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Abridged Sample Input (from CMU webpage)

MODULEmodule-name-changed
INPUT

ID_EX_RegWrite, ID_EX_MemToReg,_Taken_Branch_1_1, EX_MEM_Jump,...
OUTPUT_temp_1252;
STRUCTURE

_squash_1_1 = or(_Taken_Branch_1_1, EX_MEM_Jump);
_squash_bar_1_1 = not(_squash_1_1);
_EX_Jump_1_1= and(_squash_bar_1_1, ID_EX_Jump);
_Taken_Branch_9_1= and(_squash_bar_1_1, ID_EX_Branch, TakeBranchALU_0);
_Reg2Used_1_1= or(IF_ID_UseData2, IF_ID_Branch, IF_ID_MemWrite, IF_ID_MemToReg);
_temp_967= and(_Reg2Used_1_1,e_2_1);
...
_temp_976= ite(_temp_969, IF_ID_Jump, Jump_0);
...
_temp_1249= and(_temp_1038, _temp_1066, _temp_1072, _temp_1189, _temp_1246);
...
true_value = new_int_leaf(1);
are_equal(_temp_1252, true_value); % 1

ENDMODULE

Courtesy M.N. Velev, SuperscalarSuite 1.0. Available from: http://www.ece.cm u.edu/~ mvelev.



Translation to CNF

Expression:v3 = ite(v0; v1; v2); What HeuristicsLike:

(v0 ^ v1) ! v3 (v0 ^ v3) ! v1

(�v0 ^ v2) ! v3 (�v0 ^ v3) ! v2

(v0 ^ �v1) ! �v3 (v0 ^ �v3) ! �v1

(�v0 ^ �v2) ! �v3 (�v0 ^ �v3) ! �v2

(v1 ^ v2) ! v3 (�v1 ^ �v2) ! �v3

(v1 ^ �v3) ! �v0; �v2 (v2 ^ �v3) ! v0; �v1

(�v1 ^ v3) ! �v0; v2 (�v2 ^ v3) ! v0; v1

(v1 ^ �v2) ! v0 = v3

(�v1 ^ v2) ! �v0 = v3

KarnaughMap:

00 01 11 10
00 1 0 1 0
01 1 0 1 0
11 0 1 1 0
10 1 0 0 1

CNF:

(v0 _ v2 _ �v3)
(v0 _ �v2 _ v3)
(�v0 _ �v1 _ v3)
(�v0 _ v1 _ �v3)



State Mac hine Used to Represen t Functions
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Statesof a Smurf representing v3 = ite(v0; v1; v2)



Smurf s Don't Have to be Big

1

ite(v1; v2 ^ (v3 � v4); v4 ^ (v2 � v3))
1 [2] ~1 [4] 2 4 3

ite(v1; v3 � v4; v4 ^ �v3)

ite(v1; v2 ^ �v3; v2 � v3)

1 ~1 [~3/4] ~1 1 [2,~3] ite(v1; v2 ^ �v4; �v2 ^ v4)
3 [1/ ~4] 2 [~3] 1 [2/ ~4] ~1 [~2/4] ~2 [~1/3/4]

~3 [4] ~2 [~1/3] 2 [1/ ~4] ~2 [~1/4] ~3 [2/4]

4 [~3] 3 [~1/ ~2] 4 [~1/ ~2] ~4 [1/2] ~4 [1/2/3]

~4 [1/3] ~3 [2]

v3 � v4 v2 � v3

3 [~4] ~3 [4] 2 [~3] ~2 [3]

4 [~3] ~4 [3] 3 [~2] ~3 [2]



Lo cally Skewed, Globally Balanced Heuristics

Weight of terminalstateis 0

If states hasp successorsf s1; s2; : : :; spg, weight of s is
P p

i=1 weightOf (si )+ numberI nf erencesMadeEnr outeTo(si )
K � p

Every statetransitiongetsa weight:
# inferencesto destinationstateplusweight of that state

Every literal getsa score:
Sumof transitionweights for that literal acrossSmurf s

Every variablev getsa score:
(score(v) + � ) � (score(�v) + � )

Branch on highestscoringvariable



Lo cally Skewed, Globally Balanced Heuristics

1

ite(v1; v2 ^ (v3 � v4); v4 ^ (v2 � v3))

ite(v1; v3 � v4; v4 ^ �v3)

ite(v1; v2 ^ �v3; v2 � v3)

ite(v1; v2 ^ �v4; �v2 ^ v4)

v3 � v4 v2 � v3

h0i

h1=K i h1=K i

4 � 1 4 � 1

1 + 1=K 1=K 3 � 2 1=K 3 � 2 6 � 2 2 � 3
2 � 1 2 � 1 1 � 2

h(8 + 1=K )=6K i

h(8 + 1=K )=6K i(8 + 1=K )=6K (8 + 1=K )=6K

h2=K i
2=K

1 + 1=K

h(10 + (8=3)(1=K ) + 1=(3K 2))=(8K )i



Require Pre-pro cessing

Intuitively, we desire:

� Fewer StateMachines

� SmallerStateMachines

� RedundanciesRemovedAcrossStateMachines

� InferencesRevealedandAssignedasEarly asPossible

� SafeAssignments RevealedandAssignedEarly



Search Space Pro�le for Hard Problems
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Hard Problems That Fit This Pro�le

. . .

. . .

. . .

. . .

. . .

. . .

For example,BoundedModel Checking problems



Tools for Pre-pro cessing

� Restriction(eliminateredundancies,�nd inferences)

� Strengthening(�nd inferencesmissedby restriction)

� Generalizedco-factor(eliminatefunctions)

� Clustersomefunctions(conjointhem)

� Existential Quanti�cation (eliminatevariables)

� Assignuninferredbut safevalues(reductions)

� Add uninferredandunsafeconstraints (tunnel)



Restrict

X

f: c:

=>

1 0 1 01 0

v1

0 1

v3 v2 v1 v1
0 1 0 1

1 0 1 0
v4 v3 v2

1 0 1 0 1 0



Restrict

X

c:f:

=>
f ':

1 0 1 1 0 0 1

v4 v4 v4

1 0 1 0

v2 v3 0 v2 v3 1

1 0 1 0 1 0 1 0

Spreadingan inferencefrom onefunctionto another.

If v2 = 0 in f thenv3 = v4 = 0 is inferred.

Replacingf with f 0, givesinferencev4 = 0 from c (if v2 = 0)
andthen inferencev3 = 0 from f 0.



Strengthening

x

f: c:

1 01 0

Existentially quantify away v1 from f , then ...

v2 v1

0 1 0

v3 v3 v2

1 0 1 0 1
0 1

=> =>

V

1 1 10 0 0

conjoinf andc to revealinferencev3 = 0.

v2 v2
1 0

0 v3 1 v3 v3

0 1 0 1 0 1



Clustering and Existen tial Quan ti�cation

9v(f 1 ^ : : : ^ f m) � (f 1 ^ : : : ^ f m)jv=0 _ (f 1 ^ : : : ^ f m)jv=1

But this is what we reallywant:

9v(f 1 ^ : : : ^ f m) � (f 1jv=0 _ f 1jv=1) ^ : : : ^ (f mjv=0 _ f mjv=1)



Existen tial Quan ti�cation

=>

0 1

1

Replacef with (f jv=0 _ f jv=1 )

v1

0 1

v2 v2

1 0
0 1 v3v3 v3

0 1

1 0



Existen tial Quan ti�cation

=>
0 1

10

Replacef with (f jv=0 _ f jv=1 )

v1

1

0 v2 v1

0 1 v2 0 1

v3

1 0



Existen tial Quan ti�cation

1 0 1 0 1 001

1

Choosev7 to separatev1; v2; v3 from v4; v5; v6

v8

1 0

v7

1 0

v6 v3

1 0 1 0

v5 v4 v2 v1

1 0 1 0 1 0 1 0



Existen tial Quan ti�cation

1

1

1 0 1 0 1

1

0 1 0

v8

1 0

v6

1 0

v5 v4

1 0 1 0

v3 v3

1 0 1 0

v2 v1 v2 v1

1 0 1 0 1 0 1 0

But existentially quantify v7 away andgeta mess!



Splitting An Expression Is Desirable

f 1 ^ f 2 ^ : : : ^ f i ^ f i+1 ^ : : : ^ f m� 1 ^ f m

If no variables
in f 1 to f i

arein f i+1 to f m

andno variables
in f i+1 to f m

arein f 1 to f i

then � 1 = f 1 ^ : : : ^ f i and� 2 = f i+1 ^ : : : ^ f m

canbe solvedindependently



Autark Assignmen ts Come Close

f 1 ^ f 2 ^ : : : ^ f i ^ f i+1 ^ : : : ^ f m� 1 ^ f m

If thereis a subsetV 0

of variablesin f 1 to f i

andanassignment tV0

of valuesto V 0 that
satis�esf 1 to f i

and noneof the
variablesof V 0 is
in f i+1 to f m

thensatisfy� 1 = f 1 ^ : : : ^ f i with partial assignment
tV0 andsolve � 2 = f i+1 ^ : : : ^ f m independently



Safe Assignmen ts

If (f 1 ^ : : : ^ f m)jv=0 � (f 1 ^ : : : ^ f m)jv=0 _ (f 1 ^ : : : ^ f m)jv=1

thenv = 0 is safe

If (f 1 ^ : : : ^ f m)jv=1 � (f 1 ^ : : : ^ f m)jv=0 _ (f 1 ^ : : : ^ f m)jv=1

thenv = 1 is safe

Example : v = 1 is a safeassignment but is not autark:

f = (v _ a) ^ (v _ �a _ b) ^ (�v _ �a _ b_ c) ^ (�b_ �c) : : :
Because

f jv=0 = (a) ^ (�a _ b) ^ (�b_ �c) !
f jv=1 = (�a _ b_ c) ^ (�b_ �c)



Safe Assignmen ts: Checking isn't to o bad

But conjoiningfunctionsto �nd safeassignments canbe expensive

Luckily, the computationale�ort canbe distributed:

If
�

f i jv ^ f i j �v
�

� 0 for every i such that v is in f i thenv = 1 is safe

If
�

f i jv ^ f i j �v
�

� 0 for every i such that v is in f i thenv = 0 is safe

But the check may fail on somesafeassignments

The ideaextendsto groupsof variables



Safe Assignmen ts: Example, Single Variable

0 1 10

v1 v1

0 0

v2 1 v2 1
0 1 0 1

v3 v3 v3 v3
0 1 0 1

1 0 0 1v4 v4 v4 v4

1 0 1 0 1
0

1

Considertwo functionsf 1 andf 2

0

f 1: f 2:



Safe Assignmen ts: Example, Single Variable

0 1 0 1

v1

0

v2 1
0 1

v3 v3
0 1

1 0v4 v4

1 0
0

1

Findingsafeassignment for v4 in f 1 alone:

f 1:



Safe Assignmen ts: Example, Single Variable

0 1 10

v1

0

v2 1 v1

0 1 0

v3 v3 v2 1
0 1 0 1

1 0v4 v4 v3 v3

1 0 1 1 0
0

1 0

Findingsafeassignment for v4 in f 1 alone:v4 = 0 only

f 1:

9v4(f 1):



Safe Assignmen ts: Example, Single Variable

10 0 1

v1

0

v2 1

0 1

v3 v3

0 1
0 1v4 v4

1 0 0 1

Findingsafeassignment for v4 in f 2 alone:

f 2:



Safe Assignmen ts: Example, Single Variable

0 110

v1

0

v2 1 v1

0 1 0

v3 v3 v2 1
0 1 1

0 1 0v4 v4 v3

1 0 0 1 0 1

Findingsafeassignment for v4 in f 2 alone:neitherone

f 2:

9v4(f 2):



Safe Assignmen ts: Some Are Missed

10 0 10 1

v1

0

v2 1
0

v3

0 1
1v4 v4

1 0 1 0

Conjointhe two functions

f 1 ^ f 2:



Safe Assignmen ts: Some Are Missed

10 0 1 0 1

v1

0

v2 1 v1

0 0

v3 v2 1
0 1 0

1 1v4 v4 v3

1 0 1 0 1 0

Conjointhe two functionsthen �nd v4 = 0 is safe

f 1 ^ f 2:

9v4(f 1 ^ f 2):



Safe Assignmen ts: Some Are Missed

10 0 1 0 1

v1

0

v2 1 v1 v1

0 0 0

v3 v2 1 v3 1
0 1 0 0

1 1 1v4 v4 v3 v4 v4

1 0 1 0 1 0 1 0 1 0

Conjointhe two functionsthen �nd v4 = 0 is safe,alsov2 = 0 is safe

f 1 ^ f 2:

9v4(f 1 ^ f 2): 9v2(f 1 ^ f 2):



Safe Assignmen ts: But Multiple Assignmen ts Can Pay O�

10

v1

0 1

v2 v2

0 0

1 v3 v3 1

0 01 1

Safeassignments v1 = v2 = 1 andv1 = 1; v3 = 0 arefoundaspairsonly
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Unsafe Assignmen ts

� Guesssome(uninferred)constraints basedon solution
structurein the samefamily

� Add thoseconstraints initially to reducethe \hump"

� Run the search breadth-�rst

� Whensearch breadthbeginsto decline,remove the con-
straints

� Solve to completion

� Possiblyno solutionfoundfor a satis�ableinput



Example: Van der Waerden Num bers

. . .

. . .

. . .

. . .

. . .

. . .

An orderingof the input variablesis natural



Example: Van der Waerden Num bers

1010001110100100011101101000111010

0         0 1         0
0

0 1     0 0   1 0     0 1
0 0   1 0 0 1     1 1 0 0   1 0 0

1 1     1 1           1 1     1 1

2 categories,progressionlength4 (Wmax(2; 4) formula)

                                                                                                                                               1 0     1 0 0 1
                                                                                                    1       1 1                               1   0 1 1     0 0
                                                                                                   1 0     1 0 0 1                         1 1     0 0         0         1 1
                                                        1       1                                 1   0 1 1     0 0                       1 0                   0 1     1 0 0
                                                       1 0     1 0                             1 1     0 0         0                     1                       0 0 1 1     0 1
                                                      1   0 1 1   0                           1 0                   0 1               1 1                           0 0       0 0
                                                   1 1     0 0     0 1                       1                       0 0     1 1     1 0
          1 1       1 1                           1 0               0 0                   1 1                           0   1 0 0   1
       1 1 0 0     1 0 0 1                       1                     0         1 1     1 0                             0 1     0 1
      1 0     0 1 1     0 0                   1 1                       0 1     1 0 0   1                                 0       0
     1         0 0         0         1 1     1 0                         0 0 1 1     0 1           
  1 1                       0 1     1 0 0   1                               0 0       0         
 1 0                         0 0 1 1     0 1                                 
1                               0 0       0                                   

111011110110100010111010010000100101110100011110111101111000101110000100001001011101000111101111011110001011101001000010000111010001111011110111100010111010010000100101110100010

                                                                                                                                                1       1 1

2 categories,progressionlength5 (Wmax(2; 5) formula)



Analysis of Solutions Suggests...

Conjecture:

For every Wmax(2; l) formula there exists a solu-
tion that contains at leastonere
ected pattern of
length W(2; l)=(2 � (l � 1)) with the middle po-
sitioned somewherebetween W(2; l)=(l � 1) and
W(2; l) � (l � 2)=(l � 1).

From search pro�le:

The maximum breadth occurs near depth
W(2; l)=(2(l � 1)).

W(2; l) � l � W(2; l � 1), for smalll anyway.



Con tin uing...

Add the unsafe constrain ts:

Function Seg Range Meaning

(v� i _ vi+1) ^ (�v� i _ �vi+1 ) 0 � i < s=2 forcev� i � �vi+1 .

Retract the constrain ts at depth

(l � W(2; l � 1))=(2(l � 1))

Con tin ue without unsafe constrain ts until the end



Summary

State Mac hines
� Support function-completelook-ahead

� E�cien tly support complexheuristics

� E�cien tly admitspecialforms,e.g.cardinality constraints

� E�cien tly admit backjumping,lemmas,restarts,etc.

Prepro cessing

� Restrict,Existential Quanti�cation, Strengtheninghelp

Safe Assignmen ts

UnSafe Assignmen ts


