
Clisl ECCES 1 gifori=1:ipj=Liimg;

J J;nj!

As usual in many-sorted equational logic, we alsohave p+ r + 1 equality symbols (one for
ead sort mertioned above), all written as %a.

Our procedurerequiresone additional constraint on the set of RDTs: It must be well-
founded. Informally, this meansthat ead sort must contain terms that are not cyclic or
in nite. More formally, we have the following de nitions by simultaneous induction over
constructors and sorts: (i) a constructor CJ-i is well-founded if all of its argumert sorts are

at leastoneof its constructors is well-founded. We require that every sort be well-founded
according to the above de nition.

1To simplify some of the proofs, and without loss of generality, we use functions to bool instead of
predicates for the testers.
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In somecases;t will be necessanyto distinguish between nite and in nite ¢-sorts: (i)
a constructor is nite if it is nullary or if all of its argumert sorts are nite; (i) a sort ¢; is

are all in nite. As we will see,consistert with the above terminology, our semartics will
interpret nite, resp.in nite, ¢-sortsindeedas nite, resp.in nite, sets.

We denoteby T (8) the setof well-sorted ground terms of signature § or, equivalertly,
the (many-sorted) term algebra over that signature. The RDTs with functions and pred-
icates denoted by the symbols of § are speci ed by the following set E of (universally
qguanti ed) equations. For reasonsexplained below, we assumethat assaiated with every
selectorSj‘;k e ! s};k is a distinguished ground term of sort s};k cortaining no selectors
(or testers), which we denote by t} K-

Equational Speci cation of the RDT: fori=1;:::;p:

The last axiom speci es what happens when a selector is applied to the \wrong"
constructor. Note that there is no obviously correct thing to do in this casesinceit would
correspond to an error condition in a real application. Our axiom speci es that in this
casethe result is the designatedground term for that selector. This is di®eren from other
treatments (such as[7, 14, 15]) where the application of a wrong selectoris treated asthe
identit y function. The main reasonfor this di®erenceis that identit y function would not
always be well-sorted in multi-sorted logic.

By standard results in universalalgebrawe know that E admits an initial model R and
we can show the following result:2 Let - be the signature obtained from § by removing
the selectorsand the testers;then, the reduct of R to - isisomorphicto T (-). Informally,
this meansthat R doesin fact capture the set of RDTs in question, as we can take the
carrier of R to be the term algebraT (-).

3 The Decision Pro cedure

In this section, we presert a decision procedure for the satis abilit y of sets of literals
over R. Our procedure builds on the algorithm by Oppen [12] for a single type with
a single constructor. As an example of Oppen's algorithm, consider the list data type
without the null constructor and the following set of literals: fcons(x;y) ¥ z; car(w) Ya
x; cdr(w) Ya y;w 6Yzg. Oppen's algorithm usesa graph which relates terms according
to their meaning in the intended model. Thus, cong(x;y) is a parent of x and y and
car(w) and cdr(w) are children of w. The equationsinduce an equivalencerelation on the
nodes of the graph. The Oppen algorithm proceedsby performing upwards (congruence)
and downwads (uni cation) closure on the graph and then cheding for cycles’ or for a
violation of any disequalities. For our example, upwards closureresults in the conclusion
w ¥4z, which contradicts the disequality w 6%.

2Proofs of all results in this paper can be found in [4].
SA simple example of a cycle is: cdr(x) ¥ x.
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As another example, consider the following set of literals: fcons(x;y) ¥4 z; car(w) %
x;cdr(w) Y2 y;v Ya w;y 6%«cdr(v)g. The new graph has a node for v, with cdr(v) as
its right child. The Oppen algorithm requires that every node with at least one child
have a complete set of children, so car(v) is added as a left child of v. Now, downwards
closureforcescar(v) % car(w) ¥ x and cdr(v) ¥ cdr(w) ¥y, contradicting the disequality
y 6%&dr(v).

An alternativ e algorithm for the caseof a single constructor is to intro duce new terms
and variablesto replacevariablesthat are inside of selectors. For example, for the rst set
of literals above, we would introduce w ¥4 cong(s;t) where s;t are new variables. Now, by
substituting and collapsing applications of selectorsto constructors, we get f cons(x; y) %
Z;w Yacong(s;t); x ¥as;t Yay;w 6¥zg. In general, this approac only requires downwards
closure.

Unfortunately, with the addition of more than one constructor, things are not quite as
simple. In particular, the simple approad of replacing variables with constructor terms
does not work becauseone cannot establish a priori whether the value denoted by a
given variable is built with one constructor or another. A simple extension of Oppen's
algorithm for the caseof multiple constructors is proposedin [14]. The idea is to rst
guessa type completion, that is, a labeling of every variable by a constructor, which is
meart to constrain a variable to take only values built with the assaiated constructor.
Onceall variables are labeled by a single constructor, the Oppen algorithm can be usedto
determine if the constraints can be satis ed under that labeling. Unfortunately, the type
completion guesscan be very expensiwe in practice.

Our preseration combines ideas from all of these algorithms as well as introducing
somenew ones. There is a set of upward and downward closure rules to mimic Oppen's
algorithm. The idea of a type completion is replaced by a set of labeling rules that can
be usedto re ne the set of possibleconstructors for ead term (in particular, this allows
us to delay guessingaslong as possible). And the notion of intro ducing constructors and
eliminating selectorsis captured by a set of selectorrules. In addition to the presenation,
one of our key contributions is to provide preciseside-conditionsfor when casesplitting is
necessaryas opposedto when it can be delayed. The results givenin Section 4 show that
with the right strategy, signi cant gainsin exciency can be obtained.

We describe our procedure formally in the following, as a set of derivation rules. We
build on and adopt the style of similar rules for abstract congruenceclosure [1] and syn-
tactic uni cation [8].

3.1 De nitions and Notation

In the following, we will considerwell-sorted formulas over the signature 8 above and an
in nite set X of variables. To distinguish these variables, which can occur in formulas
given to the decisionproceduredescribed below, from other internal variables usedby the
decisionprocedure,we will sometimescall the elemeris of X input variables.

Given a set j of literals over § and variables from X, we wish to determine the
satis ability of j in the algebra R. We will assumefor simplicity, and with no loss
of generality, that the only occurrencesof terms of sort bool are in atoms of the form
isCi (t) Yatrue, which we will write just asisC|(t).

Following [1], we will make use of the setsV,, (Vs,) of abstraction variables of sort ¢
(%4); abstraction variables are disjoint from input variables (variablesin j) and function
as equivalenceclassrepresenativ esfor the terms in j. We assumean arbitrary, but "xed,
well-founded ordering A on the abstraction variablesthat is total on variables of the same
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sort. We denotethe set of all variables (both input and abstraction) in E asVar(E). We

set of labels for ead %. We will write sort(t) to denotethe sort of the term t.

The rules make use of three additional constructs that are not in the languageof §:
1, 7!, and Inst.

The symbol ! is usedto represent oriented equations. Its left-hand sideis a §-term
t and its right-hand sideis an abstraction variable v. The symbol 7! denoteslabellings of
abstraction variables with setsof constructor symbols. It is usedto keeptrack of possible
constructors for instantiating a ¢ variable* Finally, the Inst construct is usedto track
applications of the Instan tiate rules given below. It is neededto ensuretermination by
prevernting multiple applications of the same Instan tiate rule. It is a unary predicate
that is applied only to abstraction variables.

Let § € denotethe setof all constart symbolsin §, including nullary constructors. We
will denote by o the set of all possibleliterals over § and input variables X . Note that
this doesnot include oriented equations(t ! v), labeling pairs (v 7! L), or applications of
Inst. In contrast, we will denoteby E multisets of literals of &, oriented equations,labeling
pairs, and applications of Inst. To simplify the preseration, we will consisterlly usethe
following meta-variables: c;d denote constarts (elemerts of § ) or input variables from
X; u;v;w denote abstraction variables; t denotesa °at term|i.e., a term all of whose
proper sub-terms are abstraction variableslor a label set, depending on the cortext.
u;v denote possibly empty sequencesf abstraction variables; and u ! v is shorthand
for the set of oriented equations resulting from pairing corresponding elemens from u
and v and orienting them so that the left hand variable is greater than the right hand
variable according to A. Finally, v ./ t denotesany of v ¥at, t Yav, v 64, t 6%, or
v 7! t. To streamline the notation, we will sometimesdenote function application simply
by juxtap osition.

Each rule consistsof a premise and one or more conclusions. Each premise is made
up of a multiset of literals, oriented equations, labeling pairs, and applications of Inst.
Conclusionsare either similar multisets or ? , where ? represerts a trivially unsatis able
formula. The soundnessof our rule-basedproceduredependson the fact that the premise
E of arule is satis ed in R by a valuation ® of Var (E) i® one of the conclusionsE ° of the
rule is satis ed in R by an extensionof ® to Var (E9.

3.2 The deriv ation rules

Our decisionprocedure consistsof the following derivation rules on multisets E.

Abstraction rules

plc]; E . p2w;c:s;
Abstract 1 c! v; v7!Iblgs); p[v]; E i v fresh from Vs
plC/ul]; E : .
Abstract 2 CluT v; pf; V7T fClg E if p2wa;vfreshfromV,
p[Sji-k ul; E i
: 2a;8, ¢! ;
Abstract 3 Sjau! Vi Spul v pvdif P A TSk

Vi 70 Ibls(sy); 1:zivy 7 Ibls(sy ); E ead vy freshfrom Vs,

4To simplify the writing of the rules, somerules may intro duce labeling pairs for variables with a non-¢,
sort, even though these play no role.
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The abstraction or °attening rules assigna new abstraction variable to every sub-
term in the original set of literals. Abstraction variables are then used as place-holders
or equivalence class represertativ es for those sub-terms. While we would not expect a
practical implemertation to actually introduce these variables, it greatly simpli es the
presenation of the remaining rules. Notice that in ead case, a labeling pair for the
intro duced variables is also created. This correspndsto labeling ead sub-term with the
set of possible constructors with which it could have been constructed. Also notice that
in the Abstract 3 rule, whenewer a selector Sji;k is applied, we e®ectively introduce all
possibleapplications of selectorsassaiated with the sameconstructor. This simpli es the
later selectorrules and correspondsto the stepin the Oppen algorithm which ensuresthat
in the term graph, any node with children has a complete set of children.

Literal level rules

. uvav; E . - isC! v; E
Orien t T vV E if uAv Remove 1 VT tClg E
. v 6W; E isClv; E
Inconsisten t ———— 1
! ? Remove 2 v 7! Ibls(sort(v)) nij'g; E

The simple literal level rules are mostly self-explanatory The Orien t rule is usedto
replace an equation between abstraction variables (which every equation eventually be-
comesafter applying the abstraction rules) with an oriented equation. Oriented equations
are usedin the remaining rules below. The Remo ve rules remove applications of testers
and replacethem with labeling pairs that imposethe sameconstraints.

Upward (i.e., congruence) closure rules

. u./tu! v;E t! ut! v;E . 4
Simplify 1 — Tt ul v E Superpose  — TV E if uAv
o fuuv! w;u! v; E [RVARYA .
Simplify 2 Comp ose th vivi wiE

fuw! w;u! v; E t! w:v! w E

Theserules are modeled after similar rules for abstract congruenceclosurein [1]. The
Simplify and Comp ose rules essetially provide a way to replaceany abstraction variable
with a smaller (according to A) oneif the two are known to be equal. The Sup erp ose
rule mergestwo equivalenceclassesf they contain the sameterm. Congruenceclosureis
achieved by theserules becausef two terms are congruert, then after repeatedapplications
of the rst setof rules, they will becomesyntactically identical. Then the Sup erp ose rule
will mergetheir two equivalenceclasses.

Downward (i.e., uni cation) closure rules

Cjiu! V; Cjiv! v: E
Cj'u! v;u! v; E

Decomp ose

c!l v;d! v; E

Clash 5 if c;cd28C;c:%d:%c6d
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in | e i2 | el | .
Cycle Cjnunuvn. Un; 1,...,Cjzu2u2v2. ul,leululvl. uE —
t) 5

The main downward closurerule is the Decomp ose rule: whenewer two terms with
the same constructor are in the same equivalenceclass, their argumerts must be equal.
The Clash rule detects instances of terms that are in the same equivalence class that
must be disequalin the intended model. The Cycle rule detectsthe (inconsistert) cases
in which a term would have to be cyclical.

Selector rules
Shul ug i SEul oup;u! ijig; E

) iinj , it Inst(u) 62
Cj'ul ¢¢¢un} 'u;u7! ij'g; Inst(u); E ! ()

Instan tiate 1

_ Inst(v) 62E;
v7' fCig E V7' L 6E;
Instan tiate 2 Cjus ¢¢¢Unji I v; Inst(v); E if Cji “hite constructor;
ur 7! lols(s] ,); 00 Up: 7! Ibls(sji;n}) 2v) ! VOBE;

uk freshfrom Vg
1

Clup ety ! u; Sul v E
Cj'ul ¢¢¢un} I u; ugvav; E

Collapse 1

Sk u! v;u7lL; E
t};k Wav;u7!'L; E

Collapse 2 if Cl 2L

Rule Instan tiate 1 is usedto eliminate selectorsby replacing the argumert of the
selectorswith a new term constructed using the appropriate constructor. Notice that
only terms that have selectorsapplied to them can be instantiated and then only once
they are unambiguously labeled. Rule Instan tiate 2 is usedfor nite constructors. For
completeness,terms labeled with "nite constructors must be instantiated even when no
selectorsare applied to them. The Collapse rules eliminate selectorswhen the result of
their application can be determined. In Collapse 1, a selectoris applied to a term known
to be equal to a constructor of the \right" type. In this case,the selector expressionis
replaced by the appropriate argumert of the constructor. In Collapse 2, a selectoris
applied to a term which must have been constructed with the \wrong" constructor. In
this case,the designatedterm t} , for the selectorreplacesthe selectorexpression.

Lab eling rules

_ vl Ly v7l Lo E vl E .
Re ne VI L\ Ly E Empt y — if v
. S.(u! v;u7'fClg[ L; E .
1:k | .
SPit L g T viunfolg E S vurge TLE
. u7!' fCig[ L; E . L6:;
] : ? 0
Split 2 u7! fCjg E u7'L; E i fC/g[ L all nite constructors
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The Re ne rule simply combines labeling constraints that may arise from di®eren
sourcesfor the sameequivalenceclass. Empt y enforcesthe constraint that every ¢-term
must be constructed by someconstructor. The splitting rules are usedto re ne the set
of possibleconstructors for a term and are the only rules that causebranching. If a term
labeledwith only nite constructors cannot be eliminated in someother way, Split 2 must
be applied until it is labeled unambiguously. For other terms, the Split 1 rule only needs
to be applied to distinguish the caseof a selectorbeing applied to the \righ t* constructor
from a selector being applied to the \wrong" constructor. On either branch, one of the
Collapse rules will apply immediately. We discussthis further in Section4, below. The
rules are proved sound, complete and terminating in our full report [4].

4 Strategies and Ezxciency

It is not ditcult to seethat the problem of determining the satis abilit y of an arbitrary

set of literals is NP-complete. The problem was showvn to be NP-hard in [12]. To see
that it is in NP, we note that given a type completion, no additional splits are necessary
and the remaining rules can be carried out in polynomial time. Howewver, as with other
NP-complete problems (Boolean satis abilit y being the most obvious example), the right

strategy can make a signi cant di®erencein practical exciency.

4.1 Strategies

A strategy is a predetermined methodology for applying the rules. Before discussingour
recommendedstrategy, it is instructiv eto look at the closestrelated work. Oppen'soriginal
algorithm is roughly equivalert to the following: After abstraction, apply the selectorrules
to eliminate all instancesof selectorsymbols. Next, apply upward and downward closure
rules (the bidirectional closure). As you go, chedk for con®icts using the rules that can
derive ?. We will call this the basic strategy. Note that it excludesthe splitting rules:
becauseOppen's algorithm assumesa single constructor, the splitting rules are never used.
A generalization of Oppen's algorithm is mentioned in [14]. They add the step of initially

guessinga \t ype completion”. To model this, considerthe following simple Split rule:

u7 fClg[ L; E

Split <, fClg E U7l L E

if L6,

Now considera strategy which invokes Split greedily (after abstraction) until it no longer
applies and then follows the basic strategy. We will call this strategy the greedy splitting

strategy. One of the key contributions of this paper is to recognizethat the greedysplitting

strategy can be improved in two signi cant ways. First, the simple Split rule should be
replacedwith the smarter Split 1 and Split 2 rules. Second theserules should be delayed
aslong as possible. We call this the lazy splitting strategy. The lazy strategy reducesthe
sizeof the resulting derivation in two ways. First, notice that Split 1 is only enabledwhen
someselectoris applied to u. By itself, this eliminates many needlesscasesplits. Second,
by applying the splitting rules lazily (in particular by rst applying selectorrules), it may
be possibleto avoid splitting completely in many cases.

Example.  Consider the following simple tree data type: tree := node(left : tree; right :
tree) j leaf with leaf as the designatedterm for both selectors. Suppose we receive the
input formula left"(Z) %4 X ~ is_node(Z) ™ Z Y X. After applying all available rules
except for the splitting rules, the result will look something like this:
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Worst Case Greedy Lazy

Number of Splits | Benchmarks | Sat | Unsat | Splits | Time (s) | Splits | Time (s)
0 4416 | 306| 4110 0 24.6 0 24.6
1-5 2520 2216 304 | 6887 16.8| 2414 17.0
6-10 692 | 571 121 | 4967 5.8 | 1597 5.7
11-20 178 | 112 66 | 2422 2.3 517 1.6
21-100 145 73 72| 6326 4.5 334 11
101+ 49 11 38| 16593 9.8 73 0.3

Table 1: Greedy vs. Lazy Splitting

f Z! up;X ! ug;up 7' fnodeg;, node(us;vi) ! up;un ! Ug;
left(uq) ! up;:::;left(un; 1) ! up;uq 7! fleaf;nodeg;:::;u, 7! fleaf; nodeg;

Notice that there are 2n abstraction variables labeled with two labels ead. If we eagerly
applied the naive Split rule at this point, the derivation tree would reach size O(22").
Suppose, on the other hand, that we use the lazy strategy. First notice that Split

1 can only be applied to n of the abstraction variables (uj;1 - i - n). Thus the more
restrictiv e side-conditions of Split 1 already reduce the size of the problem to at worst
O(2") instead of O(22"). Howewer, by only applying it lazily, we do even better: suppose
we split on u;. The result is two branches, one with u; 7! fnodeg and the other with
u; 7! fleafg. The secondbranch inducesa cascadeof (at most n) applications of Collapse
2 which in turn results in ug 7! fleafg for eadh k > i. This evertually resultsin ? via
the Empty and Re ne rules. The other branch contains u; 7! fnodeg and results in the
application of the Instantiate rule, but little else,and so we will have to split again, this
time on a di®eren u;. This processwill have to be repeated until we have split on all of
the uj. At that point, there will be a cycle from ugp bad to ug, and sowe will derive ? via
the Cycle rule. Becauseead split only requires at most O(n) rules and there arenj 1
splits, the total sizeof the derivation tree will be O(n?).

4.2 Exp erimen tal Results

We have implemented both the lazy and the greedy splitting strategies in the theorem
prover CVC Lite [2]. Using the mutually recursive data typesnat, list, and tree mentioned
in the intro duction, we randomly generated8000benchmarks.®

As might be expectedwith a large random set, most of the benchmarks are quite easy
In fact, over half of them are solved without any casesplitting at all. Howewer, a few
of them did prove to be somewhatchallenging (at least in terms of the number of splits
required). Table 1 shows the total time and casesplits required to solve the bencdhmarks.
The bendimarks are divided into categoriesbasedon the the maximum number of case
splits required to solve the benchmark.

For easybenchmarks that don't require many splits, the two algorithms perform almost
identically. Howewer, asthe ditcult y increases,the lazy strategy performs much better.
For the hardest benchmarks, the lazy strategy outperforms the greedy strategy by more
than an order of magnitude.

®Seehttp:/iwww.cs.nyu.edu/~barrett/datatypes for details on the benchmarks and results.
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5 Extending the Algorithm

In this section we brie°y discusssewral ways in which our algorithm can be usedas a
componert in solving a larger or related problem.

5.1 Finite Sorts

in nite valued. Sincewe have no suc restrictions on sorts ¢j, the ideais to simply replace
sudch a ¥%by a new ¢-like sort ¢z, whoseset of constructors (all of which will be nullary)

then we canlet ¢3,::== nullyj ::: j null,. We then proceedas before, after replacing all
occurrencesof ¥by ¢3, and ead i by null;.

5.2 Simulating Partial Function Semantics

As merntioned earlier, it is not clear how bestto interpret the application of a selectorto the
wrong constructor. One compelling approad is to interpret selectorsas partial functions.
An evaluation of a formula then has three possible outcomes: true, false, or unde ned.
This approach may be especially valuable in a veri cation application in which application
of selectorsis required to be guarded so that no formula should ever be unde ned. This
can easilybeimplemented by employing the techniquesdescribedin [6]: givena formula to
ched, a special additional formula called a type-correctnesscondition is computed (which
can be donein time and spacelinear in the sizeof the input formula). Thesetwo formulas
can then be cheded using a decision procedure that interprets the partial functions (in
this case,the selectors)in somearbitrary way over the unde ned part of the domain. The
result can then be interpreted to reveal whether the formula would have beentrue, false,
or unde ned under the partial function semartics.

5.3 Cooperating with other Decision Pro cedures

A nal point is that that our procedurehasbeendesignedto integrate easilyinto a Nelson-
Oppen-style framework for cooperating decisionprocedures[10]. In the many-sorted case,
the key theoretical requiremerts (see[13]) for two decision proceduresto be combined
are that the signatures of their theories share at most sort symbols and ead theory is
stably in"nite over the sharedsorts® A key operational requiremert is that the decision
procedureis also able to easily compute and communicate equality information.

The theory of R (i.e., the set of sertencestrue in R) is trivially stably in nite over the

denote in nite setsin R. Also, in our procedure the equality information is evertually
completely captured by the oriented equations produced by the derivation rules, and so
entailed equalities can be easily detected and reported.

For a detailed and formal discussionof how to integrate a rule-baseddecisionprocedure
such as this one into a general framework combining Boolean reasoning and multiple
decisionprocedures,we refer the readerto our related work in [3]. Note that, in particular,
this work shows how the internal theory casesplits can be delegatedon demand to the
Boolean engine; this is the implementation strategy followed in CVC Lite.

5A many-sorted theory T is stably innite over a subset S of its sorts if every quanti er-free formula
satis able in T is satis able in a model of T where the sorts of S denote in nite sets.
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Abstract

Program analysistools for modern programming languagesrequire
a very rich logic to reasonabout constructs sud as bit-v ector oper-
ators or dynamic data structures. We propose a generic framework
for reducing decidable decision problems to propositional logic that
starts with an axiomatization of the logics. Instantiating the frame-
work for a speci ¢ logic requires a deductive decision procedure that
fullls seweral conditions. Linear arithmetic, the theory of arrays and
other logics useful for veri cation, have suc a decision procedure, as
we shaow. Further, the framework allows to reduce combined theories
to a uni ed propositional formula, which enableslearning acrossthe-
ories. We conclude by preserting sewral challengesthat needto be
met for making the framework more general and useful for program
veri cation.
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Abstract

The Biphase Mark Protocol (BMP) and 8N1 Protocol are physical
layer protocols for data transmission. We present a generic model in
which timing and error valuesare parameterizedby linear constraints,
and then we usethis model to verify theseprotocols. The veri cations
are carried out using SRI's SAL model cheder that combines a sat-
is abilit y modulo theories decision procedure with a bounded model
chedker for highly-automated induction proofs of safety properties over
in nite-state systems. Previously, parameterizedformal veri cation of
real-time systemsrequired medanical theorem-proving or specialized
real-time model cheders; we describe a compelling case-studydemon-
strating a simpler and more generalapproach. The veri cation reveals
a signi cant error in the parameter rangesfor 8N1 givenin a published
application note.
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Abstract

Designand veri cation of systemsat the Register-Transfer (RT) or
behavioral level require the ability to reasonat higher levels of abstrac-
tion. Di®erencelogic consistsof an arbitrary Boolean combination of
propositional variablesand di®erencepredicatesand therefore provides
an appropriate abstraction. In this paper, we presen seeral new op-
timization techniquesfor exciently deciding di®erencelogic formulas.
We usethe lazy approadc by combining a DPLL Boolean SAT proce-
dure with a dedicated graph-basedtheory solver, which addstransitiv-
ity constraints among di®erencepredicateson a \need-to" basis. Our
new optimization techniques include °exible theory constraint prop-
agation, selective theory deduction, and dynamic predicate learning.
We have implemented thesetechniquesin our lazy solver. We demon-
strate the e®ectivenessof the proposed techniques on public bendc-
marks through a set of controlled experimerts.
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Abstract

The theory of arrays, introduced by McCarthy in his seminal pa-
per \T oward a mathematical scienceof computation”, is certral to
Computer Science. Unfortunately, the theory alone is not suzcient
for many important veri cation applications such as program analysis.
Motiv ated by this obsenation, we study extensionsof the theory of
arrays whose satis abilit y problem (i.e. chedking the satis abilit y of
conjunctions of ground literals) is decidable. In particular, we consider
extensionswhere the indexes of arrays has the algebraic structure of
Presburger Arithmetic and the theory of arrays is augmerted with ax-
ioms characterizing additional symbols such as dimension, sortedness,
or the domain of de nition of arrays.

We provide methods for integrating available decision procedures
for the theory of arrays and Presburger Arithmetic with automatic in-
stantiation strategieswhich allow usto reducethe satis abilit y problem
for the extensionof the theory of arrays to that of the theories decided
by the available procedures. Our approac aims to reuseas much as
possibleexisting techniquessoto easethe implementation of the pro-
posedmethods. To this end, we shav how to useboth model-theoretic
and rewriting-based theorem proving (i.e., superposition) techniques
to implemernt the instantiation strategies of the various extensions.
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Abstract

Recertly, it has becomeevident that the capability of computing
con’ict setsis of paramount imp ortance for the exciency of systemsfor
Satis abilit y Modulo Theories (SMT). In this paper, we considerthe
problem of modularly constructing con®ict setsfor a combined theory,
whenthis is obtained asthe disjoint union of many componert theories
for which satis abilit y procedurescapable of computing con®ict sets
are assumedavailable. The key idea of our solution to this problem
is the concept of explanation graph, which is a labelled, acyclic and
undirected graph capable of recording the entailment of someelemen-
tary equalities. Explanation graphsallow usto recordthe explanations
computed by, for instance, a proof-producing congruenceclosure and
to extend the well-known Nelson-Oppen combination method to mod-
ularly build con’ict setsfor disjoint unions of theories. We study how
the computed con®ict setsrelate to an appropriate notion of minimal-

ity.
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