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Temporal logic model checking

o Motivation and introduction
@ Automata theoretic model checking
@ Automata emptiness vs. solving 2-player games
@ Liveness, Fairness and parity games

Model checking problem

@ Given: program M (model) and property j (formula)
@ Question: does M £ j hold?
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Checking emptiness of automata

Reduction to automata emptiness
@ A (M): automaton “simulating” the program
@ A (:j ): automaton “recognizing” bugs

Theorem
ME | ifandonlyifL(A(M) A(Gj))= 0.

Automata on words
Graph reachability:
@ is there a path from initial to accepting state?

Automata on trees

Alternating reachability (2-player reachability game):
@ player 9 chooses letter a and transition (g;a) ! (q1;92),
@ player 8 “checks” direction “left” or “right”,
@ player 9 wins if accepting state is reached.

Theorem
L(A ) = 0iff player 8 has a winning strategy.
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Checking emptiness of w-automata

Liveness vs. Fairness objectives

Automata on in nite words
Repeated reachability:
@ is there a path to a cycle containing accepting state?

Automata on in nite trees
2-Player repeated reachability game:
@ players move as before,
@ player 9 wins if accepting state is reached in nitely often.

Theorem
L(A ) = 0iff player 8 has a winning strategy.
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Liveness objective: 9¥ G
Green states G are visited in nitely often.

Fairness objective: Vi(9¥ R =) 9 *G)

For every type i, if service i requested i.o. then i granted i.o.
@ Rj: request for service i
@ Gj: service i granted

Theorem (Emerson and Jutla, 1988)

Solving games with fairness winning objectives is co-NP complete.
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Hierarchical normal form for fairness
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Parity games

Hierarchy assumption
Granting service j ful lls requests for all services i j:

Theorem (Hierarchical normal form, a.k.a. parity objective)

For every fairness game of size n with d services,
there is an “equivalent” parity game of size O(n d!).

Theorem (Complexity of parity games)
The problem of solving parity games is:
@ in NP\ co-NP.

@ P-time equivalent to the modal m-calculus model checking.

Game arena
@ V :vertices of player Even; V : vertices of player Odd
@ r(v): rank of vertex v

E—>E

(P!

e R
é_____.._——
O—@ >0
Playing the game
@ Play: in nite path vy;vo;vg;:::
@ Winning play for player Even: limsup,, y(r(vy)) is even.
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Parity games

Parity games

Game arena
@ V :vertices of player Even; V : vertices of player Odd
@ r(v): rank of vertex v

Sg G—>29

A

@ Play: in nite path vq;Vvo;vg;:::
@ Winning play for player Even: limsup,, y(r(vy)) is even.

Playing the game
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Game arena
@ V :vertices of player Even; V : vertices of player Odd
@ r(v): rank of vertex v

l——-%l@

)

: 652<==- G

Playing the game
@ Play: in nite path vq;vo;vg;:::
@ Winning play for player Odd: limsup,, y(r(vn)) is odd.
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Algorithms for solving parity games

@ n: number of vertices; d: the number of different ranks.

Classical recursive algorithm, 1993

Progress measure lifting, 1996, 2000
Best for d = o(p n).

Strategy improvement, 2000 O(( g

Conjectured to be polynomial time.

Random recursive strategy improvement, 1996, '03
Best ford = ( pﬁ).
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o

O((3%)*?)

)d+ O(l))

no*m

@ n: number of vertices; d: the number of different ranks.

Classical recursive algorithm, 1993 O(( g)d)

p_
Modi ed recursive algorithm, 2006 net m

Progress measure lifting, 1996, 2000 O((4%)972)

Best for d = o(p n).

Strategy improvement, 2000 O((§)d+om)
Conjectured to be polynomial time.

p_
Random recursive strategy improvement, 1996, '03 T

Best ford = ( i n).
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e Recursive algorithms for parity games
@ Classical recursive algorithm
@ Modi ed recursive algorithm
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Solving reachability games: attraction sets

Classical recursive algorithm
Modi ed recursive algorithm

De nition (Attraction set Attr (T))

Attr (T) is the set of vertices from which player Even can force a visit
to target set T.

Lemma
@ Attr (T) can be computed in O(m) time.
@ V nAttr (T) is a trap for player Even.
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Dominions
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Recursive algorithm for parity games

Classical recursive algorithm
Modi ed recursive algorithm

De nition
DV is a dominion for player Even in game G if:
@ D is a trap for player Odd,
@ player Even has a winning strategy within D in game G.

i,

O
D

Lemma

A dominion of size " can be found in time n°0),
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Algorithm Solve G)
1. Solvg G nAttr (H))
2(a). if W = 0then DONE

@ H: vertices of highest rank in game G (w.l.o.g. r(H) is even)
@ W (W ):winning set for player Even (Odd) in G nAttr (H)

Lemma (Step 2(a). )
IfW = 0then G is a dominion for Even.

Marcin Jurdzi fiski Algorithms for solving parity games

Motivation and introduction
Recursive algorithms
Strategy improvement algorithms

Recursive algorithm for parity games

Classical recursive algorithm
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Recursive algorithm: Example

Classical recursive algorithm
Modi ed recursive algorithm

Algorithm Solve G)
1. Solvg G nAttr (H))

2(b). if W 6 0then SolvgGnAttr (W ))

@ H: vertices of highest rank in game G (w.l.o.g. r(H) is even)
@ W (W ):winning set for player Even (Odd) in GnAttr (H)

== =
Wg g H
Lemma (Step 2(b). )

IfW 6 0then W is a dominion for player Odd.
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Step 1.
1. Solvg G nAttr (H))
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Recursive algorithm: Example

Classical recursive algorithm
Modi ed recursive algorithm

Step 1.
1. Solvg G nAttr (H))
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Recursive algorithm: Example

Classical recursive algorithm
Modi ed recursive algorithm

Step 2.
2(b). if W 6 0then SolvgdGnAttr (W ))
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Recursive algorithm: Example

Classical recursive algorithm
Modi ed recursive algorithm

Step 2.
2(b). if W 6 0then SolvgdGnAttr (W ))

B—00

G~ Attr(Wo)
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Complexity of the recursive algorithm

Classical recursive algorithm
Modi ed recursive algorithm

Algorithm SolvegG) T(n)

1. Solvg G nAttr (H)) O(m+T(n 1)

2(a). if W = 0then DONE
2(b). if W 6 0then SolvgGnAttr (W )) T(n 1)
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Classical recursive algorithm
Modi ed recursive algorithm

Algorithm SolvgG) T(n)
1. Solvg G nAttr (H)) O(m)+T(n 1)
2(a). if W = 0then DONE

2(b). if W 6 0then SolvgdGnAttr (W )) T(n 1)

Recurrence relation for time complexity

T(n) O(m)+2 T(n 1)
Hence: T(n)= O(m 2").

A more careful analysis gives: T (n) = O(( g)d).
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Modi ed recursive algorithm

Classical recursive algorithm
Modi ed recursive algorithm

Algorithm NewSolve€G)
0(a). Find a dominion D of size ® n

0(b). if D 6 0then NewSolvgG nAttr(D))
0(c). if D= 0then OldSolvgG)

Algorithm OldSolveg G)
1. NewSolvg€G nAttr (H))

2(@). if W = 0then DONE
2(b). if W 6 0then NewSolv€GnAttr (W ))
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Complexity of the modi ed recursive algorithm

Classical recursive algorithm
Modi ed recursive algorithm

Algorithm NewSolvéG) T(n)
_ p_
0(a). Find a dominion D of size Pa A
O(b). if D & 0then NewSolvéG nAttr(D)) T(n 1)
0(c). if D= 0then OldSolvgG) ?

Algorithm OldSolve G)
1. NewSolvgG nAttr (H))

2(a). if W = 0then DONE
2(b). if W 6 0then NewSolv€GnAttr (W ))
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Complexity of the modi ed recursive algorithm

Classical recursive algorithm
Modi ed recursive algorithm

Algorithm NewSolveG) T(n)
0(a). Find a dominion D of size ® n

0(b). if D 6 0then NewSolv€G nAttr(D))

0(c). if D= @then OldSolvd(G) T(h D+T( "n)

Algorithm OldSolvg G)

1. NewSolvg€G nAttr (H)) T(n 1)
2(a). if W = 0then DONE D
2(b). if W 6 0then NewSolvéGnAttr (W )) T(n n)
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Solving the recurrence

Classical recursive algorithm
Modi ed recursive algorithm

Recurrence relation for time complexity

Algorithm NewSolveG) T(n) p_ p_
: . : p_ P T(n) n°CM + T(n 1) + T(n ;'n)
0(a). Find a dominion D of size n noC M t(n) 1 +ot(n 1) + t(n pﬁ)
0(b). if D 6 0then NewSolvgG nAttr(D)) T(np 1)
0(c). if D= 0then OldSolv(G) T(n 1)+ T(n " n)
Lemma
p_
T(n) = t(n)pino( )
t(n) = nCCn
Recurrence relation for time complexity
P _
T(n) n°CW+T(n 1)+ T(n pn) Corollary -
T(n)=noCM
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Solving the recurrence O(" n) right turns on every path
Recurrence relation for time complexity
p_
t(n) 1+ tn 1) + tn " n Label * Label decrease on right turn  # of right turns
=2 on = =
Lemma p p
p_ n=<4 °~ n=22 n=4 n=4
t(n) = noCn . .
o . p— P —
Broot n=2' n=2' 1 n=2i n=2i

t(n) the size of the following tree: p_
node labelled k 2 has two children labelled k 1 and k k

each leaf uniquely determined by positions of right turns on the
path

O(p n) right turns on every path

P_
_ (@] A
O(Bﬁ) = n°C M nodes in the tree
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Number of right turns on every path

pP_ 5§ 1 P
el e = Oo( n)
=1 2
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Optimal average price

Optimal average price games
(Acyclic) unique sink orientations

=( V;! )isa nite graph
p(v) is the price of vertex v 2 V

Strategies
Positional: m:V ! V,suchthatv! m(v).
History dependent: m:V ! V, such that las{v)! m(V).

(Limiting) average price of a path
Pativ;m) := hv! mv)! nf(v)! ::i

Averagdvi! vp! )= limp vy 2 &L p(vi)

Value
Average(Vv) := minpAveragdPath{(v; m))
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Optimal average price games

Optimal average price games
(Acyclic) unique sink orientations

=( V;! )isa nite graph
p(v) is the price of vertex v 2 V
V = Vmax[ Vmin
Strategies
Positional for Min: m: Vyin ! V, suchthatv! mv).
Positional for Max: ¢ : Vmax! V, suchthatv! mv).

(Limiting) average price of a path
Pativ;mc):= bv! (m[ c)(v)! (m[ c)?(v)! :::i
Averagdvy ! vp! )= limpg v % al,p(vi)

Value
Average (V) := infnsup, AveragdPatt{v;ntc))
Average (V) := supinfc AveragéPath(v;m c))
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Optimality equations for optimal average price

Optimal average price games
(Acyclic) unique sink orientations

=( V;! )isa nite graph
p(v) is the price of vertex v 2 V

Optimality equations Opt()
G(v) = min,df G(v9) : v! v
B(v) = min,dof (p(v) G(v))+ B(v9 :v! vPand G(v)= G(v9g

Theorem (optimal strategy)
If (G;B):V ! Ris a solution of Opt() then:
there is a m, such that AveragéPati{v;m)) = G(v)
for every m, we have AveragéPati{(v;m) G(v)
Hence: G(v) = Average (V)
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Strategy improvement (optimal average price)

Optimal average price games
(Acyclic) unique sink orientations

Strategy improvement algorithm

Choose arbitrary positional strategy m
Let (G™B™) be the solution of Opt( ™).
If m= Improvgm (G™ B™)) then RETURN(m).
Let m:= Improvgm (G™;B™)). GOTO 2.
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Strategy improvement algorithm
Choose arbitrary positional strategy m
Let (G™B™) be the solution of Opt( ™).
If m= Improvgm (G™ B™)) then RETURN(m).
Let m:= Improvgm (G™;B™)). GOTO 2.
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Strategy improvement (optimal average price)

Optimal average price games
(Acyclic) unique sink orientations

Strategy improvement algorithm

Choose arbitrary positional strategy m
Let (G™B™) be the solution of Opt( ™).
If m= Improve(m; (G™;B™) then RETURN(m).
Let m:= Improvgm (G™,B™M). GOTO 2.
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Strategy improvement (optimal average price)

Optimal average price games
(Acyclic) unique sink orientations

Strategy improvement algorithm
Choose arbitrary positional strategy m
Let (G™B™) be the solution of Opt( ™).
If m= Improve(m; (G™;B™) then RETURN(m).
Let m:= Improvgm (G™,B™M). GOTO 2.

(5:3)
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6
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Strategy improvement algorithm

Choose arbitrary positional strategy m
Let (G™B™) be the solution of Opt( ™).
If m= Improvgm (G™ B™)) then RETURN(m).
Let m:= Improvgm (G™;B™)). GOTO 2.
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Strategy improvement (optimal average price)

Optimal average price games
(Acyclic) unique sink orientations

Strategy improvement algorithm

Choose arbitrary positional strategy m
Let (G™B™) be the solution of Opt( ™).
If m= Improvgm (G™ B™)) then RETURN(m).
Let m:= Improvgm (G™;B™)). GOTO 2.
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Strategy improvement (optimal average price)

Optimal average price games
(Acyclic) unique sink orientations

Strategy improvement algorithm

Choose arbitrary positional strategy m
Let (G™B™) be the solution of Opt( ™).
If m= Improve(m; (G™;B™) then RETURN(m).
Let m:= Improvgm (G™,B™M). GOTO 2.

N
N
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Strategy improvement (optimal average price)

Optimal average price games
(Acyclic) unique sink orientations

Strategy improvement algorithm

Choose arbitrary positional strategy m
Let (G™B™) be the solution of Opt( ™).
If m= Improvgm (G™ B™)) then RETURN(m).
Let m:= Improvgm (G™;B™)). GOTO 2.

Theorem (termination)
If m6 Improve(m (G™ B™) then (G'MProvedm . gimprovamy < (GM B™M),
Theorem (correctness)

If m= Improveg(m (G™ B™) then (G™ B™ is a solution of Opt() .
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Optimality equations for optimal average price games

Optimal average price games
(Acyclic) unique sink orientations

Optimality equations Opt()
If v 2 Vin then:

G(v) = min,dG(vy :v! v

B(v) = min,of (p(v) G(v))+ B(v9:v! vPand G(v)= G(v9g
If v 2 Vuax then:

G(v) = max,d G(v) : v! v

B(v) = max,of (p(v) G(v))+ B(vY:v! vPand G(v)= G(v9g

Theorem (optimal strategies)

If (G;B):V ! Risasolution of Opt() thenthere are m andc , s.t.
AveragdPati{v;m;c)) G(v)
AveragdPath{v;mc )) G(v)

Hence: G(v) = Average(v) = Average(v)
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Strategy improvement (optimal average price games)

Optimal average price games
(Acyclic) unique sink orientations

Strategy improvement algorithm

Choose arbitrary positional strategy ¢ for Max.
Let (G°;B°) be the solution of Opt( ©).

If ¢ = Improve(c;(G€¢;B¢)) then RETURN(c).
Let ¢ := Improve(c;(G°®;B°)). GOTO 2.

Theorem (termination)
If ¢ 6 Improveg(c;(G®;B°)) then (G'MProvec). gimprovec)) > (G¢;BC).
Theorem (correctness)

If ¢ = Improve(c;(G°;B°)) then (G®;B®) is a solution of Opt() .
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Unique sink orientations

Optimal average price games
(Acyclic) unique sink orientations

Marcin Jurdzi fski Algorithms for solving parity games

Motivation and introduction
Recursive algorithms
Strategy improvement algorithms

Random facet algorithm

Optimal average price games
(Acyclic) unique sink orientations

RandomFacet (v;D)

choose d 2 D uniformly at random
my := RandomFacet (v;Dnfdg)

if mg! mgy then return (my)

if mg! mgy then

return RandomFacet (my;DnfdQ)

Marcin Jurdzi fski Algorithms for solving parity games




Motivation and introduction
Recursive algorithms
Strategy improvement algorithms

Complexity of RandomFacet algorithm

Optimal average price games
(Acyclic) unique sink orientations

RandomFacet (v;D) T(d;a)
choose d 2 D uniformly at random
my := RandomFacet (v;Dnf d Q) T(d 1;a)
if myg! mgy thenreturn (my)
if mg! my

then return RandomFacet (my;Dnfdg) T(d 1;a d)

Recurrence relation for time complexity

T(d;a) O(1)+ T(d 1;a)+% éaT(d l;a d)
d=1

Theorem

P _
T(n;n)= n°C™M
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Counting dead directions

Optimal average price games
(Acyclic) unique sink orientations

Relabelling of directions
D=1f1;2;:::;dgso that
a < b implies my 6! my4

De nition

d2Disdeadinv
ifv! w implies v(d)= w(d)

Lemma

Ifdisdeadinvandv! w
then d is dead in w.

If a < b then a is dead in my,.
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Counting dead directions

Optimal average price games
(Acyclic) unique sink orientations

Relabelling of directions
D=11;2;:::;dgsothata < b implies m, 6! my
d2Disdeadinvifv! w impliesv(d)= w(d)

Lemma
Ifa < b then a is dead in my,.

Proof

Note that m, (a) 6 my(a)

(otherwise my ! my because my = maxfw : w(a)= ma(a)g)
Letm,! w (i.e., take a path from m, to w)

Ifw(a) & my(a) thenw(a)= my(a)

and hence w! m4 which contradicts my 6! mj.
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Conclusion: algorithms for solving parity games

Optimal average price games
(Acyclic) unique sink orientations

Classical recursive algorithm, 1993 O(( g)d)

p_
Modi ed recursive algorithm, 2006 noC m
Progress measure lifting, 1996, 2000 O((d”?z)dzz)

Best for d = o(p n).

Strategy improvement, 2000 O((§)d+oW)
Conjectured to be polynomial time.

p_
Random recursive strategy improvement, 1996, '03 noC n

Best for d = ( $ n).
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