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resolves potential conflicts by inducing complementary answer sets, preferences
then are used to select among these answer sets, producing those answer sets
generated by rules that have been added more recently. As a result, our approach
is easily implementable by appeal to existing off-the-shelf technology for prefer-
ence handling, such as front-ends, like plp [18], or meta-interpreters [19], along
with a common ASP-solver, like smodels [20] or dlv [21], or genuine preference-
handling ASP-solvers as nomore< [22].

Our techniques have further individual merits: First, defaultification allows
also for the elimination of incoherent situations, even in an updating program or
in intermediate programs in an updating sequence. Second, preferences provide
a modular way of capturing an update history, rather than an explicit program
transformation, as done for instance in the approaches of Eiter et al. [9] or Zhang
and Foo [4].

After giving some background in Section 2, we introduce our framework in
Section 3, along with an evaluation according to some update principles devised
by Eiter et al. [9] in the context of ASP. The following section gives a more
detailed comparison to the latter approach and shows how our approach deals
with two well-known examples from the literature. A concluding discussion wraps
up our contribution in Section 5.

2 Background

Given an alphabet P, an extended logic program is a finite set of rules of the
form

l0 ← l1, . . . , lm,not lm+1, . . . ,not ln, (1)

where n ≥ m ≥ 0 and each li (0 ≤ i ≤ n) is a literal, that is, an atom a ∈ P or
its negation ¬a. The set of all literals is given by L = P ∪ {¬a | a ∈ P}. The set
of atoms occurring in a program Π is denoted by atom(Π). For a rule r as in (1),
let head(r) = l0 be the head of r and body(r) = {l1, . . . , lm,not lm+1, . . . ,not ln}
be the body of r; and let body+(r) = {l1, . . . , lm} and body−(r) = {lm+1, . . . , ln}.
Rule r is positive, if body−(r) = ∅.

A set of literals X is consistent if it does not contain a complementary pair a,
¬a of literals. We say that X is logically closed iff it is either consistent or equals
L. The smallest set of literals being both logically closed and closed under a setΠ
of positive rules is denoted by Cn(Π). The reduct, ΠX , of Π relative to a set X
of literals is defined by ΠX = {head(r)← body+(r) | r ∈ Π, body−(r)∩X = ∅}
[23]. A set X of atoms is an answer set of an extended logic program Π if
Cn(ΠX) = X. Two programs Π1 and Π2 are said to be equivalent, written
Π1 ≡ Π2, if both programs have the same answer sets.

An ordered logic program is a pair (Π,<), where Π is a logic program and <
⊆ Π ×Π is a strict partial order. Given r1, r2 ∈ Π, the relation r1 < r2 expresses
that r2 has higher priority than r1. This informal interpretation can be made
precise in different ways. In what follows, we consider three such interpretations:
D-preference [15], B-preference [16], and W -preference [17]. Given (Π,<), all of
these approaches use < for selecting preferred answer sets among the standard
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answer sets of Π. The approaches are defined as follows. Let X be a consistent
set of literals and define ΓXΠ = {r ∈ Π | body+(r) ⊆ X and body−(r) ∩X = ∅}.
Then:

1. X is <D-preserving, if there exists an enumeration 〈ri〉i∈I of ΓXΠ such that,
for every i, j ∈ I, we have that:
(a) body+(ri) ⊆ {head(rk) | k < i};
(b) if ri < rj , then j < i; and
(c) if ri < r′ and r′ ∈ Π \ ΓXΠ , then

i. body+(r′) 6⊆ X or
ii. body−(r′) ∩ {head(rk) | k < i} 6= ∅.

2. X is <B-preserving, if there exists an enumeration 〈ri〉i∈I of ΓXΠ such that,
for every i, j ∈ I, we have that:
(a) if ri < rj , then j < i; and
(b) if ri < r′ and r′ ∈ Π \ ΓXΠ , then

i. body+(r′) 6⊆ X or
ii. body−(r′) ∩ {head(rj) | j < i} 6= ∅ or
iii. head(r′) ∈ X.

3. X is <W -preserving, if there exists an enumeration 〈ri〉i∈I of ΓXΠ such that
for every i, j ∈ I we have that:
(a) i. body+(ri) ⊆ {head(rj) | j < i} or

ii. head(ri) ∈ {head(rj) | j < i};
(b) if ri < rj , then j < i; and
(c) if ri < r′ and r′ ∈ Π \ ΓXΠ , then

i. body+(r′) 6⊆ X or
ii. body−(r′) ∩ {head(rj) | j < i} 6= ∅ or
iii. head(r′) ∈ {head(rj) | j < i}.

As shown in [17], the three strategies yield an increasing number of pre-
ferred answer sets. That is, D–preference is stronger than W–preference, which
is stronger than B–preference, which is stronger than no preference.

Analogously to the unordered case, we call two ordered logic programs equiv-
alent iff they have the same order-preserving answer sets, and we use again “≡”
as a symbol for program equivalence. Note that an unordered program Π is
trivially equivalent to the program (Π, ∅) having an empty order relation, as
every answer set of Π is a <σ-preserving answer-set of (Π,<), for <= ∅ and
σ ∈ {D,B,W}. Hence, allowing a slight abuse of notation, we sometimes identify
an unordered program Π with (Π, ∅).

3 The Basic Framework

3.1 Update Programs

The primary purpose of updating mechanisms is to resolve conflicts among newer
and older rules. To this end, we first need to detect potential conflicts. Second,
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we need to stop them from taking place. And finally, we need to resolve these
conflicts in favour of the updating rules.

In our case, a potential conflict manifests itself by complementary head lit-
erals. To this end, define, for a literal l, l = a if l = ¬a, and l = ¬a if l = a.
We represent potential conflicts among rules within two programs Π1 and Π2 in
terms of the set

C(Π1,Π2) = {(r1, r2) | r1 ∈ Π1, r2 ∈ Π2, head(r1) = head(r2)}.

Following Eiter et al. [9], two rules r1, r2 are said to be conflicting if

head(r1) = head(r2).

For avoiding conflicts, we weaken rules by turning them into defaultized rules,
as originally used in [13]. That is, for rule r, we define

rd = head(r)← body(r),not head(r).

Similarly, for a program Π, we define Πd = {rd | r ∈ Π} and call it the
defaultification of Π. For example, program {a ←,¬a ←} has the answer set
L, while {a ←,¬a ←}d = {a ← not ¬a,¬a ← not a} has two answer sets, {a}
and {¬a}. Note that, given that bodies of rules are sets, we have rd = (rd)d, for
every rule r.

The next result shows how the aforementioned “weakening” is to be under-
stood.

Theorem 1. Let Π be a logic program.
Every consistent answer set of Π is an answer set of Πd.

We propose to use preferences among rules for resolving inconsistencies. No-
tably, this provides us with several degrees of freedom: First, one can choose
from among different preference-handling strategies; and second, these strate-
gies can be imposed in different ways on the rules. As well, defaultification can
be applied universally or selectively to rules. We next detail three specific ways
of applying the framework.

To begin with, we give the following very basic definition of an update oper-
ator on logic programs:

Definition 1. The update program obtained for updating program Π1 by the
program Π2 via update operator ∗0 is given by the ordered logic program

Π1 ∗0 Π2 = (Πd
1 ∪Πd

2 ,Π
d
1 ×Πd

2 ).

Thus, the ordered logic program is over Πd
1 ∪Πd

2 , and < is defined so that every
rule in Πd

1 has less priority than every rule in Πd
2 . This basic update operation is

usually too strict, since it establishes a preference between all rules in programs
Π1 and Π2 even though they may not be conflicting.

A conflict-oriented approach is the following.
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Definition 2. The update program obtained for updating program Π1 by the
program Π2 via update operator ∗1 is given by the ordered logic program

Π1 ∗1 Π2 = (Πd
1 ∪Πd

2 , C(Πd
1 ,Π

d
2 )).

Operator ∗1 globally weakens the rules in the program and fixes preferences
along potential conflicts.

A refinement of the above approach is the following:

Definition 3. The update program obtained for updating program Π1 by the
program Π2 via update operator ∗2 is given by the ordered logic program

Π1 ∗2 Π2 = (Πd
c ∪ ((Π1 ∪Π2) \Πc)), C(Πd

1 , Π
d
2 )),

where Πc = {r1, r2 | (r1, r2) ∈ C(Π1,Π2)}.
Operator ∗2 restricts defaultification just to conflicting rules. Unlike the pre-
vious update operations, this necessitates program transformations whenever
conflicting rules are encountered. Further definitions are possible—in particular,
integration of further preference criteria.

The choice of the preference-handling strategy comes in when defining answer
sets for update programs.

Definition 4. Let Π1 ∗ Π2 be an update program for some update operator ∗,
σ ∈ {B,D,W} a preference-handling strategy, and X a set of literals.

Then, X is an answer set ofΠ1∗Π2 with respect to σ iff X is a <σ-preserving
answer set of Π1 ∗Π2.

In fact, depending on the chosen preference-handling strategy, update programs
may admit multiple, one, or no answer sets. The latter is worth illustrating
because it motivates the increasing restriction of preferences among rules when
defining our update operators. For instance, the update program {b← not a}∗0
{c← not b} has no answer set with respect to either the B-, D-, or W -strategy.
In contrast, we obtain answer set {b} when applying ∗1 and ∗2. For another
example, consider {a←}∗0 {b← a}. We obtain answer set {a, b} with respect to
the B strategy, but no answer set with the D or W strategy. In contrast to this,
we get answer set {a, b} when applying ∗1 and ∗2 no matter which preference-
handling strategy we chose.

For illustrating the different behaviour of ∗0, ∗1, and ∗2 with respect to
inconsistent programs, consider Π1 = {r1 : a ←, r2 : ¬a ←} and Π2 = {r3 :
b← a}. Here, we have

rd1 = a← not ¬a, rd2 = ¬a← not a, rd3 = a← b,not ¬a,
and C(Πd

1 ,Π
d
2 ) = ∅. Hence, we get the following update programs:

Π1 ∗0 Π2 = ({rd1 , rd2 , rd3}, {rd1 < rd3 , r
d
2 < rd3}),

Π1 ∗1 Π2 = Πd
1 ∪Πd

2 = {rd1 , rd2 , rd3}, and
Π1 ∗2 Π2 = Π1 ∪Π2 = {r1, r2, r3}.
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Clearly,Π1 is inconsistent, i.e., it has the single answer set L. UnderB-preference,
Π1 ∗0 Π2 has {¬a} and {a, b} as its answer sets, whereas under D- and W -
preference, only {¬a} is an answer set of Π1 ∗0Π2 (roughly speaking, that {a, b}
is not an answer set under D- and W -preference is due to the “prescriptive”
nature of these preference strategies). For Π1 ∗1 Π2, we also get the two answer
sets {¬a} and {a, b}, while Π1 ∗2 Π2 again yields the inconsistent answer set L.

The common factor, however, is that each selection criterion chooses its pre-
ferred answer sets from among those of the defaultification of the union of the
original programs.

Theorem 2. Let Π1 ∗i Π2 be an update program for some i = 0, 1, 2 and let
σ ∈ {B,D,W} be a preference-handling strategy.

Then, every answer set of Π1 ∗i Π2 is an answer set of (Π1 ∪Π2)d.

Iterated updates are easily defined.

Definition 5. Let (Π1, . . . , Πn) be sequence of logic programs, for n ≥ 2, and
let ∗ be a binary update operator.

The update program ∗(Π1, . . . ,Πn) obtained from (Π1, . . . , Πn) is given by
the ordered logic program

∗(Π1, . . . , Πn) =
{
Π1 ∗Π2 if n = 2,
([∗(Π1, . . . , Πn−1)] ∗Πn) if n > 2.

Definition 6. Let ∗(Π1, . . . ,Πn) be an update program for some update operator
∗, σ ∈ {B,D,W} a preference-handling strategy, and X a set of literals.

Then, X is an answer set of ∗(Π1, . . . ,Πn) with respect to σ iff X is a
<σ-preserving answer set of ∗(Π1, . . . , Πn).

Whenever convenient, we write (Π1 ∗ . . . ∗Πn) instead of ∗(Π1, . . . , Πn). As in
Theorem 2, every answer set of (Π1 ∗ . . . ∗Πn) is selected from among the ones
of (Π1 ∗ . . . ∗Πn)d.

3.2 Properties of Updates

Different properties are obtained in different instantiations of our framework. To
this end, let us examine some properties proposed by Eiter et al. [9]. We concen-
trate below on the slightly more elaborate operators ∗1 and ∗2. For comparison,
we also mention whether a property at hand is satisfied by the update operation
defined Eiter et al. [9], which we denote by ◦e (the operator ◦e is formally defined
in Section 4).

The first property is the following (henceforth we understand a property to
hold for all strategies unless otherwise mentioned).

Initialisation ∅ ∗Π ≡ Π. (Fulfilled by ◦e.)
While this property holds for ∗2 over all preference strategies, it is not satisfied by
∗1 (no matter which preference-handling strategy is used). To see this, consider
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the program {a←,¬a← not a}. While ∅ ∗2 Π = Π and hence ∅ ∗2 Π ≡ Π, we
get

∅ ∗1 Π = Πd = {a← not ¬a,¬a← not a} 6= Π.

Π has the single answer set {a}; Πd admits two answer sets, {a} and {¬a}.
A similar situation is encountered when regarding the following property:

Idempotency Π ∗Π ≡ Π. (Fulfilled by ◦e.)

For analogous reasons as above, ∗1 fails to satisfy this property, while it is sat-
isfied by ∗2, whenever Π has consistent answer sets (see below).

In fact, despite the lack of the previous two properties, ∗1 yields only consis-
tent answer sets, even if an update is inconsistent. For instance, in a variation of
one of the above examples, updating programΠ1 = {a←} byΠ2 = {b←,¬b←}
yields

Π1 ∗1 Π2 = Πd
1 ∪Πd

2 = {a← not ¬a} ∪ {b← not ¬b,¬b← not b},

from which we obtain two answer sets, {a, b} and {a,¬b}. Unlike this, Π1∗2Π2 =
Π1 ∪Π2 has the inconsistent answer set L (as in the above example).

Another property deals with the addition of tautologies (or more generally,
the influence of redundant information).

Tautology If head(r) ∈ body+(r) for all r ∈ Π2, then Π1 ∗Π2 ≡ Π1.
(Violated by ◦e.)

This property is one of the problems of most update approaches in the literature.
For example, let us update Π1 = {a ← not ¬a,¬a ←} by Π2 = {a ← a}. No
matter which of the above update operators we take, we obtain a single answer
set {a} from the update program, which is generated by rule a← not ¬a in Π1.
The conclusion of ¬a is prohibited by the single rule in Π2, taking precedence
over the second one in Π1.

For another example, consider ((Π1 ∗Π2) ∗Π3) where

Π1 = {a←}, Π2 = {¬a←}, Π3 = {a← a} .

Clearly, (Π1 ∗ Π2) induces a single answer set {¬a} in all of the above ap-
proaches, including ◦e. Unlike this, update operation ◦e results in two answer
sets, {¬a} and {a}, and so does each update operation in our framework when us-
ing preference-handling strategy B. This is different, however, when using strat-
egyD, in which case we obtain only a single answer set {¬a} from ((Π1◦Π2)◦Π3).
It remains for future work to see how the addition of tautologies can be coun-
terbalanced by stronger preference-handling strategies. A general approach to
overcome this deficiency is proposed by Alferes et al. [24]; it also remains future
work whether that technique applies in our framework as well.

The next property deals with iterated updates.
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Associativity (Π1 ∗ (Π2 ∗Π3)) ≡ ((Π1 ∗Π2) ∗Π3). (Violated by ◦e.)4

This property holds for all instances of our framework. In fact, one can show
that both updates yield the same update programs.

Absorption If Π2 = Π3, then ((Π1 ∗Π2) ∗Π3) ≡ (Π1 ∗Π2). (Fulfilled by ◦e.)

This property is also satisfied by all instances of our framework. This is also the
case with the following generalisation of absorption:

Augmentation If Π2 ⊆ Π3, then ((Π1 ∗Π2) ∗Π3) ≡ (Π1 ∗Π3). (Violated by
◦e.)

The next property captures update with disjoint programs.

Disjointness If atom(Π1)∩ atom(Π2) = ∅, then (Π1 ∪Π2) ∗Π3 ≡ (Π1 ∗Π3)∪
(Π2 ∗Π3). (Fulfilled by ◦e.)

It is satisfied by all instances of our framework.
The next property is a variant of the latter.

Parallelism If atom(Π2) ∩ atom(Π3) = ∅, then Π1 ∗ (Π2 ∪Π3) ≡ (Π1 ∗Π2) ∪
(Π1 ∗Π3). (Violated by ◦e.)

This property does not hold in our approach. To see this, let Π3 = ∅. Clearly,
we obtain different results from Π1 ◦ Π2 and (Π1 ◦ Π2) ∪ Π1. Arguably, given
this example, unrestricted parallelism is not a desirable property.

The last property deals with commutativity when dealing with non-interacting
update programs.

Non-interference If atom(Π2) ∩ atom(Π3) = ∅, then (Π1 ∗Π2) ∗Π3 ≡ (Π1 ∗
Π3) ∗Π2. (Fulfilled by ◦e)

This property is satisfied by all instances of our framework.

Up to now, we have ignored the treatment of integrity constraints (cf. [1])
in updating logic program. In this respect, we simply follow the approach taken
by Eiter et al. [9] in handling them as global constraints that are discarded in
the defaultification and preference-handling process. Updating a program Π1

by the program Π2 in the presence of integrity constraints Πc then amounts
to computing the order-preserving answer sets of (Π1 ∗Π2) ∪Πc. Although we
do not detail it here, we mention that our approach allows for accommodating
the update of integrity constraints just as well by making them subject to an
appropriately adapted defaultification and preference-handling mechanism.

4 Strictly speaking, in the approach of Eiter et al. [9], the associativity principle is
formulated not in terms of the update operation itself, but in terms of the associated
update program P¢ (see Section 4 for the definition of P¢); the same applies for the
disjointness and parallelism properties below.
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4 Examples and Properties vis-à-vis ◦e

In what follows, we discuss some examples comparing the present update ap-
proach (for simplicity, taking ∗1 under the weakest preference handling strategy
B) with the update approach due to Eiter et al. [9].

In the approach of Eiter et al. [9], the semantics of an n-fold updateΠ1◦e· · ·◦e
Πn is given by the semantics of an (ordinary) program P¢, for P = (Π1, . . . ,Πn),
containing the following elements:

1. all integrity constraints in Πi, 1 ≤ i ≤ n;
2. for each r ∈ Πi, 1 ≤ i ≤ n:

Li ← body(r),not rej (r), where head(r) = L;

3. for each r ∈ Πi, 1 ≤ i < n:

rej (r)← body(r),¬Li+1, where head(r) = L;

4. for each literal L occurring in P (1 ≤ i < n):

Li ← Li+1; L← L1.

Here, for each rule r, rej (r) is a new atom not occurring in Π1, . . . , Πn. Intu-
itively, rej (r) expresses that r is “rejected.” Likewise, each Li, 1 ≤ i ≤ n, is a
new atom not occurring in Π1, . . . , Πn. Then, answer sets of Π1 ◦e · · · ◦eΠn are
given by the answer sets of P¢, modulo the original language. This would be the
same when implementing our preference-based framework by the compilation
methods developed in previous work [15].

Example 1. Consider the following programs:

Π1 = {r1 : ¬a←},
Π2 = {r2 : a← b,not ¬a},
Π3 = {r3 : b←}.

The program Π1 has a single answer set, namely {¬a}. In updating Π1 by
Π2, nothing changes because rd2 = r2 is not applicable (b is not derivable). A
further update by Π3 changes this situation: b becomes derivable and rd2 can
be applied. In fact, since rd1 < rd2 , rule rd2 must be applied before rd1 and so rd1
is defeated. Thus, {a, b} is the single answer set of ∗1P , for P = (Π1,Π2, Π3).
Observe that {a, b} is of course also an answer set of the unordered program
Πd

1 ∪Πd
2 ∪Πd

3 , together with {¬a, b}. In fact, the latter set is the unique answer
set of Π1 ∪Π2 ∪Π3, which shows that answer sets of update programs ∗P are
not selected among answer sets of the union of the constituents of P , but rather
of the union of the defaultification of its constituents (cf. Proposition 2). Note,
however, that Π1 ◦e Π2 ◦e Π3 has both {a, b} and {¬a, b} as answer sets.
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The operations ∗1 and ◦e also yield different results on inconsistent programs.
Consider:

Π1 = {b←, ¬b←},
Π2 = {a←},
Π3 = {b←},

and let P = (Π1,Π2). P¢ has the set of all literals as its unique (inconsistent)
answer set, but ∗1P has {a, b} and {a,¬b} as answer sets. On the other hand,
both Π1 ◦e Π2 ◦e Π3 and Π1 ∗1 Π2 ∗1 Π3 have {a, b} as unique answer set.

The same holds for programs which may become inconsistent due to new
information:

Π1 = {b← a, ¬b← a},
Π2 = {a←},
Π3 = {¬a←}.

Π1 has a consistent answer set, but Π1 ∗1 Π2 has {a, b} and {a,¬b} as answer
sets, whereas Π1 ◦e Π2 has the set of all literals as unique answer set. For the
additional update with Π3, both approaches yield {¬a} as unique answer set.

In general, we can formulate the following relation between the answer sets
of ∗1 and ◦e:
Theorem 3. Let P = (Π1, . . . , Πn) be a sequence of programs such that P¢ has
only consistent answer sets.

Then, any answer set of ∗1P is also an answer set of Π1 ◦e · · · ◦e Πn.

The converse does not hold, as Example 1 illustrates. Actually, there is an
even simpler counterexample: consider

Π1 = {a←} and
Π2 = {¬a← not a}.

Then, Π ◦e Π2 has two answer sets, viz. {a} and {¬a}, whilst Π1 ∗1 Π2 has
only {¬a} as answer set. Actually, {¬a} is the only answer set of Π1 ∗1Π2 under
any of the three preference strategies B, D, and W .

Finally, let us consider two examples on updating logic programs that have
been discussed in the literature, showing that ∗1 and ◦e behave the same in these
cases.

Example 2 (Adapted from [5]). Consider the update of Π1 by Π2, where

Π1 =
{
r1 : sleep ← not tv on, r2 : night ← ,
r3 : tv on ←, r4 : watch tv ← tv on

}
,

Π2 =
{
r5 : ¬tv on ← power failure,
r6 : power failure ← }

.
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The single answer set of both Π1 ∗1 Π2 and Π1 ◦e Π2 is

S = {power failure,¬tv on, sleep,night}.

If new information arrives as program Π3, given by

Π3 =
{
r7 : ¬power failure ← }

,

then again Π1 ∗1 Π2 ∗1 Π3 and Π1 ◦e Π2 ◦e Π3 have

T =
{ ¬power failure, tv on,watch tv ,night

}

as their unique answer set.

Example 3 ([9]). An agent consulting different sources in search of a performance
or a final rehearsal of a concert on a given weekend may be faced with the
following situation. First, the agent is notified by one of the sources that there
is no concert on Friday:

Π1 =
{
r1 : ¬concert friday ← }

.

Later on, a second source reports that it is neither aware of a final rehearsal on
Friday, nor of a concert on Saturday:

Π2 =
{
r2 : ¬final rehearsal friday ←, r3 : ¬concert saturday ← }

.

Finally, the agent is assured that there is a final rehearsal or a concert on Friday
and that whenever there is a final rehearsal on Fridays, a concert on Saturday
or Sunday follows:

Π3 =
{
r4 : concert friday ← not final rehearsal friday ,
r5 : final rehearsal friday ← not concert friday ,
r6 : concert saturday ← final rehearsal friday ,not concert sunday ,
r7 : concert sunday ← final rehearsal friday ,not concert saturday

}
.

The update program Π1 ∗1 Π2 ∗1 Π3 has three answer sets:

S1 = {final rehearsal friday ,¬concert friday , concert saturday};
S2 = {final rehearsal friday ,¬concert friday ,¬concert saturday ,

concert sunday};
S3 = {¬final rehearsal friday , concert friday ,¬concert saturday};
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4 Computing Preferred Plans using CLP

In this section, we describe a CLP based system, called CPP, to compute most
preferred plans based on the formulation in the previous section. Although CPP
was written in GNU Prolog [6], it can easily be ported to other Prolog systems
that include a finite domain solver.

CPP takes as input a planning problem P = (D, I,G), an integer N , and a
preference Pref and returns as output a most preferred plan π = a0a1 . . . aN−1 of
P w.r.t. Pref. In our framework, P is described in the language AL as a Prolog
program. As GNU Prolog does not allow the symbol ¬, a literal ¬F where F
is a fluent is written as neg(F ). Furthermore, in addition to propositions (1)-
(4) for describing (D, I), fluents and actions are explicitly declared using the
sets of propositions {fluent(F ). | F ∈ F} and {action(A). | A ∈ A}, and the
goal G is described by the set of propositions {goal(L). | L ∈ G}. Apart from
this, because a basic desire or an atomic preference is just a special case of a
general preference, without loss of generality, we assume that Pref is a general
preference.

In CPP, each state si of π∗ is represented as a list of fluent-variable pairs

si = [fluent(F1, V arF
i
1), f luent(F2, V arF

i
2), . . . , f luent(Fm, V arF

i
m)] (12)

and each action ai of π∗ is represented as the following Prolog list

ai = [action(A1, V arA
i
1), action(A2, V arA

i
2), . . . , action(Al, V arAil)] (13)

where {F1, . . . , Fm} = F and {A1, . . . , Al} = A (V arij = 1 denotes that action
Aj occurs at time instant i5). The trajectory π∗, therefore, can be viewed as
a pair of lists Actions and States where Actions is a list of representations of
action occurrences (13) and States is a list of representations of states (12).

4.1 Main Procedure

The main procedure of the system is depicted in Figure 1. It takes as input
a Prolog file Domain describing a planning problem P, an integer N , and a
preference Pref and returns as output a most preferred plan of P w.r.t Pref.
The set F of fluent names and the set A of action names are collected from
the input planning problem P and stored in lists Lf and La respectively, by
setof(F,fluent(F),Lf) and setof(A,action(A),La). Then, make states/3
and make actions/3 6 use La and Lf to create the list of states States and
the list of action occurrences Actions. In addition to creating action variables,
make actions also sets the requirement that exactly one action occur at time,
i.e., constraint (6), using the GNU Finite Domain (FD) built-in constraint fd only one/1.
Then, we collect the set of literals that hold in the initial state (propositions
initially(l)) and the set of goal literals (propositions goal(l)) and store them in

5 We require that sumjV arAi
j = 1, i.e., at any time exactly one action occurs

6 Due to space limit, the code of some predicates is omitted.
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main(Domain,Pref,N) :-

consult(Domain), setof(F,fluent(F),Lf), setof(A,action(A),La),

make_states(N,Lf,States), make_actions(N,La,Actions),

setof(F,initially(F),Init), setof(F,goal(F),Goal),

set_initial(Init,States), set_goal(Goal,States),

transitions(Actions,States), set_execs(Actions,States),

weight(Actions,States,Pref,W), collect_variables(States,Actions,Vars),

fd_maximize(fd_labeling(Vars,[variable_method(standard),

value_method(max)]),W), print_plan(Actions).

Fig. 1. Computing a most preferred trajectory

lists Init andGoal respectively. Predicates set initial/2 and set goal/2 (Sec-
tion 4.2) set the constraints on the initial state and the goal state, respectively.
Predicates set execs/2 and transitions/2 (Section 4.3) set the executabil-
ity and transition constraints for the trajectory. Next, the main procedure calls
the weight/4 predicate (Section 4.4) to compute the weight of π w.r.t. Pref.
Specifically, weight(Actions,States,Pref,W) is equivalent to the constraint
W = wPref (π).

After setting up all necessary constraints on variables, the main procedure
calls the GNU FD built-in predicate fd maximize/2 to find an assignment of
variables that satisfies all the constraints and maximizes the weight of π, i.e., the
W -value. Basically, fd maximize(Goal,X) repeatedly calls Goal to find a value
that maximizes the variableX. In our case, Goal is the use of fd labeling(Vars,[Opt-
ions]), where V ars is the set of all fluent and action variables collected by the
function collect variables/3, which assigns a value to each fluent variable or
action variable so as to satisfy all the constraints according to labeling options
Options. Our choices for labeling options are: the leftmost variable is chosen first
variable method(standard) and for each variable, the maximum value is enu-
merated first (value method(max)). It is worth noting that the performance of
the system depends on the order in which the variables are labeled. Our experi-
ments showed that in most cases, labeling (fluent and action) variables backward
yields the best performance. Hence, collect variables(Actions,States,Vars)
collects variables and sorts them in the descending order of time instants.

Finally, the main procedure calls the predicate print plan(Actions) to print
out the plan π. We now describe in more details the most important predicates
set initial, set goal, set execs, transitions and weight in CPP.

4.2 Initial State and Goal Constraints

The initial state and goal constraints (5) and (10) are asserted in CPP by predi-
cates set initial/2 and set goal/2 respectively (see Figure 2). Both of these
predicates make calls to set state/2 to set the values for some fluents.

The first argument of set initial is the list of literals that hold in the initial
state and the second argument is the list of states States. First, set initial
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set_initial(Init,[S|_]) :- set_state(Init,S),

findall((P,L),caused(P,L),Stats), set_static_constraint(Stats,S).

set_static_constraint([],_).

set_static_constraint([(P,L)|Stats],S) :-

holds(P,S,PrecHolds), holds(L,S,ConsHolds),

PrecHolds #==> ConsHolds, set_static_constraint(Stats,S).

set_goal(Goal,States) :- last(States,S), set_state(Goal,S).

set_state([],_).

set_state([L|Lits],State) :- (L=neg(F),member(fluent(F,0),State);

member(fluent(L,1),State)), set_state(Lits,State).

Fig. 2. Setting Initial State and Goal Constraints

calls set state to set on the initial state States[0] the values for fluents (the first
disjunct of (5)). Furthermore it calls the predicate set static constraint/2
to establish static law constraints on the initial state (the second disjunct of
(5)). The predicate holds/3 is to test a literal, a list of literals, or a fluent
formula holds in a state S (holds(FF,S,R) is equivalent to the constraint R⇔
“FF holds in S”, where FF can be either a literal, a list of literals or a fluent
formula).

Likewise, set goal calls the predicate set state on the final state States[N ]
to establish the goal constraint (constraint (10)).

4.3 Executability and Transition Constraints

The system uses set execs/2 and transitions/2 (Figure 3) to assert the con-
straints on the executability of actions (constraint (7)) and on the transitions of
π (constraints (8) and (9)). At each iteration, set execs/2 calls the set exec/2
to assert the executability constraints at a specific time instant i. The first ar-
gument of set exec is a set of pairs of action name – action variable for which
executability constraints need be set and the second argument is the state at
time instant i. set exec(action(A,VA),S) first finds all the executability con-
ditions (4) for action A, stores them in a list Precs and then calls the predicate
create or/37 to create the disjunction PrecHolds for the right hand side of con-
straint (7) if at least one such executability condition exists. Finally, constraint
(7) is enforced by V A# ==> PrecHolds. When action A has no executability
condition then nothing is set because by default we assume that A is executable.

The transition constraints (8)-(9) are asserted in CPP by transitions/2
(Figure 3). This predicate repeatedly calls transition/5 to set the transition
constraints at each time instant. Basically, transition(Action,List1,List2,S1,S2)
set constraints (8)-(9) for a set of fluents whose values in states S1 and S2 are
stored in List1 and List2 respectively. The main part of transition is the call to
set one fluent/6. Intuitively, set one fluent(F,V1,V2,Action,S1,S2), where
F is a fluent, 〈S1, Action, S2〉 is a transition, and V 1 and V 2 are the values of
7 create or(Ps,S,R) is equivalent to the constraint R⇔ W

p∈Ps p holds in S
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set_execs([],[_]).

set_execs([Action|Actions],[S|States]) :-

set_exec(Action,S), set_execs(Actions,States).

set_exec([],_).

set_exec([action(A,VA)|Action],S) :- findall(P,executable(A,P),Precs),

(Precs \== [] -> create_or(Precs,S,PrecHolds),

VA #==> PrecHolds; true), set_exec(Action,S).

transitions(_Actions,[_States]) :- !.

transitions([Action|Actions],[S1,S2|States]) :-

transition(Action,S1,S2,S1,S2), transitions(Actions,[S2|States]).

transition(_,[],[],_,_).

transition(Action,[fluent(F,V1)|LF1],[fluent(F,V2)|LF2],S1,S2):-

set_one_fluent(F,V1,V2,Action,S1,S2), transition(Action,LF1,LF2,S1,S2).

set_one_fluent(F,V1,V2,Action,S1,S2) :-

findall((A,DP),causes(A,F,DP),DPs), findall(SP,caused(SP,F),SPs),

create_or(SPs,S2,SPClause), dynamic_clause(Action,DPs,S1,DPClause),

(V2) #<=> (SPClause #\/ DPClause #\/(V1 #/\ V2)),

findall(NegSP,caused(NegSP,neg(F)),NegSPs),

findall((NegA,NegDP),causes(NegA,neg(F),NegDP),NegDPs),

create_or(NegSPs,S2,NegSPClause),

dynamic_clause(Action,NegDPs,S1,NegDPClause),

(#\ V2) #<=> (NegSPClause #\/ NegDPClause #\/ (#\ V2 #/\ #\ V1)).

dynamic_clause(_,[],_,0).

dynamic_clause(Action,[(A,P)|T],S1,R) :-

happen(A,Action,VA), holds(P,S1,PrecHolds),

dynamic_clause(Action,T,S1,R1), R #<=> (R1 #\/ (VA #/\ PrecHolds)).

Fig. 3. Setting Executability Constraints and Transition Constraints

F in S1 and S2 respectively, sets constraints (8)-(9) on literals F and ¬F . This
predicate calls create or and dynamic clause to generate the first and second
disjuncts of the right side of (8)-(9).

4.4 Handling Preferences

We now describe how to compute the weight of π with respect to Pref, i.e., the
weight predicate. Recall that in CPP π∗ is represented by the list of action
occurrences Actions and the list of states States.

As have been seen in Section 3, in order to compute the weight of π w.r.t.
a basic desire D, it is crucial to check if π∗ satisfies D (see Eq. (11)). In CPP,
the predicate satisfy/5 (Figure 4) is devoted to doing this task. Intuitively,
satisfy(Actions,States,T,D,W) sets W to 1 if desire D is satisfied by the
trajectory of π∗ starting at time instant T , π∗[T ], and to 0 if otherwise. satisfy
is a quite straightforward implementation of the satisfaction |= in Definition 2.
Note that the implementation of satisfy makes calls to predicates holds/3,
is formula/1, happen/3, and during/6. The first predicate, already mentioned
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satisfy(Actions,States,T,goal(FF),W) :-

length(States,N), T=<N, !, satisfy(Actions,States,N,FF,W).

satisfy(Actions,States,T,occ(A),W) :-

length(States,N), T<N, !, nth(T,Actions,Action), happen(A,Action,W).

satisfy(Actions,States,T,and(D1,D2),W) :-

length(States,N), T =< N, !, satisfy(Actions,States,T,D1,W1),

satisfy(Actions,States,T,D2,W2), W #<=> (W1+W2 #= 2).

satisfy(Actions,States,T,or(D1,D2),W) :- length(States,N), T =< N, !,

satisfy(Actions,States,T,D1,W1), satisfy(Actions,States,T,D2,W2),

W #<=> (W1+W2 #> 0).

satisfy(Actions,States,T,neg(D),W) :-

length(States,N), T =< N, !, satisfy(Actions,States,T,D,W1), W #= 1-W1.

satisfy(Actions,States,T,eventually(D),W) :-

length(States,N), T=<N, !, satisfy(Actions,States,T,D,W1), T1 is T+1,

satisfy(Actions,States,T1,eventually(D),W2), W#<=>(W1+W2#>0).

satisfy(Actions,States,T,next(D),W) :-

length(States,N), T=<N, !, T1 is T+1, satisfy(Actions,States,T1,D,W).

satisfy(Actions,States,T,always(D),W) :-

length(States,N), T=<N, !, during(Actions,States,T,N,D,W).

satisfy(Actions,States,T,until(D1,D2),W) :-

length(States,N), T=<N, !, satisfy(Actions,States,T,D2,W1),

satisfy(Actions,States,T,D1,W2), T1 is T+1,

satisfy(Actions,States,T1,until(D1,D2),W3), (W#<=>(W1#\/(W2+W3#=2))).

satisfy(_,States,T,D,W) :-

is_formula(D), length(States,N), T=<N, !, nth(T,States,S), holds(D,S,W).

satisfy(_,States,T,D,0) :- length(States,N), (D=occ(_), N=<T; N<T).

during(Actions,States,T1,T2,D,W) :-

T1 < T2, !, satisfy(Actions,States,T1,D,W1), T3 is T1+1,

during(Actions,States,T3,T2,D,W2), W#<=>(W1+W2#=2).

during(Actions,States,T,T,D,W) :- !, satisfy(Actions,States,T,D,W).

Fig. 4. Checking satisfaction of a basic desire.

before, is to check if a fluent formula holds in a certain state. The second is to
check if an expression is a valid fluent formula. happen(A,Action,W) is equiva-
lent to W ⇔ “A occurs at time instant i′′, where Action is the representation of
action occurrence at time step i. Finally, during(Actions,States,T1,T2,D,W)
sets W to 1 if every trajectory π∗[i] where T1 ≤ i ≤ T2 satisfies D and, to 0 if
otherwise.

Figure 5 shows the implementation of the weight predicate based on the
predicate satisfy. Intuitively, weight(Actions,States,Pref,W) sets W to
wPref (π). The max/2 predicate is the implementation of the max-function which
computes the maximum weight that a plan can achieve on Pref plus one (see
Section 3). Note that power(N,W) is equivalent to W = 2N .

Let us describe in more details how the weight predicate is implemented.
Since we are assuming that Pref is a general preference, there are five cases.



72

weight(_,_,[],0).

weight(Actions,States,[D|Ds],W) :-

satisfy(Actions,States,1,D,W1), length(Ds,NE),

power(NE,COEF), weight(Actions,States,Ds,W2), W#=COEF*W1+W2.

weight(Actions,States,and(Pref1,Pref2),W) :-

weight(Actions,States,Pref1,W1),weight(Actions,States,Pref2,W2),W#=W1+W2.

weight(Actions,States,or(Pref1,Pref2),W) :-

weight(Actions,States,Pref1,W1),weight(Actions,States,Pref2,W2),W#=W1+W2.

weight(Actions,States,neg(Pref1),W) :-

weight(Actions,States,Pref1,W1), max(Pref1,W2), W#=W2-W1.

weight(Actions,States,prec(Pref1,Pref2),W) :-

weight(Actions,States,Pref1,W1), weight(Actions,States,Pref2,W2),

max(Pref2,W3), W #= W3*W1+W2.

max([H|T],W) :- length([H|T],N), power(N,W).

max(and(Pref1,Pref2),W) :- max(Pref1,W1), max(Pref2,W2), W is W1+W2.

max(or(Pref1,Pref2),W) :- max(Pref1,W1), max(Pref2,W2), W is W1+W2.

max(neg(Pref1),W) :- max(Pref1,W).

max(prec(Pref1,Pref2),W) :- max(Pref1,W1), max(Pref2,W2), W is W1*W2+W1.

Fig. 5. Implementation of the weight function

1. Pref is an atomic preference. In CPP, an atomic preference is represented
as a Prolog list of basic desires [D1, D2, . . . ]. Then the implementation of
weight for this particular case is based on satisfy above. First if Pref is an
empty list then the weight of π w.r.t. Pref is 0. If it is of the form [D|Ds]
then the weight of π w.r.t. Pref is 2NE∗W1+W2 where NE is the length of
Ds, W1 is the weight of π w.r.t. the basic desire D and W2 is the weight of
π w.r.t Ds.

2. Pref = Pref1&Pref2 where Pref1 and Pref2 are general preferences.
Then, the weight of π w.r.t. Pref is W = W1 +W2 where W1 and W2 are
the weight of π w.r.t. Pref1 and the weight of π w.r.t. Pref2.

3. Pref = Pref1|Pref2 where Pref1 and Pref2 are general preferences.
Then, the weight of π w.r.t. Pref is defined as the same as in the previ-
ous case.

4. Pref = !Pref1 where Pref1 is a general preference. In this case, the weight
of π w.r.t. Pref is W = W2−W1, where W2 is the maximal weight of a plan
that can be achieved on Pref1 and W1 is the weight of π w.r.t. Pref1.

5. Pref = Pref1¢Pref2. In this case, the weight of π is W = W1∗W3+W2,
where W1, W2, and W3 is the weight of π w.r.t. Pref1, the weight of π
w.r.t. Pref2 and the maximal weight of a plan that can be achieved on
Pref2.
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5 Experiments

To evaluate8 the performance of CPP, we tested it on two domains: the infamous
blocks world domain (Block) and the rocket domain (Rocket)[15].

In the Block domain, there are m × n blocks, numbered from 1..m × n.
Initially, blocks are organized in m piles, each having n blocks. The i-th pile
consists of n blocks that are numbered with (1 + (i− 1)× n) . . . (i× n) where
the blocks with smaller numbers are on top of the blocks with larger numbers.
The goal is to have a pile that consists of blocks from 1 to m × n − 1 where
the blocks with larger numbers are on top of the blocks with smaller numbers.
The position of the remaining block, i.e., block number m×n, can be anywhere
(either on the table, or on block m×n−1 or under block 1). In our experiments
we tested instances with m = 1 and n from 4..7 and with m = 2 and n = 3, 4.
We ran these instances with preferences ψ1, . . . , ψ8 defined as follows. The first
four preferences are basic desires. ψ1 is a goal preference of having the last block
(block number m × n) on the top of block m × n − 1 in the final state. ψ2 is
also a goal preference but it prefers to have the last block under block 1. ψ3

and ψ4 are state desires. ψ3 says that never place any block except block 1 on
the table; ψ4 says that at sometime block 1 is on block m× n. ψ5 is the atomic
preference ψ1¢ψ2 and ψ6 is the atomic preference ψ3¢ψ4. ψ7 and ψ8 are general
preferences ψ4&ψ5 and ψ8 = ψ4|ψ5 respectively.

In the Rocket domain, we need to move a cargo by a rocket from one location
to another location. There are n locations l1, l2, . . . , ln and initially the rocket
is at the first location and the goal is to have it at the last location. We did
experiments with n = 3, 4, 5 and preferences ψ1, . . . , ψ7 as follows. The first
three are basic preferences: ψ1 is a goal preference of having the rocket at the
first location in the final state; ψ2 prefers that the rocket visits all other locations;
ψ3 prefers the rocket never reaches a location li before a location lj where i > j.
ψ4 and ψ5 are atomic preferences ψ1 ¢ ψ2 and ψ2 ¢ ψ3 respectively. ψ6 and ψ7

are general preferences !ψ4 and ψ4 ¢ ψ5.
All experiments were run on a 2.4 GHz CPU, 768MB RAM machine. The

version of the GNU Prolog system used for testing is GNU Prolog 1.2.16 and
was downloaded from http://gnu-prolog.inria.fr/. Time out is set to 10
minutes. The test results are shown in Tables 1 – 3. In these tables, N is the
length of plans that we wish to find; each cell shows the time for CPP to return
a most preferred plan and the weight of the plan; times are shown in seconds;
TO indicates a timeout.

As can be seen from Tables 1-2, the performance of CPP on the block world
domain is relatively good. When the number of blocks is less than or equal
to 6 (problems Block(1, 4) & Block(1, 5)), the solving time is negligible (less
than 0.1s). However, when the number of blocks increases to more than 6 (in-
stances Block(1, 6), Block(1, 7), Block(2, 3), and Block(2, 4)), the solving time
increases exponentially. For the Rocket domain (Table 3), within the time limit,

8 The source code of CPP and testing domains can be found at http://www.cs.nmsu.
edu/~tphan/software.htm
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Domain N ψ1 ψ2 ψ3 ψ4 ψ5 ψ6 ψ7 ψ8
Block(1,4) 4 0.00/1 0.00/0 0.00/1 0.00/0 0.00/2 0.00/2 0.00/4 0.00/4

5 0.02/1 0.00/0 0.00/1 0.00/0 0.02/2 0.02/2 0.02/4 0.02/4
6 0.00/1 0.00/1 0.02/1 0.02/1 0.00/2 0.03/2 0.02/4 0.02/4
7 0.02/1 0.00/1 0.02/1 0.03/1 0.00/2 0.03/2 0.03/4 0.03/4

Block(1,5) 5 0.00/1 0.02/0 0.02/1 0.02/0 0.00/2 0.02/2 0.02/4 0.02/4
6 0.02/1 0.03/0 0.03/1 0.02/0 0.02/2 0.05/2 0.05/4 0.03/4
7 0.03/1 0.03/0 0.05/1 0.06/0 0.03/2 0.09/2 0.05/4 0.06/4
8 0.08/1 0.03/1 0.08/1 0.08/1 0.06/2 0.14/2 0.06/4 0.08/4

Block(1,6) 6 0.02/1 0.02/0 0.31/1 0.02/0 0.02/2 0.03/2 0.03/4 0.03/4
7 0.06/1 0.08/0 0.16/1 0.09/0 0.09/2 0.17/2 0.14/4 0.14/4
8 0.11/1 0.14/0 0.19/1 0.28/0 0.14/2 0.31/2 0.22/4 0.24/4
9 0.42/1 0.39/0 0.28/1 0.56/0 0.47/2 0.52/2 0.66/4 0.67/4

10 2.00/1 0.28/1 0.53/1 0.66/0 2.33/2 0.94/2 2.02/4 2.08/4
Block(1,7) 9 0.48/1 0.47/0 0.67/1 0.78/0 0.5/2 0.97/2 0.52/4 0.52/4

10 1.94/1 1.5/0 0.86/1 1.81/0 2.28/2 1.55/2 1.72/4 1.72/4
11 10.78/1 6.00/0 1.97/1 7.27/0 11.02/2 2.81/2 7.64/4 7.5/4
12 66.28/1 3.34/1 2.61/1 5.3/1 76.24/2 5.08/2 40.67/4 41.31/4

Table 1. Performance of CPP on the blocks world domain

Domain N ψ1 ψ2 ψ3 ψ4 ψ5 ψ6 ψ7 ψ8
Block(2,3) 5 0.2/1 0.23/0 0.36/1 0.38/0 0.24/0 0.55/2 0.56/2 0.66/2

6 0.12/1 0.18/0 0.2/1 0.47/0 0.11/2 0.44/2 0.22/4 0.2/4
7 0.25/1 0.31/1 0.23/1 0.75/1 0.27/2 0.38/2 0.34/4 0.33/4
8 0.82/1 1.15/1 0.28/1 1.92/1 0.81/2 0.89/2 1.05/4 1.05/4

Block(2,4) 7 3.95/0 4.28/0 3.06/1 5.69/0 7.84/2 5.12/2 5.86/2 5.82/2
8 1.26/1 1.72/0 1.08/1 5.51/0 2.15/2 2.65/2 1.4/4 1.4/4
9 7.2/1 7.75/0 1.34/1 27.56/0 8.75/2 4.97/2 4.93/4 4.98/4

10 44.58/1 33.75/1 1.58/1 43.42/1 38.79/2 8.95/2 27.15/4 27.12/4

Table 2. Performance of CPP on the blocks world domain

CPP could solve all instances of Rocket(3) and Rocket(4). However, for the
Rocket(5) instance, in most cases, CPP reported a time out. On the other hand,
it is noticeable that for each instance (either a blocks world instance or a rocket
instance) when the input parameter N increases, the solving time is exponen-
tially increases. This is because of the blow-up in the number of variables in the
program.

Domain N ψ1 ψ2 ψ3 ψ4 ψ5 ψ6 ψ7
Rocket(3) 3 0.00/0 0.00/0 0.00/0 0.00/0 0.02/0 0.01/4 0.01/0

4 0.02/1 0.03/1 0.03/1 0.01/2 0.03/3 0.02/3 0.02/8
5 0.05/1 0.09/1 0.11/1 0.08/3 0.12/3 0.08/4 0.13/15

Rocket(4) 4 0.02/1 0.19/0 0.31/0 0.23/2 0.22/0 0.22/4 0.27/8
5 1.08/1 2.17/1 2.39/1 1.66/2 3.56/3 1.64/4 1.95/8
6 7.64/1 14.81/1 15.81/1 15.22/3 24.37/3 11.83/4 21.34/15

Rocket(5) 5 17.39/1 22.05/0 38.95/1 28.65/2 44.87/1 28.84/4 33.75/8
6 239.94/1 400.34/1 TO TO 50.38/3 TO TO
7 TO TO TO TO TO TO TO

Table 3. Performance of CPP on the rocket domain

6 Conclusion and Future Work

In this paper, we formulate the planning problem with preferences as a constraint
satisfaction problem. We then present the development of a CLP based system,
called CPP, which is capable of generating most preferred plans with respect
to a user’s preference and show experimental results. At present CPP is imple-
mented in GNU prolog. It is worth noting that there are many other different
constraint programming systems and the performance of a constraint program
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heavily depends on the encoding of the problem and on the underlying solver.
Hence, as future work, on the one hand, we would like to try different encodings
of CPP on different systems. On the other hand, we would like to investigate the
usefulness of heuristics and the applicability of constraint handling rules [8] to
improve the performance of CPP. In addition, we would like to extend CPP to
be able to deal with non-deterministic and/or incomplete action theories. This
involves extending the preference language PP so as to be able to compare plans
in non-deterministic and/or incomplete action theories.
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Abstract. In this paper we introduce preference rules which allow us to
specify preferences as an ordering among the possible solutions of a prob-
lem. Our approach allow us to express preferences for general theories.
The formalism used to develop our work is Answer Set Programming.
Two distinct semantics for preference logic programs are proposed. Fi-
nally, some properties that help us to understand these semantics are
also presented.
Keywords: Logic Programming, Answer Set Programming, Preferences.

1 Introduction

Preferences can be used to compare feasible solutions of a given problem, in or-
der to establish if there is an order among these solutions or to establish whether
such solutions are equivalents w.r.t. some requirements. Currently there are sev-
eral approaches in non monotonic reasoning dealing with preferences [4]. In this
paper we introduce preference rules which permit specifying preferences as an
ordering among the possible solutions of a problem. These rules use a new con-
nective, ∗, called preference operator. The formalism used to develop our work
is Answer Set Programming (ASP) [5]. ASP is a declarative knowledge repre-
sentation and logic programming language. ASP represents a new paradigm for
logic programming that allows us, using the concept of negation as failure, to
handle problems with default knowledge and produce non-monotonic reason-
ing. Two popular software implementations to compute answer sets are DLV3

and SMODELS4. The efficiency of such programs allowed to increase the list
of practical applications in the areas of planning, logical agents and artificial
intelligence. Most research on ASP and in particular about preferences in ASP
supposes syntactically simple rules (see for example [2,1,15]). This is justified
since, most of the times, those restricted syntaxes are enough to represent a
wide class of interesting and relevant problems. It could seem unnecessary to
generalize the notion of answer sets to some more complicated formulas. How-
ever, a broader syntax for rules could bring some benefits. For example, the
3 http://www.dbai.tuwien.ac.at/proj/dlv/
4 http://www.tcs.hut.fi/Software/smodels/
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use of nested expressions could simplify the task of writing logic programs and
improve their readability. Hence, in this paper we present an approach about
preferences to general theories.

Currently, there are some answer set approaches that suggest a broader syn-
tax. In [7] the authors introduce parametric connectives and present the solution
to some problems using this extension. In [9,12] the authors show an application
where embedded implication gives a natural representation to a real problem.
In [13] a broader syntax for logic programs with ordered disjunction (LPOD)
and the semantics for this extension is proposed. In [3], preferences are specified
as a set of particular rules. The body of these particular rules is in terms of
literals, and the head of these rules is in terms of special formulas called boolean
combinations. A boolean combination is a formula built of atoms by means of
disjunction, conjunction, strong and default negation, with the restriction that
strong negation is allowed to appear only in front of atoms, and default negation
only in front of literals. It is important to point out that our proposal differs
considerably from the approach presented in [3]. Our approach is the only ap-
proach about preferences in ASP that allows us to express preferences in terms
of well formed formulas instead of only literals. So, our approach allows us a
broader syntax for preference rules than the approach in [3]; and the semantics
of our approach and the approach in [3] are distinct. In fact, in this paper we
present two semantics for our approach. These two semantics are inspired by our
previous work about preferences [13,16] and the semantics of LPOD’s introduced
in [2]. These semantics for preference logic programs are a generalized version of
the semantics proposed in [16]; and they permit expressing preferences using a
broader syntax in a similar way to the way suggested in [13].

Our paper is structured as follows. In section 2 we introduce the general
syntax of the logic programs used in this paper. We also provide the definition
of answer sets in terms of logic G3. In section 3 we present two semantics for
preference logic programs. In section 4 we introduce some properties that help
to understand the semantics presented in this paper. In section 5 we present a
discussion about related work. Finally in section 6 we present some conclusions.

2 Background

In this section we review some fundamental concepts and definitions that will
be used along this work. We introduce first the syntax of formulas and programs
based on the language of propositional logic. We also present the definition of
answer sets in terms of logic G3.

2.1 Propositional Logic

In this paper, logic programs are understood as propositional theories. We shall
use the language of propositional logic in the usual way, using propositional
symbols: p, q, . . . , propositional connectives ∧,∨,→,⊥ and auxiliary symbols:
(, ). The well formed propositional formula f ← g is just another way of writing
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g → f . We assume that for any well formed propositional formula f , ¬f is just
an abbreviation of f → ⊥ and > is an abbreviation of ⊥ → ⊥. We point out that
¬ is the only negation used in this work. An atom is a propositional symbol. A
literal is either an atom a (a positive literal) or the negation of an atom ¬a (a
negative literal). A negated literal is the negation sign ¬ followed by any literal,
i.e. ¬a or ¬¬a. In particular, f → ⊥ is called constraint and it is also denoted
as ← f . Given a set of well formed formulas F , we define ¬F = {¬f | f ∈ F}.
Sometimes we may use not instead of ¬ and a, b instead of a ∧ b, following the
traditional notation of logic programming. A regular theory or logic program is
just a finite set of well formed formulas or rules, it can be called just theory or
program where no ambiguity arises. We shall define as a rule any well formed
formula of the form: f ← g. The parts on the left and on the right of “ ← ”
are called the head and the body of the rule, respectively. We say that a rule
which its head is a disjunction, namely f1 ∨ · · · ∨ fn ← g, is a disjunctive rule.
A disjunctive logic program is just a finite set of disjunctive rules, it can be
called just disjunctive program where no ambiguity arises. Of course disjunctive
programs are a subset of logic programs. The signature of a logic program P ,
denoted as LP , is the set of atoms that occur in P . We want to stress the fact
that in our approach, a logic program is interpreted as a propositional theory.
For readers not familiar with this approach, we recommend [14,11] for further
reading. We will restrict our discussion to propositional programs.

2.2 The logic G3

Some logics can be defined in terms of truth values and evaluation functions.
Gödel defined the multivalued logics Gi, with i truth values. In particular, G2

coincides with classical C. We briefly describe in the following lines the 3-valued
logic G3 since our work uses the logical characterization of answer sets based on
this logic presented in [11,10]. Gödel defined the logic G3, with 3 values, with
the following evaluation function I:

– I(B ← A) = 2 if I(A) ≤ I(B) and I(B) otherwise.
– I(A ∨B) = max(I(A), I(B)).
– I(A ∧B) = min(I(A), I(B)).
– I(⊥) = 0.

An interpretation is a function I : L → {0, 1, 2} that assigns a truth value to each
atom in the language. The interpretation of an arbitrary formula is obtained by
propagating the evaluation of each connective as defined above. Recall that ¬
and > were introduced as abbreviations of other connectives.

For a given interpretation I and a formula F we say that I is a model of F if
I(F ) = 2. Similarly I is a model of a program P if it is a model of each formula
contained in P . If F is modeled by every possible interpretation we say that F is
a tautology. For instance, we can verify that ¬¬a→ a is not a tautology in G3,
and a → ¬¬a is a tautology in G3. For a given set of atoms M and a program
P we will write P `G3 M to abbreviate P `G3 a for all a ∈ M , and P °G3 M
to denote the fact that P `G3 M and P is consistent w.r.t. logic G3 (i.e. there
is no formula A such that P `G3 A and P `G3 ¬A).
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2.3 Answer sets

As usual in ASP, we take for granted that programs with predicate symbols are
only an abbreviation of the ground program. We shall define answer sets of logic
programs. The answer sets semantics was first defined in terms of the so called
Gelfond-Lifschitz reduction [5] and it is usually studied in the context of syntax
dependent transformations on programs5. We follow an alternative approach
started by Pearce [14] and also studied by Osorio et.al. [11,10]. This approach
characterizes the answer sets for a propositional theory in terms of logic G3 and
it is presented in the following theorem. The notation is based on [11,10]. We
point out that ¬ denotes default negation and it is the only type of negation
considered in this paper. However, it is worth mentioning that we always can
handle the other negation called classical or even strong negation, denoted by −,
by transforming the atoms with classical negation [6]. Each atom with classical
negation , −a, that occurs in a formula of a logic program should be replaced
by a new atom, a′, and the rule ¬(a ∧ a′) should be added to the logic program
with the new atom a′. Rule ¬(a ∧ a′) can also be written as (a ∧ a′)→ ⊥.

Definition 1. [11,10] Let P be a program and M a set of atoms. M is an answer
set of P iff P ∪ ¬(LP \M) ∪ ¬¬M °G3 M .

Example 1. A restaurant has two options for dessert, ice-cream or coffee with
cake. So, restaurant’s options can be simply represented as the following logic
program P ,

ice cream ∨ (coffee ∧ cake)← .

We can verify that {ice cream} and {coffee, cake} are the answer sets of P :

P ∪ {¬coffee,¬cake} ∪ {¬¬ice cream} °G3 {ice cream}
P ∪ {¬ice cream} ∪ {¬¬coffee,¬¬cake} °G3 {coffee, cake}

3 Syntax and semantics for preferences

In order to specify preferences we introduce a new connective, ∗, called preference
operator. A preference rule specifies the preferences for something. Its head cor-
responds to an ordered list of well formed formulas connected using the operator
∗, where each well formed formula represents a possible preference option.

Definition 2. A preference rule is a formula of the form: f1 ∗ · · · ∗ fn pr← g
where f1, . . . , fn, g are well formed propositional formulas. A preference logic
(PL) program is a finite set of preference rules and an arbitrary set of well
formed formulas.

If g = > the preference rule can be written as f1 ∗ · · · ∗ fn pr←. The formulas
f1 . . . fn are called the options of a preference rule.
5 Currently, there are several answer set solvers, such as:

DLV (http://www.dbai.tuwien.ac.at/proj/dlv/) and SMOD-
ELS(http://www.tcs.hut.fi/Software/smodels/)
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Example 2. A restaurant has two options for dessert, ice-cream or coffee with
cake. Peter wants ice cream rather than cake and if possible he wants coffee. Let
r1 := ice cream ∗ cake pr← . and r2 := coffee

pr← . be the preference rules repre-
senting Peter’s preferences. Hence, restaurant’s options and Peter’s preferences
can be simply represented as the following PL program,

ice cream ∨ (coffee ∧ cake)← .

ice cream ∗ cake
pr← .

coffee
pr← .

The answer sets of a PL program are the answer sets of the logic program
obtained by extracting the preference rules from the original PL program.

Definition 3. Let Pref be the set of preference rules of a PL program P . Let M
be a set of atoms. M is an answer set of P iff M is an answer set6 of P \Pref .
So, the answer sets of the PL program of Example 2 are the answer sets of the
logic program in Example 1: {ice cream} and {coffee, cake}.

Part of the semantics of PL programs was inspired by the semantics of Logic
Programs with Ordered Disjunction (LPOD) introduced in [2]. Due to lack of
space we do not present the semantics of LPOD programs, but readers not famil-
iar with this approach can review [2]. The first difference between the semantics
of LPOD’s and the semantics of PL programs is the broader syntax for PL pro-
grams. So, the semantics for PL programs is defined for general theories (see
Definition 2) and the semantics for LPOD’s not. A second difference between
these two semantics is the fact that LPOD’s represent a disjunction over the
preference options and PL programs represent preference over the preference
options. So, in some cases the preferred answer sets obtained by applying the
LPOD semantics are different from the preferred answer sets obtained by ap-
plying the semantics for PL programs to their respective representation of the
same problem. An example illustrating this difference is presented in Section 5.
Finally, a third difference between these two semantics is the definition of the
satisfaction degree function. In our approach we extend the satisfaction degree
function defined in [2]. Our definition of satisfaction degree function is in terms
of logic G3, however since logic programs (or theories) used in this work are
complete (i.e. for any formula A of a program P , either P `G3 A or P `G3 ¬A),
we could use classic logic too 7.

Definition 4. Let M be an answer set of a PL program P . Let r := f1 ∗ · · · ∗
fn

pr← g be a preference rule of P . Let m be the max{n | f1 ∗ · · · ∗ fn pr←
g is a preference rule of P}. We define the satisfaction degree of r in M , de-
noted by degM (r), as a correspondence rule that defines the following function:

1. 1 if M ∪ ¬(LP \M) 6`G3 g.
2. min {i |M ∪ ¬(LP \M) `G3 fi} if M ∪ ¬(LP \M) `G3 g.
6 Note that since we are not considering strong negation, there is no possibility of

having inconsistent answer sets.
7 For complete theories, logic G3 is equivalent to classic logic [11].
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3. m + 1 if M ∪ ¬(LP \ M) `G3 g and there is not 1 ≤ i ≤ n such that
M ∪ ¬(LP \M) `G3 fi.

The part (1) of Definition 4 indicates that rule r has a satisfaction degree
equal to 1 in the answer set because, the rule r does not apply and this fact makes
rule r irrelevant to prefer the answer set. The part (2) of Definition 4 indicates
that rule r is satisfied in the answer set to some degree. Finally, the part (3) of
Definition 4 indicates that the rule r has the largest value of satisfaction degree
in the answer set because non of the options of the preference rule r holds.
According to our intuition, this part (3) of Definition 4 will be useful in case
that non of the options of each preference rule in P holds in all the answer sets
of P. So, in this case all the answer sets of the PL program should be preferred.
For instance, if I have a preference for cookies over fruit and orange juice over
water, and one of the two answer sets contains only salad and the other only
coffee. In this case both answer sets are incomparable and both of them should
be preferred.
Example 3. Let P be the PL program of Example 2. By Definition 3 and Ex-
ample 1 we know that program P has two answer sets: M1 = {ice cream} and
M2 = {coffee, cake}. According to Definition 4 we can verify that m = 2 and
that,

degM1(r1) = 1, degM2(r1) = 2,
degM1(r2) = 3, degM2(r2) = 1.

It is interesting to mention that degM1(r2) is equal to m + 1 = 3, since non of
the options of r2 holds in M1 (see part (3) of Definition 4).

The following theorems and definitions are about the preferred answer sets of
a PL program. All of them are similar to the definitions given in [2]. However we
do not have to forget that they are defined for general theories (see Definition 2)
and are based on our own definition of satisfaction degree.

Theorem 1. Let Pref be the set of preference rules of a PL program P . If M
is an answer set of P then M satisfies all the rules in Pref to some degree.

The satisfaction degree of each preference rule allows us to define the set of
preference rules with the same satisfaction degree. These sets will be used to
find the preferred answer sets of the PL program.

Definition 5. Let P be a PL program and let Pref be the set of preference rules
of P . Let M an answer set of P . We define SiM (P ) = {r ∈ Pref | degM (r) = i}.
Example 4. Let P be the PL program of Example 2. Let us consider the satis-
faction degree of rules r1 and r2 in Example 3. Then we can verify that,

S1
M1(P ) = {r1}, S2

M1(P ) = {}, S3
M1(P ) = {r2},

S1
M2(P ) = {r2}, S2

M2(P ) = {r1}, S3
M2(P ) = {}.

The following definitions indicate how to apply different criteria to the sets
of preference rules SiM (P ) of a PL program, in order to know if one answer set
is preferred to another answer set and to obtain the most preferred answer sets.
The criteria used are set inclusion, set cardinality or pareto criterion. We start
describing how to apply the set inclusion criterion.
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Definition 6. Let M and N be answer sets of a PL program P . M is inclusion
preferred to N , denoted as M >i N , iff there is an i such that SiN (P ) ⊂ SiM (P )
and for all j < i, SjM (P ) = SjN (P ).

Definition 7. A set of atoms M is an inclusion-preferred answer set of a PL
program P , if M is an answer set of P and there is not answer set M ′ of P ,
M 6= M ′, such that M ′ >i M .

Example 5. Let P be the PL program of Example 2. If we consider the results of
Example 4 then, we can verify that M1 is not inclusion-preferred to M2 or vice
versa since S1

M1
(P ) is not a subset of S1

M2
(P ) or vice versa. We also can see that

there is not M answer set of P , M 6= M1 and M 6= M2, such that M >i M1 or
M >i M2. Hence M1 and M2 are both the inclusion-preferred answer sets of P .

The following two definitions indicate how to use set cardinality criterion to
prefer an answer set to another answers set, and to obtain the most preferred
answer sets. Before presenting these definitions, we have to mention that this
criterion was particularly useful when we worked about the specification of pref-
erences for evacuation plans using ASP approaches in [16]. One of the criteria
used to prefer the evacuation paths was the number of segments of roads in each
evacuation path. In this case, the paths with the minimum number of segments
of road were the preferred paths. So, the idea of using the cardinality set criterion
resulted very natural and easy in this case.

Definition 8. Let M and N be answer sets of a PL program P . M is cardinality
preferred to N , denoted as M >c N , iff there is an i such that |SiM (P )| >
|SiN (P )| and for all j < i, |SjM (P )| = |SjN (P )|.
Definition 9. A set of atoms M is a cardinality-preferred answer set of a PL
program P , if M is an answer set of P and there is not answer set M ′ of P ,
M 6= M ′, such that M ′ >c M .

Example 6. Let P be the PL program of Example 2. If we consider the results
of Example 4 then, we can verify that M2 is cardinality-preferred to M1 since
|S2
M2

(P )| > |S2
M1

(P )| and |S1
M2

(P )| = |S1
M1

(P )|. We also can see that there is
not answer set M ′ of P , M ′ 6= M2, such that M ′ >c M2. Hence M2 is the
cardinality-preferred answer set of P . This result coincides with our intuition
since M2 is the answer set of P with the largest cardinality.

Finally, we describe the pareto criterion. As it is described in [2], in some cases
the result of adding not achievable options to preference rules does not agrees
with what we could expect. For instance, let us extend the problem specification
of Example 2 as follows: the restaurant also can offer gelatine in the mornings,
Peter prefers gelatine to ice cream, and Peter can’t have gelatine because he
always arrives at the restaurant at night. So, restaurant’s options and Peter’s
preferences can be represented as the following PL program,

gelatine ∨ ice cream ∨ (coffee ∧ cake)← .
← gelatine.

gelatine ∗ ice cream ∗ cake
pr← .

coffee
pr← .
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In spite of our intuition indicates that this program should have the same two
inclusion-preferred answer sets of Example 5, we can verify that {coffee, cake}
is the only inclusion preferred-answer set of this PL program. In order to avoid
effects of this kind we can use the pareto criterion:

Definition 10. Let M and N be answer sets of a PL program P . Let Pref be
the set of preference rules of P . M is pareto preferred to N , denoted as M >p N ,
iff there is an r ∈ Pref , such that degM (r) < degN (r), and for no r′ ∈ Pref
degN (r′) < degM (r′).

Definition 11. A set of atoms M is a pareto-preferred answer set of a PL
program P , if M is an answer set of P and there is not answer set M ′ of P ,
M 6= M ′, such that M ′ >p M .

Example 7. Let P be the PL program of Example 2. Let us consider the results
of Example 3. In spite of degM1(r1) < degM2(r1), degM2(r2) < degM1(r1). So,
M1 is not pareto-preferred to M2. In a similar way we can verify that M2 is not
pareto-preferred to M1. We also can see that there is not M answer set of P ,
M 6= M1 and M 6= M2, such that M >p M1 or M >p M2. Hence M1 and M2

are both the pareto-preferred answer sets of P .

3.1 An alternative semantics for preferences

In this section we propose an alternative semantics for PL programs. This al-
ternative semantics corresponds to a refinement of the semantics presented in
Section 3. In order to illustrate the difference between the alternative semantics
and the semantics presented in Section 3, we are going to consider the specifica-
tion problem of Example 1 in [1].

Example 8. A television show conducts a game where the first winner is offered
a prize of $200,000, and the second winner is offered a prize of $100,000. John
wants to play, if possible. Otherwise he will give up. If he plays he wants to gain
$200,000 if possible; otherwise, $100,000. He is told that he cannot win the first
prize.

So, this problem can be simply represented as the following PL program P ,

play ∨ give up← .
gain(200, 000) ∨ gain(100, 000)← play.
← gain(200, 000).

play ∗ give up
pr← .

gain(200, 000) ∗ gain(100, 000)
pr← play.

According to Definition 3 we can verify that the PL program P of Example 8
has two answer sets: {play, gain(100, 000)} and {give up}. Now, the important
question is: Which is the preferred answer sets of P? Considering John’s prefer-
ences and our intuition, we could have two possible scenarios. The first scenario
corresponds to an indifference to chose one of the two answer sets as a preferred
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one. It indicates that both {play, gain(100, 000)} and {give up} are preferred
solutions. This indifference agrees with our intuition that {play, gain(100, 000)}
is preferred because at least John could gain 100, 000 if he plays; and {give up}
is also preferred because John could consider that it is not worth playing. He
could have a valid reason to leave the game for instance, he could consider that
the game is not fair, or he could be a very moral person, etc. The second sce-
nario indicates that only {play, gain(100, 000)} should be the preferred answer
set because at least John could gain 100, 000 if he plays.

The preferred answer sets obtained by applying the semantics for PL pro-
grams described in Section 3 allow us to get {play, gain(100, 000)} and {give up}
as the preferred answer sets of the PL program of Example 8. In this sec-
tion, we shall see how to use the alternative semantics in order to get only
{play, gain(100, 000)} as the preferred answer set of the PL program of Exam-
ple 8. The main idea of the alternative semantics can be described in two steps:

1. A reduced PL program is obtained by reducing each preference rule in the
original PL program whenever possible.

2. The preferred answer sets of the original PL program are the preferred answer
sets of the reduced PL program.

We point out that in the first step, the reduction is based on a set of inferred
atoms. These atoms are inferred from the set of disjunctive rules of the original
PL program using a particular logic. We also point out that in the second step
we use some of the preference criteria described in Section 3 (set inclusion, set
cardinality or Pareto criterion) to get the preferred answer sets from the reduced
PL program.

The following definition is part of the first step of the alternative semantics.
It corresponds to the set of atoms inferred from the set of disjunctive rules of
the original PL program using logic G3.

Definition 12. Let DP the set of disjunctive rules of a PL program P . We
define Q(P ) := {x | DP `G3 ¬x}.

Example 9. Let P be the PL program of Example 8. According to Definition 12,
DP is the following set of disjunctive rules:

play ∨ give up← .
gain(200, 000) ∨ gain(100, 000)← play.
← gain(200, 000).

We can verify that Q(P )= {gain(200, 000)} since DP `G3 ¬gain(200, 000).

Additionally as part of the first step of the alternative semantics, we shall
replace each occurrence of atoms in Q(P ) with ⊥ in the preference rules of the
original PL program P . The replacement is based on the substitution function
described in the following definition. The idea is to use the set Q(P ) as the set
of atoms A in the substitution function.
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Definition 13. Let Pref be the set of preference rules of a PL program P . Let
A be a set of atoms. We define the substitution function Subst⊥(Pref,A) that
replace over Pref each occurrence of an atom in A with ⊥.

Example 10. Let P be the PL program of Example 8. By Example 9, we know
that Q(P ) = {gain(200, 000)}. We also can see that the set of preference rules
Pref is as follows:

{play ∗ give up
pr← .

gain(200, 000) ∗ gain(100, 000)
pr← play.}

So, we can verify that Subst⊥(Pref,Q(P )) is as follows:

{play ∗ give up
pr← .

⊥ ∗ gain(100, 000)
pr← play.}

To finish the first step of the alternative semantics, we shall reduce the new
set of preference rules Subst⊥(Pref,Q(P )) by applying the following definition
to the set of preference rules Subst⊥(Pref,Q(P )).

Definition 14. Given a formula F we define its reduction with respect to ⊥, de-
noted reduce(F ), as the formula obtained by applying the following replacements
on F until no more replaces can be done. If A is any formula then replace

A ∧ > or > ∧A with A. A ∧ ⊥ or ⊥ ∧A with ⊥.
A ∨ > or > ∨A with >. A ∨ ⊥ or ⊥ ∨A with A.
A← > or ⊥ ← A with >. > ← A with A.
A ∗ ⊥ or ⊥ ∗A with A.

Then, for a given set of preference rules R, we define Reduce(R) := {reduce(F ) | F ∈ R}.
Example 11. Let P be the PL program of Example 8. According to Definition 14
and the set Subst(Pref,Q(P )) of Example 10, ⊥ ∗ gain(100, 000) should be
reduced to gain(100, 000). So, we can verify that Reduce(Subst⊥(Pref,Q(P )))
is as follows:

{play ∗ give up
pr← .

gain(100, 000)
pr← play.}

Once we finish the first step of the alternative semantics, we can obtain the
preferred answer sets of the original PL program by getting the preferred answer
sets of the reduced PL program, Reduce(Subst⊥(Pref,Q(P ))), such as the second
step of the alterative semantics indicates. So, in order to get the preferred answer
sets from the reduced PL program Reduce(Subst⊥(Pref,Q(P ))), we should use
some of the preference criteria described in Section 3, i.e., set inclusion, set
cardinality or Pareto criterion.

Example 12. Let DP be the set of disjunctive rules of the PL program P of
Example 8. Let us consider the set Reduce(Subst⊥(Pref,Q(P ))) of Example 11.
Let P ′ := DP ∪ Reduce(Subst⊥(Pref,Q(P ))), namely the following program:
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play ∨ give up← .
gain(200, 000) ∨ gain(100, 000)← play.
← gain(200, 000).

play ∗ give up
pr← .

gain(100, 000)
pr← play.

By Definition 3, the answer sets of P ′ are M1 = {play, gain(100, 000)} and
M2 = {give up}. According to Definition 7, M1 is the inclusion-preferred answer
set of the reduced LP program P ′. Hence, M1 is also the inclusion-preferred
answer set of the original PL program P . We also can verify that M1 is the
cardinality-preferred answer set of P , and the pareto-preferred answer set of P
too.

4 Properties

In spite of the fact that we have to continue researching about the properties of
the semantics of PL programs, in this section we introduce some properties that
help to understand the semantics presented in this paper. We do not present the
proofs of the lemmas in this section due to they are straightforward.

We write SEM to denote any arbitrary semantics for PL programs, namely
a mapping that associates to every PL program P a set of preferred models.
In particular we shall write SEMP to denote the semantics for preferences de-
scribed in Section 3, and SEMaP to denote the alternative semantics described
in Section 3.1. In addition we consider the set inclusion ordering unless stated
otherwise. We illustrate with an example the first property. Let P be the follow-
ing program:

a← c.
b.

Suppose that P is part of a larger program P1. For instance, let P1 be the
following program:

a← b, c.
b.

Now, let us suppose that P and P1 have the same answer sets, such as in the
examples for programs P and P1 above. This notion is a particular case of the
well known concept of strong equivalence [8] and it is very useful to understand
or simplify programs. Our first definition is related to strong equivalence but is
not the same, yet it holds for answer sets over regular theories.

Definition 15. Let P and P1 be two logic programs, such that P ⊆ P1. Sup-
pose that P `G3 α ↔ β. Then SEM satisfies the substitution property if
SEM(P1) = SEM(P2) with respect to the language of P2, where P2 is as P1 but
we replace the subformula α by β.

Both semantics introduced in this paper hold the substitution property.
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Lemma 1. SEMP and SEMaP satisfy the substitution property.

Following this same line, one could be interested in understanding if a formula
such as ⊥ ∗ a can be reduced with respect to ⊥ to a simpler formula, such as
Definition 14 indicates. Moreover, one could be interested in understanding if a
set of preference rules R can be reduced with respect to ⊥, such as it is also
indicated in Definition 14. We recall that in Definition 14, the set of reduced
preference rules is denoted by Reduce(R). So, this property can be used to shows
that {← a., a ∗ b pr← c.} is strongly equivalent to {← a., b

pr← c} using semantics
SEMaP . The following definition came by ideas given in Example 1 of [1] that
we analyzed in Section 3.1, specifically in Example 11.

Definition 16. Let DP be the set of disjunctive rules of a PL program P . Then
SEM satisfies the basic reduction property if SEM(P ) = SEM(P ′) where
P ′ := DP ∪ Reduce(Subst⊥(Pref,Q(P ))).

As we defined in Section 3.1, SEMaP corresponds to a refinement of the
semantics presented in Section 3, SEMP . Specifically, we saw that the main
idea of SEMaP is to reduce the set of preference rules in the PL program using
Definition 14, and then SEMaP works as SEMP indicates using one of the
preference criteria to get the preferred answer sets. So, it is easy to see that
the alternative semantics, SEMaP holds the basic reduction property and the
semantics SEMP does not.

Lemma 2. SEMaP satisfies the basic reduction property.

5 Related work

Currently there are several approaches in non monotonic reasoning dealing with
preferences [4]. In particular, work that relates ASP with preferences as logic
programs with ordered disjunction can be found in [2,1,3]. Balduccini et al.
relate ASP with preferences introducing CR-programs with preferences in [1].
Work that relates Answer Set Planning with preferences using language PP
can be found in [15]. Brewka et al. define Answer Set Optimization Programs
where the body of preference rules are literals and the head is in terms of special
formulas called boolean combinations in [3]. Our work follows the approach given
in [11,10,2] and allow us to define the head and body of the preference rules
in terms of well formed formulas, i.e., our approach relates answer set general
theories with preferences.

As we mentioned, the semantics of preference logic programs is inspired in
the semantics of logic programs with ordered disjunction (LPOD) [2]. The main
differences between LPOD’s and PL programs are the following: PL programs
have a broader syntax than LPOD’s; the semantics of PL programs differs from
the semantics of LPOD’s. We consider that the difference between the seman-
tics of PL programs and LPOD’s is due to the fact that LPOD’s represent a
disjunction over the possible options and PL programs represent preference over
the possible options. The following example illustrates the difference between
the semantics of PL programs and LPOD’s.
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Example 13. Let P be the following logic program:

a← .
b← ¬c.
c← ¬b.
d← ¬a.
f ← c,¬a.
e← b,¬a.

We can verify that P has two answer sets, {a, b} and {a, c}. Now, let us consider
the preference for answer sets having f over those having c. So, we need an
approach that allows us to express the fact that we are more interested in answer
sets containing f than answer sets containing c. In this way, we expect to obtain
{a, c} as the preferred answer set of program P . If we express this preference
using the LPOD approach then, we could use the following ordered disjunction
rule: f×c. It stands for “if f is possible then f otherwise c” (see [2]). If we consider
the program P together with the ordered disjunction rule then, we obtain two
preferred answer sets {a, b, f} and {a, c, f}. And, this does not coincide with
what we expected. Now, if we consider our approach and we add to program P

a preference rule such as f ∗ c pr← . then, we obtain only {a, c}. This coincides
with what we expect.

We also want to mention that our work was motivated by our previous work
about how to express preferences for evacuation plans based in Answer Set Plan-
ning [13,16]. In Answer Set Planning a planning problem is represented as an
answer set program. Then the preferred plans correspond to the preferred an-
swer sets of an answer set program representing a planning problem. In [16], we
analyzed the use of language PP [15] to express preferences about evacuation
plans, where the evacuation plans correspond to the answer sets of an answer
set program representing the evacuation planning problem. In spite of the fact
that the authors of language PP define the way to obtain the preferred plans of
a planning problem according to the preferences expressed in language PP, in
[16] we suggested an alternative way to obtain these preferred plans, i.e., we sug-
gested an alternative way to obtain the preferred answer sets. In [15] the authors
propose to assign a weight to each component of the preference formula, then
the most preferred answer set is the answer set that maximize the preference for-
mula. The alternative way to obtain these preferred plans that we proposed in
[16] takes advantage of two things: the broader syntax for preferences rules; and
the characterization of answer sets for a propositional theory in terms of logic
G3. So, the approach in [16] seems to be a simpler way to obtain the preferred
answer sets than the original way defined in [15]. Additionally, the semantics
introduced in [16] is a simplified version of the two semantics for preference
logic programs presented in this paper. Hence the semantics for preference logic
programs that we are introducing corresponds to a generalized version of the
semantics proposed in [16] to obtain the preferred answer sets.
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6 Conclusions

We provide two semantics for preference logic programs. Preference logic pro-
grams are a finite set of preference rules and an arbitrary set of well formed
formulas. We propose the only approach about preferences in ASP that allows
us to express preference rules for general theories. Of course we have to continue
researching about the properties of the semantics of preference logic programs,
but the results obtained in the examples presented in this paper make these
semantics interesting.
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