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Abstract

The category of effect algebras is the Eilenberg-Moore category for the monad arising
from the free-forgetful adjunction between categories of bounded posets and orthomodular
posets.

In the category of effect algebras, an observable is a morphism whose domain is a Boolean algebra.

The characterization of subsets of ranges of observables is an open problem. For an interval effect

algebra E, a witness pair for a subset of S is an object living within E that “witnesses existence” of

an observable whose range includes S. We prove that there is an adjunction between the poset of all

witness pairs of E and the category of all partially inverted E-valued observables.

1 Introduction and motivation

Let E be an effect algebra. We say that a subset S of E is coexistent if and only if there is a
Boolean algebra B and a morphism of effect algebras φ : B → E (an observable) such that S is
a subset of the range of φ.

From the point of view of physics, the notion of coexistence is well motivated by its appli-
cation in mathematical foundations of quantum mechanics, see for example [14] and [3]. From
the purely mathematical point of view, one can hope that the study of coexistent subsets can
shed at least some light at the enigmatic structure of general effect algebras.

To deal with the notion of coexistence, in [9, 10] we introduced and studied a new notion
called witness mapping. For a subset S of an interval effect algebra E in a partially ordered
abelian group G, a witness mapping for S is a mapping from the finite subsets of S to E
satisfying certain conditions.

2 Effect algebras, observables and witness mappings

2.1 Effect algebras

An effect algebra [5, 13, 7] is a partial algebra (E;⊕, 0, 1) with a binary partial operation ⊕ and
two nullary operations 0, 1 satisfying the following conditions.

(E1) If a⊕ b is defined, then b⊕ a is defined and a⊕ b = b⊕ a.

(E2) If a⊕ b and (a⊕ b)⊕ c are defined, then b⊕ c and a⊕ (b⊕ c) are defined and (a⊕ b)⊕ c =
a⊕ (b⊕ c).
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(E3) For every a ∈ E there is a unique a′ ∈ E such that a⊕ a′ exists and a⊕ a′ = 1.

(E4) If a⊕ 1 is defined, then a = 0.

Every effect algebra is a poset under a partial order given by a ≤ b iff (∃c)a = b⊕ c.
The class of effect algebras can be considered a common superclass of several important

classes of algebras: orthomodular lattices and posets [11, 2], orthoalgebras [6], MV-algebras
[4, 16]. In particular, every Boolean algebra is an effect algebra.

2.2 Observables and coexistent subsets

Let E,F be effect algebras. A mapping φ : E → F is a morphism of effect algebras if and only
if the following conditions are satisfied:

(EM1) φ(1) = 1.

(EM2) If a, b ∈ E, a ⊥ b then φ(a) ⊥ φ(b) and φ(a⊕ b) = φ(a)⊕ φ(b).

Definition 1. We say that a subset S of an effect algebra is coexistent if there exists a Boolean
algebra B and an observable α : B → E such that S ⊆ α(B).

2.3 Interval effect algebras

Let (G,≤) be a partially ordered abelian group and u ∈ G be a positive element. For 0 ≤ a, b ≤
u, define a ⊕ b if and only if a + b ≤ u and put a ⊕ b = a + b. With such a partial operation
⊕, the closed interval [0, u]G = {x ∈ G : 0 ≤ x ≤ u} becomes an effect algebra ([0, u]G,⊕, 0, u).
Effect algebras which arise from partially ordered abelian groups in this way are called interval
effect algebras, see [1].

Let H be a Hilbert space, let Bsa(H) be the set of all bounded self-adjoint operators on
H. For A,B ∈ Bsa(H), write A ≤ B if and only if, for all x ∈ H, 〈Ax, x〉 ≤ 〈Bx, x〉. Then
(Bsa(H),+, 0) is a partially ordered abelian group. The identity operator I is a positive element
of this group.

The prototype interval effect algebra is the standard effect algebra E(H) = [0, I]Bsa(H). E(H)
plays an important role in the unsharp observable approach to the foundations of quantum
mechanics, see for example [3].

2.4 Witness mappings

Let E be an interval effect algebra in a partially ordered abelian group G. Let S ⊆ E. Let
us write Fin(S) for the set of all finite subsets of S. We write I(Fin(S)) for the set of all
pairs of comparable elements of the poset (Fin(S),⊆), that means, I(Fin(S)) = {(X,Y ) ∈
Fin(S)× Fin(S) : X ⊆ Y }.

For every mapping β : Fin(S) → G, we define a mapping Dβ : I(Fin(S)) → G. For
(X,A) ∈ I(Fin(S)), the value Dβ(X,A) ∈ G is given by the rule

Dβ(X,A) :=
∑

X⊆Z⊆A

(−1)|X|+|Z|β(Z).

The transform β 7→ Dβ is (essentially) a Möbius inversion with respect to the poset (Fin(S),⊆);
see [9] for details. In [9], we introduced and studied the following notion:

Definition 2. Let E be an interval effect algebra, S ⊆ E. We say that a mapping β : Fin(S)→
E is a witness mapping for S if and only if the following conditions are satisfied.

110



Effect algebras, witness pairs and observables Jenča

(A1) β(∅) = 1,

(A2) for all c ∈ S, β({c}) = c,

(A3) for all (X,A) ∈ I(Fin(S)), Dβ(X,A) ≥ 0.

For every MV-algebra M , the mapping
∧

: Fin(M) → M is a witness mapping (Corollary
2 of [9]).

Let H be a Hilbert space, let S be a pairwise commuting subset of E(H). The mapping
Π : Fin(S) → E(H) given by Π({x1, . . . , xn}) = x1 . . . xn. is a witness mapping (Proposition 9
of [9]).

3 New results

3.1 Where do the effect algebras come from

It was proved by Kalmbach in [12] that every bounded lattice L can be embedded into an
orthomodular lattice K(L). However, K is not a functor from the category of lattices to
the category of orthomodular lattices. On the positive side, as proved in [15], the Kalmbach
construction K( · ) can be extended to all bounded posets; for a bounded poset P , K(P ) is then
an orthomodular poset (OMP). Moreover, as proved in [8], K is right adjoint to the forgetful
functor from the category of OMPs to the category of bounded posets. Thus, we obtain a
monad on the category of bounded posets, which we call the Kalmbach monad.

Theorem 1. The category of effect algebras is isomorphic to the Eilenberg-Moore category for
the Kalmbach monad.

This way, the category of effect algebras arises from the category of orthomodular posets.

3.2 Witness pairs and partially inverted observables

So far, the most important result concerning witness mappings is the following theorem.

Theorem 2. ([9], Theorem 3) Let E be an interval effect algebra. S ⊆ E admits a witness
mapping if and only if S is coexistent.

We show that this theorem is a consequence on the fact that a pair of functors is adjoint.
Let E be an interval effect algebra, let S ⊆ E and let β be a witness mapping for S. We

call the pair (β, S) a witness pair in E. Suppose that there is another witness pair (β+, S+)
such that S+ ⊇ S and β+ restricted to Fin(S) is equal to β. We then say that (β+, S+) extends
(β, S), in symbols (β+, S+) w (β, S). It is easy to see that w is a partial order on the set of all
witness pairs. We denote the corresponding poset by Wit(E). This is one of our categories.

The other category is the category of partially inverted E-valued observables, denoted by
Obs∗(E). The objects of this category are all quadruples (B,S, f, f∗), where

• B is a Boolean algebra,

• S is a subset of E,

• f : B → E is an observable,

• f∗ : S → B is a right inverse of f on S, that means, f ◦ f∗ = idS .

An arrow p : (B,S, f, f∗) → (B′, S′, g, g∗) is a morphism of Boolean algebras p : B → B′ such
that
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• g ◦ p = f ,

• S ⊆ S′,
• for every X ∈ Fin(S)

∧
p(f∗(X)) =

∧
g∗(X).

Let us define a functor G : Obs∗(E) → Wit(E): on objects, we define G(B,S, f, f∗) =
(β, S), where β : Fin(S) → E is given by β(X) = f(

∧
f∗(X)). Looking at the proof of

Proposition 6 of [9], we see that (β, S) is a witness pair. The arrows in Obs∗(E) were defined
so that G is a functor. The result can now be formulated as follows:

Theorem 3. G is a left adjoint.

Theorem 2 is now an obvious corollary of Theorem 3.
Let us denote the right adjoint of G by F . It turns out that F (β, S) = (FB(S), S, αS , ηS),

where FB(S) is the Boolean algebra freely generated by S, αS was previously defined in [9] ηS
is the unit of the standard free-forgetful adjunction between Boolean algebras and sets.
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