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What excites us...
A new breed of fast SAT solvers

and others...




This talk:
Some other models in the SAT maill...
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Problem Definition

e MinCostSAT: Given a Boolean formula ¢
with
N variables Xis Xo»e-s X, X, €40,1%
each costs C, > 0O 1<1<n
e Find a variable assignment X €{0,1}"

X satisfies @
X minimizes

C :ancixi
=1



Related Problems

e Min-One/Max-One Problem: positive/negative
unit variable cost

e Binate Covering: synonym of MinCostSAT
e Unate Covering: single phase variables

e Problems easily translatable to MinCostSAT:

Partial MAX-SAT: some of the clauses are
relaxable

MAX-SAT: all clauses are relaxable.



Motivation

e MinCostSAT has various applications, e.g.
Automatic Test Pattern Generation (ATPG), FPGA
Routing, Al Planning, etc.

e (Applications in program verification:
Biased counterexamples
Shortest counterexamples)

e Best branch-and-bound solver bsolo is based on old
SAT solver GRASP.
SAT techniques have advanced dramatically since then:
Two literal watching based fast BCP.

Better decision heuristics, e.g. VSIDS, Berkmin, Seige,
MiniSAT
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Classic Covering Algorithms

e The earliest important forms of MinCostSAT are
the Unate/Binate Covering Problems.
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Branch-and-Bound Search

CC=0

LB=6 ‘//..\\\
CC=2
LBS/O

CC=2
<'I: LB =4

CGB I ce=3
LB = ~—1 LB=5
Solut| n
Found!
Cost=7

CC: Current Cost
LB: Lower Bound
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Maximum Independent Set (MIS)
Based Lower Bounding Functions

X y 4 a b C
X+y 1 1
Z+C 1 1
at+b 1 1
b+c 1 1




XY
TIX
TIX
s5s
PI'GVIOUS WO I'k Mathematical °
Optimization
/i‘ e.g. oplex
Classic Covering Algorithms SAT Based Algorithms
using Branch and Bound Search
MIS based Non-MIS based Branch and Bound  Encoding based
lower bounds lower bounds, Search, e.g. bsolo Search,
e.g. scherzo e.g. Ipr relaxation (MIS based lower e.g. opbdp,

bounds) MiniSAT+



Non-MIS Based Lower
Bounding Functions

LP Relaxation:

Minimize: n

C= Z C: Xi positive phase literal
—1

Subject to: /; negative phase literal

X;+ (1-x) +...>0

(for each clause)

foralli, 0 = x,=1
Objective function minimization returns a lower
bound for the original problem

Better bounds than MIS, but more expensive
computation
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SAT Based Algorithms

e SAT Based Branch-and-Bound Search
bsolo implemented on top of GRASP

e MIS Based Lower Bounding Functions
(XX, ) (X XX ) (X, X6 ) (XXX 5).
(X, +X,+X5)(X,+X5) are independent.
At least 2 variables must be 1

MIS is computed dynamically, i.e. every time a
decision is made.
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Encoding Based Solvers

e Used in Pseudo-Boolean (PB) L
Solvers (0-1 ILP) C=) cx
e Linear objective function 1
e Linear constraints
e minCostSAT special case of PB
solvers
e Linear Search with auxiliary adders:
opbdp
e Encode decision version of objective ? ?
function using adders and
comparators
e MiniSat+:
e Converting pseudo-Boolean (PB)
constraint to SAT clauses through ] |
BDDs.

e PB constraint to a network of adders.

e PB constraint to a network of sorters.
e Challenging with large n, coefficients




MinCost-Chaff

e MIS Based Lower Bounding Function
e Pre-computable static MIS
e Dynamically maintained

e Compact Blocking Clause
o Several effective techniques adopted from bsolo

e SAT Optimization Techniques
e Branch variable selection
e No expensive simplifications



MIS Based Lower Bound

e Why not LP?
MIS is simple

Large SAT instances more constrained than
general LP ones

e Challenges

With two literal watching BCP no easy way to
determine unresolved clauses

Need efficiency: LB is computed each time a
decision is made.




Pre-computed Static MIS

e An MIS of clauses is selected before the search.

Intuition
Larger learned clauses less likely to contribute to MIS
Smaller sized original clauses still likely to contribute a
substantial MIS
e LB computation only considers the clauses in this

MIS.

e The status of each clause in the MIS is dynamically
checked against the current variable assignment.



MIS Construction

Cost:
c, =1
C,=

c; =1
c,=6
c;=3
Ce =4
c.=9
Cg =7

Expect Cost

=4/3

MIS

(X’5 + X7 + Xg)

(X’3 + X4 + X5 + Xg)

(x5 + Xo)




Computing Lower Bound
using Pre-computed MIS 3

Cost: Assignment: MIS Total Cost:
_ “ D [ )

Cq =1 (X’5 + X7 + Xg) 9

c,=2

c; =1 (X5 + X4 + X5 + Xg) 0

c,=6 (X3 + Xq) 1

cs=3 S /

comd B

c.=9

Cg =7 W

Cg =95



Performance of the Static MIS

During Search
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Additional Optimizations

e Improve the lower bounding with multiple
static MISs

e No lower bounding function at all”?
e Compute lower bound adaptively
e Compact Blocking Clause

e Branch Variable Selection

e No Expensive Simplifications
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MinCostSAT Conclusions

e MinCostChaff applies advanced techniques in SAT to
MinCostSAT using Branch-and-Bound search.

e Pre-computed, dynamically maintained MIS to work with two
literal watching BCP.

e The adaptive lower bounding is effective for constrained
problems.

e However, MinCostChaff does not work well on classic covering
benchmarks (large satisfying space), covering or mathematical
optimization works much better

e The performance of MinCostChaff (search with lower bounding)
iIs comparable to MiniSat+ (encoding based) on benchmarks with
low total cost, does much better when total cost is high.




Converting UNSAT
iInstances...




to SAT instances




Partial MAX-SAT (PM-SAT)

Problem Definition

e Two sets of clauses
e Non-relaxable or hard
e Relaxable or soft

(4 +%) (X4 +X ) [ x4 +x5][x/]

e Objective — A truth assignment that
e Satisfies all non-relaxable clauses
e Satisfies maximum number of relaxable clauses

X,=0,x,=0,x;=1

e Along the spectrum of SAT and MAX-SAT
e All clauses are non-relaxable — Classical SAT
e All clauses are relaxable — MAX-SAT




Why Bother?

e Simply determining that an instance is UNSAT may
not be enough.

e \We want the optimal way to make the instance
satisfiable by allowing for some clauses to be
unsatisfied.

o Al
University course scheduling

e EDA
Over constrained system analysis
FPGA routing



Previous Work

e PM-SAT problem defined by Miyazaki et al. in 1996

e Heuristic (incomplete) based methods
First heuristic (local search) by Kautz et al. in 1996
Another local search heuristic by Cha et al. in 1997 for
course scheduling

e Complete (exact) methods

In 2005, Li used two MinCostSat solvers, eclipse-stoc [12]
and wpack to solve the transformed PM-SAT problem

In 2005, Argelich and Manya uses a branch and bound
approach for the over constrained MAX-SAT problem



Two Approaches

e Diagnosis Based Approach
lterative UNSAT Core Elimination

e Encoding Based Approach

Constructing an auxiliary counter




Diagnosis Based Approach:
Iterative UNSAT Core Elimination

e An unsatisfiable core is a subset of the original CNF clauses that
are unsatisfiable by themselves

e Modern SAT solvers provide the UNSAT core as a byproduct of
the proof of unsatisfiability, e.g. zcore from zchaff

L. Zhang and S. Malik. Validating SAT solvers using an
iIndependent resolution-based checker: Practical implementations
and other applications. In DATE’03.

e All cores must be eliminated to make the instance SAT

Effectively need to find the minimal set of clauses that will cover
all the UNSAT cores



Iterative UNSAT Core
Elimination

()
Unsatisfiable core: (x'; + X',) [X4] [X5]

Relaxation with one-gnVstraint using r, and r,

(X4 + X5) [Xq + 1] [Xot 1] (Fy + 1) (ry + 1)



SM8

Iterative UNSAT Core
Elimination

(X' +Xp) (Xg+ X73) (X4 + X5) (X'p# %) (X + X'g) [X4][X]

Relaxation with one h

(X4 + X5 (X "' "' r1] [ "'@@"’ ) (ry+ 1)

e

()

Unsatisfiable core: (X'; + X'5) (X4 + X3) (X5 + X,) (X5 + X'4) [X + 1] [Xo + 1] (4 + 1)

nstraint using r, and r,



Slide 37

SM8 The animation does not show how the relaxation variables are added as a result of the UNSAT core. It will be helpful to show that.
Sharad Malik, 6/12/2006



Iterative UNSAT Core
Elimination

X'y + X5) (Xy + X73) (X'y + X3) (X + Xy) (X + X)) [Xg+ 1] [Xg + 1] (g + 1) (g + 1)

Relaxation with one-gnVstraint usingr;andr,

(X4 + X5) (Xy + X73) (X'y + X3) (X + Xy) (X + X)) [Xg+ 1yt 1] X+ 1ot 1] () +71)
(ry 1) (P + 1) (rz +1y)

Satisfiable!
o X;,=0,%=0,%X;=1,x, =1
o r,=1,r,=0,r;=0,r, =1
o Need to relax [x,][X,] in the original instance

e lterative elimination provides a provably minimal
relaxation.



Proof (Sketch) of Optimality

Iterative Unsat Core Elimination (IUCE) finds K
clauses to be relaxed, i.e. removing cores in U = (u,,

U,,..., Uy)
Some algorithm finds M clauses, M| < |U| =K

One of M clauses (c) removes more than one core
in U, u;and u,

Only one of u;, u; can be discovered by IUCE since
relaxing (c) removes both of them

Contradiction, so no such algorithm exists!



Relaxation without Unsat Core:
A Naive Approach

e Add a relaxation variable to each relaxable clause of
the instance

e Require this batch of relaxation variables to be one-
hot for every iteration until SAT

e Also guarantees optimality

e Practically inefficient due to the quadratic number of
additional clauses (one-hot constraint)!
100 relaxable clauses — 4951 additional clauses (naive)

Only 3 out of 100 appear in the core — 4 additional clauses
(Unsat Core diagnosis)



Recap

One-hot constraints are used to enforce that one
and only one clause from each iterative unsat core
IS relaxed

Instance eventually satisfiable by relaxing some
subset of relaxable clauses

Iterative UNSAT core elimination does not require
the minimal core from the SAT solver

Core diagnosis dramatically reduces the number of
relaxation variables and one-hot constraint clauses
(compared to the naive aproach)

Incremental SAT is used across iterations



Two Approaches

e Diagnosis Based Approach
e |terative UNSAT Core Elimination

e Encoding Based Approach

e Constructing an auxiliary counter




Encoding Based Approach:
Constructing An Auxiliary Counter

e A relaxation variable is

ggciljicéto each relaxable ? % LEJﬁﬁJﬁEJ

e Minimum clauses
relaxed = Minimum
relaxation variables
assigned to 1 (true) [ — ]

e Use an adder and a {
;

comparator to count the
number of true
relaxation variables

0 0



Summary of Experimental
Results

N = number of relaxable clauses

k = minimum number of clauses that need to be
relaxed

e Diagnosis based wins when:
Small cores, large n, small k

e Encoding based wins when:
Small n

e Mathematical optimization wins:
Never

e Nothing wins:
Large cores, large n




With rising gas prices...

... heed hybrid techniques

Y. Yu and S. Malik, “Lemma Learning in SMT on Linear Constraints,”
SAT 2006, Sunday, August 13,10:30am
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