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Abstract—In this article, we prove an existence result
of entropy solutions for anisotropic elliptic obstacle
problem associated to the equations of the type :

Au=—dive(u) =f in Q
(P) { u=2~0 on 09,

where Q is a bounded open subset of RV, N > 2,
N

A= —Zai ai(x, u, Vu) is a Leray-Lions anisotropic
i=1

operator acting from Wol’?(')(Q7 3) into its dual

w70, @) and ¢; € C°(R,R), the right hand side

f belongs to and L*(Q).

I. INTRODUCTION

The study of the obstacle problem originated in the
context of elasticity as the equations that models the shape
of an elastic membrane which is pushed by an obstacle
from one side affecting its shape. The resulting equation
for the function whose graph represents the shape of the
membrane involves two distinctive regions: in the part
of the domain where the membrane does not touch the
obstacle, the function will satisfy an elliptic PDE. In the
part of the domain where the function touches the obstacle
(contact set), the function will be a supersolution of the
elliptic PDE. Everywhere, the function is constrained to
stay above the obstacle. Obstacle problem is deeply related
to the study of minimal surfaces and the capacity of a set
in potential theory as well. Applications include the study
of fluid filtration in porous media, constrained heating,
elastoplasticity, optimal control and financial mathemat-
ics...

Let © be a bounded open subset of RY(N > 2)

with smooth boundary and let p;(.) € C,(Q) for
1=0,1,..., N, and consider the exponent vector ?() =
{p1(),...,pn(-)}, the vector W denoting a vector of mea-
surable positive functions, i.e., @ = {wi,...,wn}, with
w; are weight measurable functions for all ¢ =1, --- ) N.

Let us consider the weighted anisotropic Sobolev space
11225540 (9, ﬁ) ,and A is the Leray-Lions operator acting
from VVOI’?(')(Q7 W) into its dual Wofl’?l(')(Q, )
defined by Au = —diva(z, u, Vu).
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We consider the obstacle problem associated with the
following elliptic equations:

N N
- Z@i a;(x,u, Vu) — Z Oipi(u) = f inQ, (1)
i=1

=1

u=0 on 09,

where ¢ = (¢1, -+, ¢n) belongs to CO(R,R)N. As
regards the second member, we assume that the datum
f belongs to L' .

The problem (1) does not admit weak solution, because
the function ¢; does not belongs to L} () in general.
To defeat this difficulty we use the entropy solutions in
this study, the notion of a entropy solution was intro-
duced by P. Benilan et al [7]. The anisotropic elliptic
obstacle problem associated elliptic problems the weighted
anisotropic Sobolev space (we refer to [1], [2], [5], [8], [12]
for more details), and P.-L. Lions [15] in their study of
the Boltzmann equation. We mention some works in the
direction of the anisotropic space such as [8], [16].

The purpose of this paper is to analyze the existence of
entropy solutions for obstacle anisotropic problem (1), in
the convex class

Ky = { u € Wol’?(m)(Q, W(x)), u>1 aein Q},
where v is a measurable function on 2 such that
vt e whTO@Q, B)nLe(Q). 2)

In recent years this kind of problems still attracting the
interest of the researchers, we mention some works in this
direction [11], [12], [16]. Moreover the non weighted case
w; =1 for any i € {1,...,N}treated by Y. Akdim,
C. Allalou and A. Salmani (see. [4]) have proved the
existence of entropy solutions for anisotropic elliptic ob-
stacle problem like (1). Boccardo et al. in [10] studied the
existence of weak solutions for nonlinear elliptic problem

.o Ou

0 [, ou
(1) with Au:—;%aniP agji)»@(U):O for
i=1,---, N and the right-hand side is a bounded Radon
measure on ).



II. PRELIMINARIES

Let © be a bounded open subset of RV(N > 2) | we
assume that the variable exponent p(-) : Q — [1,00] is
log-Hoélder continuous on €2, that is there is a real constant
¢ > 0 such that for all z,y € Q, z # y with [z—y| < % one
has: |p(z) — p(y)| < Tog Ti—yy and satisfying p~ < p(x) <
pT < 0o where p~ :=ess inf p(z); p* = esssup p(z).

€N e
For almost everywhere strictly positive and measurable

function w :  — R will be called a weight. We shall denote
by LP()(Q,w) the set of all measurable functions u on Q
such that the norm

wllp(z),w(z) = inf {u >0: /Q w(x) ‘M

is finite. LP()(Q,w) is also called weighted Lebesgue
space.

p(x)

dx < 1},

Proposition 1. [1] the space (Lp(gc)(Q,w)7 ||.p(x)’w) is
of Banach.

Throughout the paper, we assume that w; a weight
function for any ¢ =1, ..., N, satisfying the conditions:

(Al ) wipi(m)71 € Llloc(Q)'

The reasons why we assume ( A; ) can be found in [14].

Proposition 2. [1] Let Q be a bounded open subset of
RY, and w; be a weight function on Q, for any i =
1, ..., N, If (Ay) is verified, then for alli =1,...,N
we have LP'®) (Q,w;) < L}, (Q).

w; € Lj,.(Q);

Lets pi(.) € C4+(Q) and z in Q, and w; are weight

measurable functions for all ¢ =1,--- | V.

We define the following vectors 7(.) =
{p1(),---,pn ()} and E?(-) {wi(),...,wn()}. We
denote 0% u = v and d'u = for ¢=1,...,N, and

u
8:5,»
, P} thenp > 1.

(3)

At present, let us consider the weighted anisotropic vari-
able exponent Sobolev space W17 ()(Q, W(.)) is defined

as follow WhPO(Q, W (.)) = {u e LY(Q)

p=min{ p;, ...

and O'u €

P (Qw;), i = 1,...,]\7}7 is a Banach space with

respect to norm (see [12])

= [lull @ +Z 10" u (4)

i=1

lell 3 )0 pi ()i ()
We denote by C5°(2) the space of all functions with com-
pact support in Q with continuous derivatives of arbitrary
order.

We define the functional space W (Q w(.)) as
the closure of C§°(Q) in Wh ?()(Q ﬁ()) with re-
spect to the norm (4). Note that C§°(f) is dense in

W&’?(')(Q, (). By an adapted method of that of
Adams [2], and by constructing an isometric isomor-
N

phism from le(')(Q, w(.))

L < pi()
) is separable and reflex-

into [ ] LPO(Q, wi(.)),
i=1

we can show that if < o0, the space

(wo 7, B, -

iveif1<pi()<oo forallZ—l, ,N.
For p;(.) > 1, W12 ()(Q, (

%

P’ () is the conjugate of T(.), i.e., pi(.) =

wh() = {wr() = w00, i =

) de&gns its dual where
pi(-)

pi(.) —1
1, ..,N}.Wedenote

and

7

ps the function defined by

) _ 25

Ps ROESE

we have  ps(z) < p(x) a.e. in Q, and
pi(@) = w=s i p(a)s(x) < N(s(z) + 1),
pi(z) arbitrary, else if,

Lemma 1. Let Q be a smooth bounded open subset of
RY, and suppose that infw;(.) > 0 a.e. in Q for all
i=1,...,N. Let (A1) be satisfied, we have the following
continuous and compact embedding
1) If p() < N, then WP O(Q, B()) s LIO(Q)
Jorall q(.) € [p(.),ps()[
2) If p(.) = N, then WEPD(Q, W() = LIO(Q)
for-all q(.) € [p(.), o],
3) Ifp() > N, then WE7
Co(Q).
The proof of this lemma follows from the fact that the
embedding

7O, B() c W) € WoH®)

V@@, W()) = L) N

is continuous, and in view of the compact embedding
theorem Wol’?(')(Q7 w(.)) for Sobolev spaces. Moreover,
we consider the set

’761’?(')(9,3(.)) = { u: Q+— R, measurable, such
that Ty (u) € WP O(Q, (), for any k > 0 3

s if |s| <k,
where  Ti(s) = kﬁ it || > k.
S

III. BASIC ASSUMPTIONS AND NOTION OF SOLUTIONS

We assume that a; OxRxRY — R are
Carathéodory functions for i =1,2,..., N, which satisfies
the following conditions, for all s € R, &, ¢ € RY and a.
e.in z€Q and for i=1,...,N,

ai(z, s, §)& > aw; |G, (5)
1 pi()

1
. U .
()\ p'(‘)—l-wipi()|€i|pi(')_1)7

(6)

P’

jai(w, 5,6)| < BT (Ry(a)+w,"




for

(ai(x’ 5, 5)_%(377 S5, 6/))(61_52) >0 &i 7& 5;7 (7)

where R;(.) is a nonnegative function lying in L?:(-)(Q)
and «, 8 > 0. Moreover, we suppose that

$; € C°(R,R) for i=1,...
ferL(Q). (9)

Lemma 2. [3] Assume that (5) - (7) hold, let (uy)n a se-
TOQ, W()) and ue WrTOQ, @()),
1’7(')(9, w(.)), and

if up = u  weakly in W,
Z/(ai(x,un,Vun)—ai(a:,un,Vu))(Diun—Diu)dx — 0,
Q

, N, and (8)

. 1
quence in W,

Dq, w() .

then w, — u strongly in Wol’?

Lemma 3. [5] Let (Un)n @

WO1 70 (Q () such that un, weakly in
1?( (Q W(.)). Then Ti(up) — Ti(u) weakly in
WA, B0

sequence  from

- u

N

Lemma 4. [3] [fu € WP O(Q, D) then Z/ dyudx =
° Q

0.

Definition 1. A measurable function u is said to be
an entropy solution for the obstacle problem (1), if u €

761’?(‘)(9,?) such that u > 1 a.e. in Q and

N
Z/ﬂ ai(z,u, Vu) 0; T (u — @) + ¢ (u) 0; Tk (u — )] dz

=1
? Tk - d

IV. MAIN RESULTS

for all ¢ € Ky NL™®(Q).

Theorem 1. Assuming that (5)—(9) hold, there exists at
least one entropy solution wu of the problem (1).

Proof : Step | : Approximate problems
We consider the following approximate problems

unEKw

N

;/Q a; (2, Up, Vug)0; (uy,
N

—1—2/9(;5?( U )0;(un, — v)da < /Q fn (up —v)dx

Vo e Ky andVEk >0,

—v)dx

(10)
where f, =T (f) and 67 (s) = ¢i(Tn(s))-
We define the operators ®, of K, to W, " 70 (Q, &)

by : (®, u,v) /d)l n(uw))Ovde for allu € Ky
ﬁ

and v € W1 7O (Q

Lemma 5. [/] The operator B, = A+ ®,, is pseudo-
monotone and coercive in the following sense, there exists

Bn y VT
vg € Ky such that {Bnv,v = vo)

— oo if ||v| N s
olh 702 LPO),

oo forv € Ky.

According to Lemma 5 and Theorem 8.2 chapter 2 in
[15], the problem (10) admit a least one solutions.

Step 2 : A priori estimate

Proposition 3. Suppose that (5) — (9) are hold, and if u.,
is a solution of the approximate problem (10). Then the
following assertion is valid: there exists a constant C such

that / |8, T (1)
i=179

Proof. Let v = u, — nTx(u — ) where n > 0. Since
v € Wol’?(‘)(ﬁﬁ) and for all n small enough, we get
v € K. We take v as test function in problem (10), we

obtain

pi(w)wi(x)dm <C(k+1)Vk>D0.

—¢*)dx

N
> [ aite. . V)9 T
i=1 Q

N
< /Q RSy /Q 167 () 105 (1~ iz

Since 9 Ty (u,; —1*) =0 on the set {u} —
pose L := {uf — ¢+ <k} then

>k}, we

¥t)da

N
7 5 ny V n 82 ;Lr*
;/La (z, u Up )0 (u
N
< / T =0+ 3 / 16 ()05

- ¢+)‘d9€a

thus, we can write

Z/az n7
+Z/ 6 1030 T ()T (2)

+Z / |¢?<un>||a¢w+|d:c+z / lai wt, V)t |da
i=1 YL i=1 7L

u,f)aiu:d:c < / fT,Tk(uI — Y M)dx

Using to Young’s inequalities, and accordingng to (6), we



obtain

N

Z/ ai(x, un, Vu,)0udr < / T (ut — 1) da
i=17/L Q

_ =1
pi(x) wfﬂf)*l (2) dx

N
+01(04);/L¢?(Tk+|w|m(un))
N
S
+ 5 ;/szun
N
(T, " 67,‘ +d
#3210 T o) o0

N N
(0% 'z «
+) g/LRi(x)pi( Vdo 4+ g/Lm
i=1 i=1

pi(x) wi(z)dx

pi(m)wi(z) dx

N N
@
E o dut pi(z) J(z)d C / 9t Pi(®) , (2)dr.
+ P 6 /L D wilz)de + 1:21 2(2) L 0371 @ lﬁs?ngg;c Holder’s inequality, Lemma 1 and (15), we have

Combining (2), (5), (6), (7) and (A1), we get
N
/ Ot PO () de < Ch+ ¢ (11)
i=1 /{un —+ <k}
Since {z € Q, ut <k} C{z e, ut =y <k+|¢"|x},
then

N
> /Q 10T ()

pi() wi(z)dx

N

=D / |0t [P wi(a) dee
i—1 J {ut <k}
N
< Z/ 8ut [Pi® oy (x) de.  (12)
im1 ut =t <kt oo}
Hence, thanks to (11), we get
N
> [ 0t i) do
=170
<(k+ ¥ |)C+C" VE>0. (13)
Similarly taking v = w, + Tk(u,) as test function in

approximate problem (10), we have
N
Z/ 0T ()@ wi(2) dz < C"(k+1).  (14)
=179

By (13) and (14), we obtain

gNl | 1o

P w;(x) dr < (k+[[ T [loo+1)C" VE > 0.

O

Step 3 : Strong convergence of truncations

Proposition 4. Let u, be a solution of approximate
problem (10). Then there exists a measurable function u

and a subsequence of u, such that
Tk (uy,) — T(u)  strongly in VVol’?(')(Q7 o).

Proof. According to Proposition 3, we obtain

I8 1=

ITiCim) 1700 3y < OO+ 16 oo + D (15)

Firstly, we will show that (u,), is a Cauchy sequence in
measure in Q. For all A > 0, we obtain {|u, —um| > A} C
{Jun] >k} U {Jum| > k} U {|Tk(un) — Tk(tm)| > A} which
implies that

Um| > A} < meas{|u,| > k} + meas{|u,,| > k}

+ meas {|T (un) — Ti(um)| > A}
(16)

meas {|u, —

k.meas{|u,| > k} = /

|Tk(un)\dx§/ |T (uy,)dx
{lun|>k} Q

1
< (meas(€2)) 2| T () 2oy
1
< Clmeas(2)) 2| Ti(n)ll 2 7000 )

< Ck+ 19T lo + 1)

IS =

N
Then meas{|u,| >k} < C (th + 1+H;Cl)p Il oo 0 as

k — oo. Which implies that, for all ¢ > 0, there exists
ko such that Vk > kg, we get

meas{|u,| > k} < % and  meas{|u,,| > k} < % (17)

Since the sequence (T} (uy))n is bounded in Wolj(') (Q, W)
there exists a subsequence (Tk(uy,)), such that T'(u,)
converges to v a.e. in §2, weakly in WOI’ (')(Q,Z?) and
strongly in L2(Q2) as n tends to oco. Then the sequence
(Tk (un))n is a Cauchy sequence in measure in €2, thus for
all A > 0, there exists ng such that
meas{|Ty (un) — Tk (um)| > A} < %, VYn,m > ng. (18)
Using (16), (17) and (18), then ¥ A,e > 0, we have
meas{|un, — um| > A} <e Vn,m > ng.

Hence (uy,)n is a Cauchy sequence in measure in 2, then
there exists a subsequence denoted by (u, ), such that u,
converges to a measurable function u a.e. in 2 and

Tk (uy) — T(u) weakly in Wolj(')(Q, W)and a.e.inQVk > 0.

(19)
Now, we will show that
N
Jm > [ (@ T, V7)) -
ai(x, Ti(un), VT (1)) (0iTk(un) — 0; T (u))dx = 0. (20)



Let consider v = up, + T (un, — T (uy)) ™ as test function

in approximate problem (10), we have
—Z/ @i (2, Up, Vg )0 Ty (U =T (uy)) ™ do— Z/ o (

(91‘T1(Un - Tm(un))_ dx < — /Q fnTl(un - Tm(uﬂ))_dm

We pose L™ :={—(m+1) <wu, <—-m}, Then

Z/ aixun,Vuné)und:c+Z ¢1 (up)Oiuy, dx

—/anTl(unme(

@7 (t)xr-dt. Then using the Green’s

Up))” dx. (21)

We pose P} (s) =

formula, we obtain

N N
Z/ ®i(un)0 juy, dr = Z/ 99" (uy,) dx = 0.
i=17 L7 i=179

Then, we have

Z/ ai (T, Up, Vg )Oiu, do < — / JnT1(un—Tm(un))
(22)
According to Lebesgue’s theorem, we get
lim limsup/ oI (uy, — Trn(up))” dz =0
m—00 no00

Then, we get

lim 1imsupZ/ ai(T, U, Vun)0iu,de=0. (23)

M0 n—oo T

Similarly, we take v = u, — 57T1(up — T (uy))™ as test
function in approximate problem (10), we pose LT :=
{m < u, <m+ 1}, then

N
lim limsupZ/ ai(x, Up, Vup)diu,dr=0. (24)
L+

m—r o0 n—oo

We define the following function of one real variable:

1 if [s| <m
hm(s) =< 0 if |s|]>m+1
m+1—|s| ifm<|s|<m+1,

where m > k. Let consider ¢ = wu, — 9(Tk(u,) —
T(u))thpm(u,) as test function in approximate problem
(10), we obtain

ai(®, Un, Vun)0i(Ti(un)
=179

—T(u))" by (u)d
+Z/ai(x, Un » V) (T (un) — Te(w) TOiunhl, (un) da
Z

04 (T (up) — Ti(w)) T hpn (uy,) do

< [ 5Bl = Tl )
(25)

Using (23) and (24), we get the second integral in (25)
converges to zero as n and m tend to oo. Since A, (uy,) =
0 if |u,| > m+ 1, we obtain

N
> [ 6 0n)0s(Telta) = Tua)) o) =

N
> [ 6iTtwh,

By Lebesgue’s theorem, we get ¢ (Tt1(tn))hm (uy) —
&i(T(w))hpm (u) in L’”(Q wi) and 0;Tk(un) — 0;T(u)
weakly in LP(Q,w;(z)) as n goes to oo, then the third
integral in (25) converges to zero as n and m tend to oo.
(

Combining (5), (2

(un)0i(Ti(un) — T (w)) " da.

(26)

3), (24) and Lebesgue’s theorem, we

have
N
lim lim Z/ 18 st [P (Th (un) — Tr(w) " wi(z) dz = 0,
=1 (27)
and
N
s 4 . pl('l') — + . =
%gnoogl_{r;o;/jﬁ |0 it (Tx(up) —Ti(u))Tw;de =0.

(28)
We conclude that

N
lim lim Z/Qai(x, Un, Vn)0;i(Tr(uy) — Ti(u))™

mM—00 N—00 4
i—

P (up)dx <0,



which implies that, if we take Ly := {Tk(u,)
0, |up| <k} and L}, := {Tk(un)

—Tk(u) >
— Tk (u) >0, |uy| > k}

lim lim

— lim lim Z/ a;(x, Up, Vup)0 i Ti(w) b, (uy,) de < 0.
k

mM—00 N—00 4

Since hp,(un) = 0 in {Juy| > m + 1}, we obtain

N
2 / @i,y V) 0T (W) () da

:Z / ai(z, Ts1(n), Vi1 ()i Th(w) o, (uy,)dzz.

Slnce (ai(z, Tt1(un), VImt1(un)))n>0 is bounded in
Lpil- (Q w?) we have ai(z, Tm+1(un), VT (u)) converges
to Vi weakly in LPi(Q,w*). Hence

lim lim
m—00 N—00

Z// @i (2, Tt (Un ), Vi1 (un )05 Ti (u

= lim / Y, 03Ty (w)ho (u) dz = 0,
as results
N
lim lim / a;i(x, Ti(un), VTi(un))
m~>oon~>oo [T (un )T () >0}
i (T (un) — Tr(w) i (up) de < 0. (29)
Moreover, we have ai(x,Tk(un),VTk( Nhm(un) —
ai(z, Ti(u), VT(u)hm(u)  in LPO(Q, j) and
0i (T (un) —Ti(u)) converges to 0 weakly in Lpl )(Q,w;),
then
N
lim lim / a;i(z, Ti(un), VTi(u))
m— 00 N—00 = {Ty (wn ) — T (u) >0}
0 (T (up) — Tr(w)) A (uy) de = 0. (30)

According to (7), (29) and (30), we deduce

lim lim / (ai(z, Ty (un), VT (un))
mﬁoo"%"oz {T (un)—Tr(u)>0}

—ai(x,Tk(un), VTk( M) O0i(Th (up) =T (w)) b, (w0 )dz = 0.
(31)

Similarly, we choose ¢ = uy + (T (un) — T (w)) ™ i (tn)
as test function in approximate problem (10), we have,

(ai (I7 T]f (u”)’ VTk (un))
i—1 Y ATk (un)—Ti(u)<0}
— ai(x, Ty (un), V(1) 0 (Th () — Ti (1)) (uy)dx = 0.

(32)

Using (31) and (32), we have

m_mn_mZ/L e un,Vun)&»(Tk(un)—Tk(u))hm(un)dx"%gnoonh—%";/ﬂ(ai(aj’ﬂ(un)’vn(un))

—a;(z, Ty (un), VT (w)))0i (T (wn) =Tk (w)) hm (un )dz = 0.
(33)

Now, we show

%gnoonh_}rr;OZ/ ai(x, Ti(un), VI (up)) — ai(z, T (un)
VT ()0 (T (un) — Ti(w)) (1 — hyp(up))dz = 0. (34)

Let ¢ = up + Ti(un)” (1 — hpm(uyn)) as test function in
approximate problem (1), we obtain

N
_Z/ ai(z, Uy, Vun)0iTh(un) ™ (1 = by (un))de

m (tn, szZ/ a;(z, Un, Vu,)0iu, Ty (un) ™ hl, (u,)dz

- Z/ G (1) 05 T () ™ (1 = ho (U ) )d

+ Z/ i (n)Oun T (un) ™ hiy (un)de

/ Y

Thanks to (23

— hp(up))dz.

) and (24), we obtain

N
lim lim Z/ a;(z, Un, Vup)0iu, Tk (un) bl (u,)dz = 0.
Q

M—00 N—00 4

Then the second integral in (35) converges to zero as n
and m goes to oo. Since 9;Tk(un)” — 0;Tk(u)”
in  LPO)(Qw;) and ¢1(Tk(un))(1 — hm(un)) —
Gi(Ti(u))(1 = hyp(u)) strongly in LP()(Q, w?*), we get

lim lim

— lim Z /Q 64 (T ()T ()~ (1 — o ().

m—+00 4

In view to Lebesgue’s theorem, we have

lim
m—ro00

Z/¢ (T4 ()3T () (1 = by () = 0.

Hence the third integral in (35) converges to zero as n
and m tends to oo.



t
We set  ®I'(t) = / ¢i(s)Tk(s)”hl,(s)ds, in sight to

Green’s Formula, we o}oatain

N
; /Q P () it Tie () ~h! () da

N
= Z/ 997 (up,) dx = 0.
i=1 7%

Then the fourth integral in (35) converges to zero as n
and m tend to oo. Using to Lebesgue’s theorem, we get
the integral on the right hand in (35) converges to zero as
n and m goes to oco. We Conclude

N
w}gnoo nh—{r;o z; /{u <0} o (x’ o vun)aiTk (uﬂ)
i= n=

(1 = hp(up))dz =0. (36)

Following this, for n small enough, we choose ¢ = u,, —
Tk (uf =) (1 —hp(uy,)) as test function in approximate
problem (10), we have

N
> [ asCetn, V)T = 01 = )
=1 Q2
N
—Z/ a;i (2, U, Vun)0iun Ty (ul — )R, (uy,)dx
=1 Q2
N
+3 0 O (un)iTe(uh — ) (1 = R (un))dr
— Ja

N
=30 [ DT = B ()
=1

< [ it = )0 = ()
Q
(37)
Thanks to Hélder’s inequality, (5), (23) and (24), we get

N
. . n ) + ot / _
7711511007111—{202/9@ (tn)Osun Ti(uy — ™ )by (un)dz = 0.

Using the Young’s inequality we have

N
> [ s, s Ve 0T~ )1 () <
i=17%
N

i7n7vnainT j;_ +d
;/La(xu Up )0 T (u ) dx
+ [ BTt =)0 = b))

N
JFZ/+
i=171

up, —p+ <k}

¢Z’(un)3zurf(1 — b (un))dz

N
N (1 — B (. )\da
+z;/{u+w+<k} P un) 0 = P )
(38)

Thank to (23), we obtain the first integral on the right
hand converges to zero as n and m tend to oco. By
Lebesque’s theorem, we have the second integral in the
right hand converges to zero as n and m tend to oco. Since

N
>/ 8 (n)0it (1 = i)
{uf =<k}

i=1

N
=3 /Q O (T ket 1 oo 2y} (Un))
=1
hom (uy))dx.

(39)

aiT{kHWJrHLOO(Q)}(uI)(l -

As 0Tyt oo} (Wh) = DTyt | oo ey} ()
weakly in L0 (Q,w;) and @f (T fy | o o} (un)) (1 =
B (wn)) = Gi(T ikt g+ ooy} (W) (1= hip(u)) strongly in
LPi0)(Q,w*) we obtain

N
Z/Q¢?(T{k+uw+nLoo(m}(Un))aiT{k+\|w+||Loo<m}(ui)
=1

N
(1= hyn(up))dz = Z /Q Di(T et [l oo (0} (1))

8iT{k+|\¢+\|L°°(Q)}(u)(l - hm(u))dx + 5(”) .

Using the Lebesgue’s theorem, we have

N
lim Y /Q O i (Tht gt oo (0 } ()T ot || oo ()} (1)
=1

1=

(1 hy(w))dz = 0. (40)

Hence, we get the third integral converges to zero as n and
m tend to oco. Similarly as (36), we have

N
Jim i 3

a; (-T7 Unp,, vun)asz (un)

un>0}
(1 = hpm(up))de =0. (41)
According to (36) and (41), we obtain
N
mli_r)n()o nh_}rrgo ; /Q a; (T, Upy V)0 Ty (uy,)
(1 = hm(up))dz =0. (42)

Furthermore, we have

N

> [ (@i Ti(un), 9Ti(un)) = 0, Ti,), VT )
=179

N
(0:Tk(upn) — 0T (u))dx = Z /Q(ai(a:,Tk(un), VT (uy))

—a;(x, Tr(un), VI (w)) (0 Tk (un) — 0; Tk (w))h(uy, )dx

N
+ Z /Q(ai(z,Tk(un), VT (un)))0i Tk (un) (1 — o (uy))dx



N
_ Z /Q(ai(x,Tk-(Un), VT (un))0i T (1) (1 — Ry (uy))dz

N
-3 / (a3 (&, Tic(tn), V() (05T (1) — BT (w))
i=178
(1 = hyp(up))dx.

Combining (33) and (42), the first and the second integrals
on the right hand side converge to zero as n and m tend
to oo.

As  (ai(x, Tg(upn), VIk(un)))n  is
L (Qw?) and  9;Th(u)(1 — h(u,))

bounded
converge to

in

zero in LP*)(Q,w;) as n and m tend to oo, then the  [1]

third integral on the right hand side converge to zero as
n and m tend to oco. Where

2]

3

05(, T (), Vi) (1 = () 5
— ai(x, Tp(u), VI (uw))(1 — h(u)) (43)

, 4

strongly in LP:()(Q,w*) and 9;Ty(u,) — 9;T(u) weakly 4
in LPi()(Q,w;) we obtain the fourth integral on the right

hand side converge to zero as n and m tend to co. Then, 5]

we obtain (20).
Thanks to (19), (20) and Lemma 2, we have

: [6
Tk (un) = T(u) strongly in Wol’?( )(Q, W)and a.e. in QVEk > d

O

[7]
Step 4 : Passing to the limit. Let ¢ € K,;,NL>(Q),
we chose v = wu, — Tk(u, — @) as test function in 8]
approximate problem (10), we have
N N [9]
=179 =179 [10]
0Tk (un, — @)dz < / foTk(un — p)dx,
Q
(11]
which implies that,
(12]

N
Z/Qai(x,Tmugauoo(un),VTHH@H(X,(un))aiTk(un—s@)de [13]
i=1

(14]
N
+Z/Q¢>i(Tk+|w||oo(un))@Tk(un—v?)dx < /anTk(un—<P)d$~

= [15]
As Ty (upn) — T'(u) strongly in W&’?(')(Q, W) and a.e. in [16]
Q for all £ > 0, we obtain

(17]
a;(x, Tk-i-l\wlloo (un), VT]CJFHLPHOQ (un)) =

@i (%, Tt ol e (1), Vot o)) (w))

weakly in LPi()(Q, w?)

(18]

b; (Tk+”w”m (un)) — ¢ (Tkﬂwuw (u)) strongly in Lp;(') (Q, wz*)

and  0;Tk(un — @) = 0;Ti(u — ) strongly in LPi(Q,w;)
we can pass to limit in

Uy € K,/,

N

Z/ ai(xy Up, Vup)0; T (uy, — p)dx
i=179

—|—Z£V:1 Jo 7 (un) 0Tk (un — @)da < [o) fr Ti(un — @)da
VQO € Kﬂ’ N LOO(Q)

and Vk > 0,

this completes the proof of theorem 1.
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