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Algorithm 1: Synchronous model

1 Initialize P = {@1, ..., x,} randomly;

2 while The termination criteria are not met do
3 forie {1,...,u} do

4 L u; < generateTrialVector(P);

5

6

for i € {1,...,u} do
L if f(u;) < f(=x;) then x; + ug;

3. DE with the two models can be viewed as a base-line. Any surrogate-assisted
DE should outperform the two non-surrogate-assisted DEs. Some surrogate-
assisted DEs have been proposed (e.g., [30,34,51,56]). However, benchmark-
ing a surrogate-assisted DE has not been standardized in the DE community.
It is also difficult to accurately reproduce experimental results of most exist-
ing surrogate-assisted DEs since their source code is not available through
the Internet. Consequently, the progress is unclear. Our base-line addresses
this issue, facilitating a constructive development of a surrogate-assisted DE.

The rest of this paper is organized as follows. Section 2 explains the five
population models in DE. Section 3 describes the setting of our computational
experiments. Section 4 shows analysis results. Section 5 concludes this paper.

2 Five population models in DE

Here, we do not consider any method that aims to maintain the diversity in the
population, such as crowding DE [47], island /distributed models [8,52], and the
cellular topology [8,35]. These methods aim to prevent the premature conver-
gence of DE to find a good solution with a large number of function evaluations.
Thus, these methods are not suitable for expensive optimization, where DE needs
to quickly find a good solution with a small number of function evaluations.
We carefully surveyed the literature on population models that aim to ac-
celerate the convergence speed of DE. As a result, we found the following four
population models: the asynchronous model [8,53,54], the (u+ A) model [37,49],
the worst improvement model [1], and the subset-to-subset (STS) model [12].
Algorithms 1-5 show the overall procedure of the basic DE with the tradi-
tional synchronous model and the four population models. We extracted only the
population models from their corresponding original algorithms. For example,
the worst improvement model is derived from DE with generalized differential
(DEGD) [1], which consists of multiple components. In this study, we want to
focus only on the population model. For this reason, we generalized it so that
we can examine its effectiveness in an isolated manner. For the same reason, we
do not use any surrogate model and any parameter adaptation method for the
scale factor F' and the crossover rate C' [45]. Below, we explain the five models.
Synchronous model (Algorithm 1)



The synchronous model is used in the original DE [42] and most recent DE
variants, including jDE [5], JADE [57], CoDE [50], and SHADE [43]. Here, we
explain the synchronous model and some basic operations in DE.

At the beginning of the search, the population P = Xy, ..., X0 is initialized
(line 1 in Algorithm 1), where p is the population size. For each i 2 1, ..., ug, X;
is the i-th individual in the population P . Here, X; is an n-dimensional solution
of a problem. For each j 2 f1,...,ng, x; ; is the j-th element of X;. According to
the DE terminology, we use the terms “individual” and “vector” synonymously.

After the initialization of P, the following steps (lines 2—6 in Algorithm 1)
are repeatedly performed until a termination condition is satisfied. For each
i 2 f1,..., ug, a trial vector (child) u; is generated (lines 34 in Algorithm 1). In
this operation, first, a mutant vector v; is generated by applying a differential
mutation to some individuals in P . Table 1 shows seven representative mutation
strategies in DE. The scale factor F' controls the magnitude of the mutation.
Parent indices 71,72, ... are randomly selected from f1, ..., ugnfig such that they
differ from each other. In Table 1, Xpest is the best individual in P. For each
i 2 1, ..., ug, Xpbest is randomly selected from the top max(bp uc,2) individuals
in P, where p 2 [0, 1] controls the greediness of current-to-pbest/1 [57] and rand-
to-pbest/1 [55]. Also, X,, and X,, in current-to-pbest/1 and rand-to-pbest/1 are
randomly selected from the union of P and an external archive A.

After the mutant vector v; has been generated, a trial vector uU; is generated
by applying crossover to X; and Vv;. In this study, we use binomial crossover [42]:
C

vi; ifg;  C or j = jrand
x;; otherwise

; (1)

Ui o=

where ¢; is randomly selected from [0, 1], and jrand is randomly selected from
f1,...,ng. The crossover rate C' in (1) controls the number of inherited elements
from the target vector X; to the trial vector u;.

After the p trial vectors have been generated, all individuals are updated
simultaneously (lines 5-6 in Algorithm 1). If f(u;)  f(X;) for each i 2 f1, ..., ug,
X; is replaced with u;. The individuals that were worse than the trial vectors are
stored in the external archive A. When jA] exceeds a pre-defined size, randomly
selected individuals are deleted to keep the archive size constant.

Asynchronous model (Algorithm 2)

In contrast to the synchronous model, individuals in the population are up-
dated in an asynchronous manner. Thus, immediately after the trial vector u
has been generated, X; can be replaced with u (lines 4-5 in Algorithm 2). It is
difficult to find out the first study that proposed the asynchronous model in DE
since such an idea is general. In fact, some previous studies did not explicitly
describe that they dealt with the asynchronous model (e.g., [53]). While DE with
the asynchronous model can immediately use a new superior individual for the
search, DE with the synchronous model needs to “wait” by the next iteration.
For this reason, the asynchronous model is generally faster than the synchronous
model in terms of the convergence speed of the population [7,8].

(£ + A) model (Algorithm 3)



Table 1: Seven representative mutation strategies for DE.

Strategies De nitions

rand/1 Vi = Ty + F(Try, — Trg)

rand/2 V; =@y + Fi (T, — ®rg) + Fi(@ry — @Trg)
best/1 vi = Tpest + Fi (Tr; — Try)

best/2 Vi = Tpest + Fi (®ry — Try) + Fi (Trg — Try)
current-to-best/1 wv; := x; + F; (pest — x;) + F; (mTl — mrz)
current-to-pbest/1 v; := x; + F; (Tpbest — i) + Fi (xr; — ®ry)
rand-to-pbest/1 v, := ., + F; (Tpbest — Trq) + Fi (Trp, — ®r3)

Algorithm 2: Asynchronous model

1 Initialize P = {z1, ..., 2, } randomly;
2 while The termination criteria are not met do

3 for i€ {1,...,u} do
4 u < generateTrialVector(P);
5 if f(u) < f(x;) then x; + u;

The elitist (1 + ) model is general in the field of evolutionary algorithms,
including genetic algorithm and ES. For each iteration, a set of A trial vectors
Q = fuy, ..., u,g are generated (lines 3-5 in Algorithm 3). For each u, the target
vector is randomly selected from the population. Then, the best p individuals
in P [ Q survive to the next iteration (line 6 in Algorithm 3). Unlike other
evolutionary algorithms, the (¢ + A) model has not received much attention in
the DE community. Only a few previous studies (e.g., [37,39,49]) considered the
(u + A) model. As pointed out in [37], the synchronous model may discard a
trial vector that performs worse than its parent but performs better than other
individuals in the population. The (x + ) model addresses such an issue.

Worst improvement model (Algorithm 4)

In the worst improvement model [1], only A worst individuals can generate
trial vectors (lines 3-5 in Algorithm 4). Then, the A individuals and their A trial
vectors are compared as in the synchronous model (lines 6-7 in Algorithm 4).

Ali [1] demonstrated that a better individual is rarely replaced with its trial
vector. In other words, the better the individual X; (i 2 f1,..., ug) is, the more
difficult it is to generate u; such that f(u;)  f(X;). In contrast, a worse indi-
vidual is frequently replaced with its trial vector. Based on this observation, Ali
proposed the worst improvement model that allows only the A\ worst individu-
als to generate their A trial vectors. The number of function evaluations could
possibly be reduced by not generating the remaining p A trial vectors that are
unlikely to outperform their 4\ parent individuals.

Subset-to-subset (STS) model (Algorithm 5)





https://github.com/ryojitanabe/de_expensiveopt
https://github.com/ryojitanabe/de_expensiveopt

Algorithm 5: STS model

1 Initialize P = {@1, ..., x,} randomly;

2 h+ u/s; // 1f modulo(u,s) #0, h<+ u/s+1
3 while The termination criteria are not met do

4 forie {1,..,u} do

5 L u; <+ generateTrialVector(P);

6

7

8

9

i < Randomly select an index from {1, ..., u};
for j € {1,...,h} do

< min{p — ((j — 1) X s), sk;

K + {modulo(i, ), ..., modulo(: + 1 — 1, u) },
X + {xylk € K}U{ui|k € K};

10 for k € K do

11 L T + arg r;{ln{f(:v)}, X+ X \{zr};

12 | i< modulo(i + s, u1);

conditioning and unimodal (fig, ..., f14), multimodal functions with adequate
global structure (f1s, ..., f19), and multimodal functions with weak global struc-
ture (f20, ..., f24). The dimensionality n of the functions was set to 2,3, 5, 10, 20,
and 40. For each function, 15 runs were performed. These settings adhere to
the procedure in COCO. According to the expensive optimization scenario in
COCO, the maximum number of function evaluations was set to 100 n.

In general, the best parameter setting in EAs depends on the allowed budget
of evaluations [9,38,41,44]. Although parameter studies on DE have been well
performed for cheap optimization (e.g., [5,11,58]), little is known about a suitable
parameter setting for expensive optimization. Thus, it is unclear how to set
control parameters in DE. We try to address this issue by “hand-tuning” and
“automated algorithm configuration”.

We performed “hand-tuning” to select p, the mutation strategy, and some
parameters (i.e., A and sjgn the five population models. We mainly used the
Sphere function f(X) = 22 for benchmarking. As a result, we set u to
ba,, Innc, and ¢, = 13. The population was initialized using Latin hypercube
sampling. We used rand-to-pbest/1 in Table 1. As in [57], we set the parameters
of rand-to-pbest/1 as follows: p = 0.05 and jAj = u. As in the standard setting
in DE for cheap optimization, we set F' and C' to 0.5 and 0.9, respectively. These
settings were suitable for most population models. In the (u + \) and worst
improvement models, we set A to 1. We also set s in the STS model to 2.

We performed “automatic algorithm configuration” using SMAC [22], which
is a surrogate-model based configurator. We used the latest version of SMAC
(version 2.10.03) downloaded from the authors’ website. We set the cost function
in SMAC (i.e., the estimated performance of a configuration) to the error value
Jf(XPST)  f(x*)j, where XS is the best-so-far solution found by DE, and X* is
the optimal solution of a training problem. We used the 28 CEC2013 functions
[28] with n 2 2,5, 10, 20,409 as the training problems. For each run of DE, the



Table 2: Parameters tuned by SMAC, where p = max{|a,Inn|,6}, |[A] = |aarcy],
A = max{|arp], 1}, and s = max{|asu],2}.

a, Strategy p aarc F C  ay Qg
Range [5,20] See Table 1 [O,1] [0, 3] [0, 1] [0, 1] [0,1] [0,0.2]
Default 10 rand/1 005 1.0 05 05 O 0
Synchronous 9.27 rand-to-pbest/1 0.17 0.58 0.51 0.52 - -
Asynchronous 9.09 rand-to-pbest/1 0.29 1.81 0.50 0.62 - -
(n+ ) 9.50 rand-to-pbest/1 0.34 1.96 0.53 0.65 0.64 -
Worst improvement 7.33 rand-to-pbest/1 0.89 1.62 0.58 0.75 0.22 -
STS 5.44 rand-to-pbest/1 0.36 1.95 0.61 0.61 - 0.18

maximum number of function evaluations was set to 100 n. For each run of
SMAC, the maximum number of configuration evaluations was set to 5000. For
each population model, five independent SMAC runs were performed. Then, we
evaluated the performance of DE with the five configurations found by SMAC
on the CEC2013 set with n 2 2,5,10, 20,40g. Finally, we selected the best one
from the five configurations based on their average rankings by the Friedman
test. Table 2 shows the range of each parameter, the default configuration, and
the best configuration for each model. Interestingly, all configurations include
rand-to-pbest/1. For all configurations, F' and C' values are relatively similar.

4 Results

This section analyzes the performance of DE with the five population models.
We mainly discuss our results based on the anytime performance of optimizers,
rather than the end-of-the-run results exactly at 100 n evaluations. For the
sake of simplicity, we refer to “a DE with a population model” as “a population
model”. We also use the following abbreviations in Figures 1, 2, and 3: the syn-
chronous (Syn), asynchronous (Asy), (# + A) (Plus), worst improvement (WT),
and subset-to-subset (STS) models. Section 4.1 demonstrates the performance
of the five population models with the hand-tuned parameters. Section 4.2 ex-
amines the effect of automatic algorithm configuration in the population models.
Section 4.3 compares two population models to CMA-ES and other optimizers.

4.1 Comparison of the five population models

Figure 1 shows results of the five population models with the hand-tuned param-
eters on all 24 BBOB functions with n 2 2,3, 5,10, 20, 40g. In Figure 1, “best
2009” is a wirtual algorithm portfolio that consists of the performance data of
31 algorithms participating in the GECCO BBOB 2009 workshop [17].

Figure 1 shows the bootstrapped empirical cumulative distribution (ECDF)
of the number of function evaluations (FEvals) divided by n (FEvals/n) for
31 targets for all 24 BBOB functions. We used the COCO software with the
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Fig. 1: Results of the five population models with the hand-tuned parameters. For each
abbreviation (Syn, Asy, Plus, WI, and STS), see the beginning of Section 4.

“--expensive” option to generate all ECDF figures in this paper. Although
the target error values are usually in 102, ...,10~8g, they are adjusted based on
“best 2009”. In ECDF figures, the vertical axis indicates the proportion of target
error values reached by an optimizer within specified function evaluations. For
example, in Figure 1 (e), the synchronous model reaches about 20 percent of
all 31 target error values within 10 n evaluations on all 24 BBOB functions
with n = 20 in all 15 runs. For more details of ECDF, see [15]. In addition to
ECDF, we analyzed the performance of the population models based on average
run-time with the rank-sum test (p = 0.05), but the results are consistent with
the ECDF figures in most cases. For this reason, we show only ECDF figures.
Figure 1 shows that the (u + A) and worst improvement models show a
good performance on any dimensional problems. Although the (1 + A) model
performs slightly worse than the worst improvement model exactly at 100 n
evaluations, it performs better than the worst improvement model at the early
stage, especially for n 2 20, 40g. The asynchronous model performs better than
the synchronous model. This is consistent with the results in previous studies
(e.g., [7,8]). The asynchronous model is also competitive with the (z+ A) model
for n = 40. Compared to the STS model, the asynchronous model has the
advantage that it does not require any parameter such as the subset size s.
Overall, we can say that the choice of a population model significantly in-
fluences the performance of DE for expensive optimization. The (u + A) and
worst improvement models are the best when using the hand-tuned parameters.






4.3 Comparison to other optimizers

The results in Section 4.1 and 4.2 show that the worst improvement model with
the hand-tuned parameters (WI) and the (1 + A) model with the automatically-
tuned parameters (T-Plus) perform the best in the five population models for
n 10 and n 20, respectively. Here, we compare the two best population
models with the following six optimizers. We downloaded the performance data
of the six optimizers from the COCO data archive.

SMAC-BBOB [23] is a Bayesian optimizer. Although the original version of SMAC
[22] is an algorithm configurator as explained in Section 3, this version of SMAC
(SMAC-BBOB) is a numerical optimizer. SMAC-BBOB is similar to EGO [25].

1mm-CMA [2] is a surrogate-assisted CMA-ES with local meta-models [4].

CMAES_Hutter [23] is a CMA-ES with the default parameters.

texp_liao [29] is a CMA-ES with automatically-tuned parameters for expen-
sive optimization as in Section 4.2. The irace tool [31] was used for tuning.

R-SHADE-10e2 [44] is a SHADE [43] with automatically-tuned parameters for
expensive optimization as in Section 4.2. SHADE is one of the state-of-the-art
adaptive DE algorithms. R-SHADE-10e2 uses the synchronous model.

DE-scipy [48] is DE from the Python SciPy library (https://www.scipy.
org/). DE-scipy can be viewed as a DE used by a non-expert user. DE-scipy
uses the asynchronous model.

Figure 3 shows results of the two population models and the six optimizers.
For n = 40, only the data of texp_liao, CMAES Hutter, and DE-scipy were
available. Unsurprisingly, SMAC-BBOB and 1lmm-CMA perform the best at around
10 n and 100 n evaluations, respectively. We wanted to know how poorly the
two population models perform compared to SMAC-BBOB and 1mm-CMA.

As seen from Figure 3, the (1 + A) and worst improvement models perform
significantly better than R-SHADE-10e2 and DE-scipy for any n. This result
provides important information to design an efficient DE, i.e., the basic DE with
a suitable population model can outperform even SHADE. Our results indicate
that the default version of DE-scipy is unsuitable for expensive optimization.

The (+ A) and worst improvement models perform significantly better than
CMAES Hutter and texp-liao for n 2 2,3,5g. The worst improvement model
performs better than CMAES Hutter and texp_liao until 100 n evaluations and
performs similar to CMAES Hutter and texp_-liao exactly at 100 n evaluations.
Although the two models perform significantly worse than texp_liao for n 2
120, 409, they have a better performance than CMAES Hutter at the early stage.
The (u+ A) model is also competitive with CMAES_Hutter at 100 n evaluations.

The (u+ ) model in this section and texp-liao use the automatically-tuned
parameters for expensive optimization. Interestingly, both optimizers perform
well for high-dimensional functions (n  20), but they perform poorly for low-
dimensional functions (n  10). This unintuitive observation may come from the
difficulty in finding a parameter set with a good scalability to n. As reported in
[40], automatically-tuned parameters are likely to fit for hard-to-solve training
problems. Here, parameters in the (+ A) model were tuned on the 28 CEC2013
functions with n 2 2,5, 10, 20, 409, and parameters in texp_liao were tuned on
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