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Abstract 

This research focused on finding a mathematical space, extending to the Lebesgue spaces, 
through which it is possible to find the best approximation for unbounded functions 
depending on the fundamental theory of approximation(Korevkin Theorem) using some 
linear operators in terms of the averaged modulus of smoothness of order 𝑘 (τ-modulus). 
Key words: Multiplier convergence, Multiplier integral, Multiplier modulus. 
  
1. Introduction  

In 1949, G. Hardy [1] defined the multiplier sequence for a converge of the series 

as. 

A series ∑ 𝑐𝑛
∞
𝑛=0  is called a multiplier convergent if there is convergent sequence 

of real numbers {Φ𝑛}𝑛=0
∞  ,such that (∑ 𝑐𝑛

∞
𝑛=0  Φ𝑛 < ∞) where, {Φ𝑛}𝑛=0

∞  is called a 

multiplier for the convergence, for example. 

The series ∑
1

𝑚
∞
𝑚=1   is a divergent series and the sequence {

1

𝑚
}

𝑚=1

∞

 convergent sequence. 

Since  ∑
1

𝑚
∙

1

𝑚
∞
𝑚=1 = ∑

1

𝑚2
∞
𝑚=1  which is convergent series then the series  ∑

1

𝑚
∞
𝑚=1   is a 

multiplier convergent, so from above we note that. 

    If  ∑ 𝑎𝑛 is convergent series then it is multiplier convergent,  

this by Taken  { ∅𝑛}𝑛=0
∞ = {1}𝑛=0

∞  . 

Similar to the above we provide the following definition. 

Let 𝐿𝑝(𝕏) be the space of all bounded measurable functions defined on 𝕏 = [𝑎, 𝑏]  

with the norm  

‖𝑓(. )‖𝐿𝑝 = ‖𝑓(. )‖𝑝 = (∫ |𝑓(𝑥)|𝑝)
𝕏

1

𝑝
< ∞    ,1 ≤ 𝑝 < ∞.     

Now for any real valued function 𝑓 defined on   𝐵 = [𝑎, 𝑏], if there is a sequence 

 { 𝒞𝑛}𝑛=0
∞  of real numbers such that ∫ (𝑓𝒞𝑛)(𝑥)  <  ∞

𝐵
, as 𝑛 → ∞  , then   𝑓 is called 

multiplier integral and {𝒞𝑛}𝑛=0
∞  , is called a multiplier for the integral where 𝑛 ∈ ℕ. 

The multiplier integral norm can be defined as follows  

  ‖𝑓(. )‖𝐿𝑝,𝒞𝑛
= {(∫ |(𝑓𝒞𝑛)(𝑥)|𝑝

𝕏
𝑑𝑥)

1

𝑝: 𝑥 ∈ 𝕏}  , 

Where   𝒞𝑛 = {𝒞𝑛}𝑛=0
∞  be the multiplier for the integral and ‖𝑓‖𝐿𝑝,𝒞𝑛

 = ‖𝑓‖𝑝,𝒞𝑛
 .  

https://en.wikipedia.org/wiki/Lebesgue_integration


2 
 

From above.  

Let  𝐿𝑝,𝒞𝑛
(𝕏) = {𝑓: ‖𝑓‖𝑝,𝒞𝑛

< ∞} , 𝕏 = [0, ∞), be the space of all unbounded continuous 

functions𝑓, 1 ≤ 𝑝 < ∞, which are equipped with the above norm. 

 Where  (𝑓𝒞𝑛) is the sequence of real continuous functions on  [0, ∞) and  

  ‖𝑓𝒞𝑛(. )‖𝑝 = ‖𝑓(. )‖𝑝,𝒞𝑛
                (1.1)         

Now After this introduction, we present the definition of the Szasz-Mirkjan-Beta operators . 

The classical Szasz-Mirkjan operators are defined by 

𝜍𝑛(𝑓, 𝑥) = ∑ 𝑗𝑛,𝑘(𝑥)𝑓 (
𝑘

𝑛
)∞

𝑘=0  where 𝑗𝑛,𝑘(𝑥) = 𝑒−𝑛𝑥 (𝑛𝑥)𝑘

𝑘!
, 𝑛 𝑎𝑛𝑑 𝑘 ∈ ℕ, 𝑥 ∈ [0, ∞). 

Some authors like in [2] had been proposed a sequence of mixed summation integral 

type operators, the so called Szasz-Mirakjan-Beta operators as follows: 

Μ𝑛(𝑓, 𝑥) = 𝑒−𝑛𝑥𝑓(0) + 𝑒−𝑛𝑥 ∑
(𝑛𝑥)𝑘

𝑘! 𝛽(𝑛+1,𝑘)
∫ 𝑓(𝑡)

∞

0

𝑡𝑘−1

(1+𝑡)𝑛+𝑘+1
∞
𝑘=1 𝑑𝑡  

Where 𝑓 ∈ 𝐶[0, ∞), 𝑥, 𝑡 ∈ [0, ∞) and  

𝛽(𝑛 + 1, 𝑘) = ∫
𝑡𝑘−1

(1+𝑡)𝑛+𝑘+1

∞

0
𝑑𝑡     (Beta − Function)  

Another authors like in [4] Provide a Modified Szasz-Mirkjan-Beta Operators as follows: 

For 𝑓 ∈ 𝑪𝒚[0, ∞)  and 𝑛 ∈ ℕ then  

𝑀𝑛(𝑓, 𝑥) = 𝑒−𝑛𝑥 ∑
(𝑛𝑥)𝑘

𝑘!𝔹(𝑛+1,𝑘)

∞
𝑘=1 ∫ (𝑓)(𝑡)

∞

0

𝑡𝑘−1

(1+𝑡)𝑘+𝑛+1  + 𝑒−𝑛𝑥(𝑓)(0)  

Be the Szasz-Mirakjan-Beta operators where 𝑓 ∈ 𝑪𝒚[0, ∞) such that  |𝑓(𝑡)| ≤ 𝑀(1 + 𝑡)𝑦 

for some 𝑀 > 0, 𝑦 > 0 , 𝔹(𝑛 + 1, 𝑘) = ∫
𝑡𝑘−1

(1+𝑡)𝑘+𝑛+1

∞

0
𝑑𝑡 

 

In this paper, we will study the approximation of unbounded function in 𝐿𝑝,𝒞𝑛
(𝕏)-

spaces by using Szasz-Mirkjan-Beta operators as new approach using Korevkin Theorem 

which states the following. 

[Korevkin Theorem] [3] 

Let 𝕃𝑛 be a linear positive monotone operator such that 

1) 𝕃𝑛(1, 𝑥) = 1 

2) 𝕃𝑛(𝑡, 𝑥) = 𝑥 + 𝛼(𝑥) 

3) 𝕃𝑛(𝑡2, 𝑥) = 𝑥2 + 𝐵(𝑥) 

Then for any 𝑓 ∈ 𝐶[𝑎, 𝑏] 

‖𝕃𝑛(𝑓, . ) − 𝑓(. )‖𝑃 ≤ 3𝜔𝑘(𝑓, √(𝐵(𝑥) − 2𝑥𝛼(𝑥))
𝑃

                                                        (1.2) 

2. Preliminary 

 The following mathematical concepts are needed:  

Definition 2.1: [3]  

Let 𝑓 ∈ 𝐿𝑝(𝕏), 𝕏 = [0, ∞) let  

∆ℎ
𝑘(𝑓, 𝑥) = ∑ (

𝑘
𝑖

) (−1)𝑘−𝑖𝑘
𝑖=0 𝑓 (𝑥 −

𝑘ℎ

2
+ 𝑖ℎ) : 𝑥 ∓

𝑘ℎ

2
∈ 𝕏 be the   
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Difference of 𝑘 − order of  𝑓 and 

𝜔𝑘(𝑓, 𝒮)𝑝 = 𝑆𝑢𝑝|ℎ|<𝒮‖∆ℎ
𝑘(𝑓, . )‖

𝑝
 is called the usual modulus of Smoothness of 𝑓. 

Also  

 

𝜏𝑘(𝑓, 𝒮)𝑝 = ‖𝜔𝑘
 (𝑓, 𝒮)‖𝑝   is the averaged modulus of smoothness of order 𝑘 of  𝑓 

Definition 2.2  

Let 𝑓 ∈ 𝐿𝑝,𝒞𝑛
(𝕏), 𝕏 = [0, ∞) let 

𝜔𝑘
⋆ (𝑓; 𝒮)𝑝,𝒞𝑛

= 𝑆𝑢𝑝|ℎ|<𝒮‖∆ℎ
𝑘(𝑓, 𝑥)‖

𝑝,𝒞𝑛
,  𝒮 ≥ 0,   

is called  k − order  modulus of smoothness of 𝑓  

Definition 2.3 

For 𝑓 ∈ 𝐿𝑝,𝒞𝑛
(𝕏), 𝕏 = [0, ∞). 

Let introduce a new sequence of linear operator  

𝑅𝑛
∗ (𝑓, 𝑥) of  Szasz-Mirakjan-Beta type operators to approximate a function 𝑓(𝑥) belongs 

to the space 𝐿𝑝,𝒞𝑛
(𝕏), 𝕏 = [0, ∞), 𝑛, 𝑘 ∈ 𝑁 as follows: 

𝑅𝑛
∗ (𝑓, 𝑥) = 𝑒−𝑛𝑥(𝑓𝒞𝑛)(0) + 𝑒−𝑛𝑥 ∑

(𝑛𝑥)𝑘

𝑘!𝔹(𝑛+1,𝑘)

∞
𝑘=𝑖 ∫ (𝑓𝒞𝑛)(𝑡)

∞

0

𝑡𝑘−1

(1+𝑡)𝑘+𝑛+1  

Where  𝑥 ∈ [0, ∞), 𝔹(𝑛 + 1, 𝑘) = ∫
𝑡𝑘−1

(1+𝑡)𝑘+𝑛+1

∞

0
𝑑𝑡       

Remark 2.3.1 

For every 𝑛 ∈ 𝑁 we have 

𝑒−𝑛𝑥 ∑
(𝑛𝑥)𝑘

𝑘!

∞
𝑘=1 = 𝑒−𝑛𝑥 [

𝑛𝑥

1
+

(𝑛𝑥)2

2
+

(𝑛𝑥)3

6
+ ⋯ ] = 𝑒−𝑛𝑥. 𝑒𝑛𝑥 = 1         (2.1)  

Remark 2.3.2 [5]: 

Properties of Beta function:  

𝒂)       𝔹(𝑛, 𝑘) = 𝔹(𝑘, 𝑛), 𝑛 and 𝑘 are are positive integers 

𝒃)       𝔹(𝑛, 𝑘) =
(𝑛−1)!

𝑘(𝑘+1)(𝑘+2)…(𝑘+𝑛−1)
  if 𝑛 ≠ 𝑘  

𝒄)       
1

𝑏𝑛+1 𝔹(𝑛 + 1, 𝑘) = ∫
𝑡𝑘−1

(𝑏+𝑡)𝑛+𝑘+1

∞

0
𝑑𝑡      𝑏 ∈ (0, ∞)  

𝒅)         
1

𝑏𝑛 𝔹(𝑘 + 1, 𝑛) = ∫
𝑡𝑘

(𝑏+𝑡)𝑛+𝑘+1

∞

0
𝑑𝑡  

𝒆)         
1

𝑏𝑛−1
𝔹(𝑘 + 2, 𝑛 − 1) = ∫

𝑡𝑘+1

(𝑏+𝑡)𝑛+𝑘+1

∞

0
𝑑𝑡  

Remark 2.3.3 

For 𝑛, 𝑘 are positive integers then  

1)     𝔹(𝑘 + 1, 𝑛) =
𝑘

𝑛
𝔹(𝑛 + 1, 𝑘)  

2)     𝔹(𝑘 + 2, 𝑛 − 1) =
𝑘(𝑘+1)

𝑛(𝑛−1)
𝔹(𝑛 + 1, 𝑘)  
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Proof 

1)   𝔹(𝑘 + 1, 𝑛) =
(𝑘+1−1)!

𝑛(𝑛+1)(𝑛+2)…(𝑛+𝑘+1−1)
=

𝑘!

𝑛(𝑛+1)(𝑛+2)…(𝑛+𝑘)
=

𝑘(𝑘−1)!

𝑛(𝑛+1)(𝑛+2)…(𝑛++𝑘−1)
  

=
𝑘

𝑛
𝔹(𝑘, 𝑛 + 1) =

𝑘

𝑛
𝔹(𝑛 + 1, 𝑘)  

2)   𝔹(𝑘 + 2, 𝑛 − 1) =
(𝑘+2−1)!

(𝑛−1)(𝑛)(𝑛+1)(𝑛+2)…(𝑛−1+𝑘+2−1)
  

=
(𝑘+1)!

(𝑛−1)(𝑛)(𝑛+1)…(𝑛+𝑘)
=

(𝑘+1)𝑘(𝑘−1)!

(𝑛−1)(𝑛)(𝑛+1)…(𝑛+𝑘)
  

=
𝑘(𝑘+1)

𝑛(𝑛−1)
.

(𝑘−1)!

(𝑛+1)(𝑛+2)…(𝑛+𝑘)
=

𝑘(𝑘+1)

𝑛(𝑛−1)
. 𝔹(𝑘, 𝑛 + 1) =

𝑘(𝑘+1)

𝑛(𝑛−1)
𝔹(𝑛 + 1, 𝑘)       ∎  

Remark 2.3.4 [4]: 

From the linear operator 𝑅𝑛(𝑓, 𝑥) let 𝑞𝑛
∗ (𝑥) be a sequence of real valued continuous 

functions defined on [0, ∞) with 0 ≤ 𝑞𝑛
∗ (𝑥) < ∞ then let define the following positive 

linear operator. 

𝑀𝑛
∗(𝑓, 𝑥) = 𝑎𝑛+1 (𝑒−𝑛𝑞𝑛

∗ (𝑥) ∑
(𝑛𝑞𝑛

∗ (𝑥))
𝑘

𝑘!𝐵(𝑛+1,𝑘)
∞
𝑘=1 ∫ 𝑓(𝑡)

∞

0

𝑡𝑘−1

(𝑎+𝑡)𝑛+𝑘+1
𝑑𝑡) + 𝑒−𝑛𝑞𝑛

∗ (𝑥)(𝑓(0)  .  

Where 

𝑞𝑛
∗ (𝑥) =

1

𝑛
(−1 + √1 + 𝑛 (𝑛 −

2

3
) 𝑥2),     ∀𝑥 ≥ 0, 𝑛 ∈ ℕ, 𝑎 ∈ [0, ∞)  

Remark 2.3.5 

From the linear positive operator 𝑅𝑛
∗ (𝑓, 𝑥)and in order to obtain an approximation 

process in space of unbounded functions, let’s introduce the new linear positive operator 

as 

𝐺𝑛
⋆(𝑓, 𝑥) =

{𝑏𝑛+1 (𝑒−𝑛𝑔𝑛
⋆ (𝑥) ∑

(𝑛𝑔𝑛
⋆ (𝑥))

𝑘

𝑘!𝔹(𝑛+1,𝑘)
∞
𝑘=1 ∫ (𝑓𝒞𝑛)(𝑡)

∞

0

𝑡𝑘−1

(𝑏+𝑡)𝑛+𝑘+1 𝑑𝑡) + 𝑒−𝑛𝑔𝑛
⋆ (𝑥)(𝑓𝒞𝑛)(0) }  

Where  𝑔𝑛
⋆(𝑥) be a sequence of real valued continuous functions defined on [0, ∞),   

𝑔𝑛
⋆(𝑥) = √1+𝑛2𝑥2−

2

3
𝑛𝑥2

𝑛
−

1

𝑛
< ∞   , ∀𝑥 ∈ [0, ∞), 𝑛 ∈ ℕ, 𝑏 ∈ [0, ∞)         

Remark 2.3.6 

For 𝑏 = 1 and 𝑔𝑛
⋆(𝑥) = 𝑥 we get 

𝑅𝑛
∗ (𝑓, 𝑥) = 𝐺𝑛

⋆(𝑓, 𝑥) 

Definition 2.4 

For 𝑓 ∈ 𝐿𝑝,𝒞𝑛
(𝕏), 𝕏 = [0, ∞) then 

𝜏𝑘
⋆(𝑓, 𝒮)𝑝,𝒞𝑛

= ‖𝜔𝑘
⋆ (𝑓, 𝒮)‖𝑝,𝒞𝑛

   is the averaged modulus of smoothness of order 𝑘 of  𝑓. 

3. Auxiliary Results  

Here we will prove some results that are useful to prove our main results. 
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Lemma 3.1 

For 𝑓 ∈ 𝐿𝑝,𝒞𝑛
(𝕏), 𝕏 = [0, ∞)   , let 𝑒𝑖(𝑥) = 𝑥𝑖 , 𝑖 = 0,1,2 

Then for each 𝑛 > 1 we have 

𝟏)     𝑅𝑛
∗ (𝑒0, 𝑥) = 1   

𝟐)      𝑅𝑛
∗ (𝑒1, 𝑥) = 𝑥 

𝟑)     𝑅𝑛
∗ (𝑒2, 𝑥) =

𝑛𝑥2

𝑛−1
+

2𝑛

𝑛−1
  

Proof 

1) Since  

𝑅𝑛
∗ (𝑓, 𝑥) = 𝑒−𝑛𝑥(𝑓𝒞𝑛)(0) + 𝑒−𝑛𝑥 ∑

(𝑛𝑥)𝑘

𝑘!𝔹(𝑛+1,𝑘)

∞
𝑘=1 ∫ (𝑓𝒞𝑛)(𝑡)

∞

0

𝑡𝑘−1

(1+𝑡)𝑘+𝑛−1 𝑑𝑡.  

Then 

𝑅𝑛
∗ (𝑒0, 𝑥) = (𝑒−𝑛𝑥 ∑

(𝑛𝑥)𝑘

𝑘!𝔹(𝑛+1,𝑘)

∞
𝑘=1 ∫

𝑡𝑘−1

(1+𝑡)𝑛+𝑘+1
𝑑𝑡

∞

0
)  

= (𝑒−𝑛𝑥 ∑
(𝑛𝑥)𝑘

𝑘!𝔹(𝑛+1,𝑘)
∞
𝑘=1 . 𝔹(𝑛 + 1, 𝑘)) = 𝑒−𝑛𝑥 ∑

(𝑛𝑥)𝑘

𝑘!

∞
𝑘=1 = 1   by  (2.1) 

𝟐)     𝑅𝑛
∗ (𝑒1, 𝑥) = 𝑒−𝑛𝑥 ∑

(𝑛𝑥)𝑘

𝑘!𝔹(𝑛+1,𝑘)

∞
𝑘=1 ∫ 𝑡

∞

0

𝑡𝑘−1

(1+𝑡)𝑛+𝑘+1 𝑑𝑡   

 

= 𝑒−𝑛𝑥 ∑
(𝑛𝑥)𝑘

𝑘!𝔹(𝑛+1,𝑘)
∞
𝑘=1 ∫

𝑡𝑘

(1+𝑡)𝑛+𝑘+1

∞

0
𝑑𝑡  

= (𝑒−𝑛𝑥 ∑
(𝑛𝑥)𝑘

𝑘!𝔹(𝑛+1,𝑘)
∞
𝑘=1 . 𝔹(𝑘 + 1, 𝑛))  by remark  (2.3.2: 𝑑) for 𝑏 = 1  

= (𝑒−𝑛𝑥 ∑
𝑛𝑥(𝑛𝑥)𝑘−1

𝑘(𝑘−1)!𝔹(𝑛+1,𝑘)
∞
𝑘=2 .

𝑘

𝑛
𝔹(𝑛 + 1, 𝑘))    by remark (2.3.3: 1)  

= (𝑒−𝑛𝑥 ∑
𝑥(𝑛𝑥)𝑘−1

(𝑘−1)!

∞
𝑘=2 )    let 𝑘 − 1 = 𝑗 then by (2.1) we get  

𝑅𝑛
∗ (𝑒1, 𝑥) = 𝑒−𝑛𝑥 ∑

𝑥(𝑛𝑥)𝑗

𝑗!

∞
𝑗=1 = 𝑥 (𝑒−𝑛𝑥 ∑

(𝑛𝑥)𝑗

𝑗!

∞
𝑗=1 ) = 𝑥. 1 = 𝑥  

𝟑)      𝑅𝑛
∗ (𝑒2, 𝑥) = (𝑒−𝑛𝑥 ∑

(𝑛𝑥)𝑘

𝑘!𝔹(𝑛+1,𝑘)

∞
𝑘=1 ∫ 𝑡2 𝑡𝑘−1

(1+𝑡)𝑛+𝑘+1

∞

0
𝑑𝑡)  where 

   (𝑓𝒞𝑛)(𝑡) = 𝑒2 = 𝑡2 

= 𝑒−𝑛𝑥 ∑
(𝑛𝑥)𝑘

𝑘!𝔹(𝑛+1,𝑘)

∞
𝑘=1 ∫

𝑡𝑘+1

(1+𝑡)𝑛+𝑘+1

∞

0
𝑑𝑡  

 

= (𝑒−𝑛𝑥 ∑
(𝑛𝑥)𝑘

𝑘!𝔹(𝑛+1,𝑘)

∞
𝑘=1 . 𝔹(𝑘 + 2, 𝑛 − 1))  by remark (2.3.2: e)for 𝑏 = 1  

= (𝑒−𝑛𝑥 ∑
(𝑛𝑥)𝑘

𝑘!𝔹(𝑛+1,𝑘)
∞
𝑘=1 .

𝑘(𝑘+1)

𝑛(𝑛−1)
𝔹(𝑛 + 1, 𝑘))    by remark (2.3.3: 2)  

= 𝑒−𝑛𝑥 ∑
(𝑛𝑥)𝑘

𝑘!

∞
𝑘=1 .

𝑘(𝑘+1)

𝑛(𝑛−1)
= 𝑒−𝑛𝑥 ∑

(𝑛𝑥)(𝑛𝑥)𝑘−1

𝑘(𝑘−1)!

∞
𝑘=2 .

𝑘(𝑘+1)

𝑛(𝑛−1)
  

= (𝑒−𝑛𝑥 ∑
𝑥(𝑛𝑥)𝑘−1

(𝑘−1)!

∞
𝑘=2 .

(𝑘+1)

(𝑛−1)
)   let 𝑘 − 1 = 𝑗 𝐭𝐡𝐞𝐧  

𝑅𝑛
∗ (𝑒2, 𝑥) = 𝑒−𝑛𝑥 ∑

𝑥(𝑛𝑥)𝑗

𝑗!

∞
𝑗=1 .

(𝑗+2)

𝑛−1
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= 𝑒−𝑛𝑥 ∑
(𝑛𝑥)𝑗

𝑗!
.

𝑥𝑗

𝑛−1

∞
𝑗=1 + 𝑒−𝑛𝑥 ∑

(𝑛𝑥)𝑗

𝑗!
.

2𝑥

𝑛−1

∞
𝑗=1   

= (𝑒−𝑛𝑥 ∑
(𝑛𝑥)(𝑛𝑥)𝑗−1

𝑗(𝑗−1)!
.

𝑥𝑗

𝑛−1

∞
𝑗=2 + 1.

2𝑥

𝑛−1
)    let 𝑗 − 1 = 𝑘  

𝑅𝑛
∗ (𝑒2, 𝑥) = 𝑒−𝑛𝑥 ∑

(𝑛𝑥)(𝑛𝑥)𝑘

(𝑘+1)𝑘!

∞
𝑘=1 .

𝑥(𝑘+1)

𝑛−1
+

2𝑥

𝑛−1
   and by (2.1) we get  

= 𝑒−𝑛𝑥 ∑
(𝑛𝑥)𝑘

𝑘!

∞
𝑘=1 .

𝑛𝑥2

𝑛−1
+

2𝑥

𝑛−1
= 1.

𝑛𝑥2

𝑛−1
+

2𝑥

𝑛−1
=

𝑛𝑥2

𝑛−1
+

2𝑥

𝑛−1
    

So  𝑅𝑛
∗ (𝑒2, 𝑥) =

𝑛𝑥2

𝑛−1
+

2𝑥

𝑛−1
         ∎ 

Lemma 3.2 

For 𝑓 ∈ 𝐿𝑃,𝒞𝑛
(𝕏)  with 𝑓(𝑥) = 0 for 𝑥 > 𝑎 > 0, 𝕏 = [0, 𝑎) then 

𝜔𝑘
⋆ (𝑓; 𝒮)𝑝,𝒞𝑛

≤ 𝜏𝑘
⋆(𝑓, 𝒮)𝑝,𝒞𝑛

≤ 𝑎
1
𝑃𝜔𝑘

⋆ (𝑓, 𝒮)𝑝,𝒞𝑛
 

Proof  

𝜏𝑘
⋆(𝑓, 𝒮)𝑝,𝒞𝑛

= ‖𝜔𝑘
⋆ (𝑓, 𝒮)𝑝,𝒞𝑛

‖
𝑝,𝒞𝑛

= ∫ ((|𝜔𝑘
⋆ (𝑓, 𝒮)𝑝,𝒞𝑛

|)
𝑝

𝑑𝑥)
𝕏

1
𝑝
  

= {∫ ⟦𝑆𝑢𝑝|ℎ|<𝒮 [∫ |∆ℎ
𝑘(𝑓𝒞𝑛)(𝑡)|

𝑃𝑎

0
𝑑𝑡: 𝑡, 𝑡 + 𝑘ℎ ∈ [𝑥 −

𝑘𝒮

2
, 𝑥 +

𝑘𝒮

2
] ∩ [0, 𝑎]]⟧ 𝑑𝑥

𝕏
}

1

𝑃
   

Applying holder's inequality, we obtain 

𝜏𝑘
⋆(𝑓, 𝒮)𝑝,𝒞𝑛

≤ {∫ (𝑆𝑢𝑝|ℎ|<𝒮{|∆ℎ
𝑘(𝑓𝒞𝑛)(𝑡)|})

𝑝
𝑑𝑥

𝕏
}

1

𝑝
{∫ 𝑑𝑥

𝑎

0
}

1

𝑝  

≤ 𝜔𝑘
⋆ (𝑓, 𝒮)𝑝,𝒞𝑛

. (𝑎 − 0)
1
𝑝 = 𝑎

1
𝑝𝜔𝑘

⋆ (𝑓, 𝒮)𝑝,𝒞𝑛
 

then  

𝜏𝑘
⋆(𝑓, 𝒮)𝑝,𝒞𝑛

≤ 𝑎
1

𝑝𝜔𝑘
⋆ (𝑓, 𝒮)𝑝,𝒞𝑛

   new 

𝜔𝑘
⋆ (𝑓, 𝒮)𝑝,𝒞𝑛

= 𝑆𝑢𝑝
|ℎ|<𝒮

‖∆ℎ
𝑘(𝑓𝒞𝑛, 𝑥)‖

𝑝,𝒞𝑛
 

= 𝑆𝑢𝑝
|ℎ|<𝒮

{∫ ({|∆ℎ
𝑘(𝑓𝒞𝑛)(𝑡)|})

𝑝
𝑑𝑥

𝕏
}

1

𝑝
≤ {∫ (|∆ℎ

𝑘(𝑓𝒞𝑛, 𝑢)|)
𝑝

𝑑𝑥
𝑎

0
}

1

𝑝  

  

≤ {∫ (𝜔𝑘
⋆ (𝑓𝒞𝑛, 𝒮))

𝑃
𝑑𝑥

𝑎

0
}

1

𝑃
 ≤ {∫ (𝜔𝑘

⋆ (𝑓𝒞𝑛, 𝒮))
𝑃

𝑑𝑥
𝑎−

𝑘ℎ

2
𝑘ℎ

2

}

1

𝑃

= 𝜏𝑘
⋆(𝑓; 𝒮)𝑝,𝒞𝑛

 

  

then   𝜔𝑘
⋆ (𝑓, 𝒮)𝑝,𝒞𝑛

≤ 𝜏𝑘
⋆(𝑓, 𝒮)𝑝,𝒞𝑛

≤ 𝑎
1

𝑃𝜔𝑘
⋆ (𝑓, 𝒮)𝑝,𝒞𝑛

            ∎(3.1) 

Lemma 3.3 

For 𝑓 ∈ 𝐿𝑃,𝒞𝑛
(𝕏)  with 𝑓(𝑥) = 0 for 𝑥 > 𝑎 > 0, 𝕏 = [0, 𝑎) we have 

𝜏𝑘
⋆(𝑓, 𝒮)𝑝,𝒞𝑛

≤ 𝜏𝑘−1
⋆ (𝑓′,

𝑘

𝑘 − 1
𝒮)

𝑝,𝒞𝑛

 ,    𝑘 > 1 
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Proof 

To prove this lemma we shall use the identity by [3] 

[∆ℎ
𝑘(𝑓)(𝑡) = ∫ ∆ℎ

𝑘−1𝑓′(𝑡+𝑢)
ℎ

0
𝑑𝑢, ℎ > 0    , 𝑓′ = (𝑓𝒞𝑛)′  ] . Then   

𝜏𝑘
⋆(𝑓, 𝒮)𝑝,𝒞𝑛

= ‖𝜔𝑘
⋆ (𝑓, 𝒮)‖𝑝,𝒞𝑛

= {∫ |𝜔𝑘
⋆ (𝑓, 𝒮)|𝑃𝑎

0
𝑑𝑥}

1

𝑃  

≤ {∫ |𝑆𝑢𝑝|ℎ|<𝒮 {∫ |∆ℎ
𝑘(𝑓𝒞𝑛)(𝑡)|

𝑃∞

0
𝑑𝑡}

1

𝑃
|

𝑃

𝑑𝑥
𝑎

0
}

1

𝑃

     

≤ {∫ |𝑆𝑢𝑝|ℎ|<𝒮 {∫ |∫ ∆ℎ
𝑘−1(𝑓𝒞𝑛)′(𝑡+𝑢)𝑑𝑢

ℎ

0
|

𝑃

𝑑𝑡
∞

0
}

1

𝑃

|

𝑃

𝑑𝑥
∞

0
}

1

𝑃

              

Applying holder's inequality, we obtain 

𝜏𝑘
⋆(𝑓, 𝒮)𝑝,𝒞𝑛

≤ {∫ |𝑆𝑢𝑝|ℎ|<𝒮 {∫ |∆ℎ
𝑘−1(𝑓𝒞𝑛)′(𝑡+𝑢)𝑑𝑢. |

𝑃∞

0
}

1

𝑃
∫ 𝑑𝑥

ℎ

0
|

𝑃

𝑑𝑥
∞

0
}

1

𝑃

   

≤ 𝑆𝑢𝑝
|ℎ|<𝒮

{∫{|𝜔𝑘−1
⋆ ((𝑓𝒞𝑛)′, 𝒮∗)|𝑃. ℎ}𝑑𝑥

∞

0

}

1
𝑃

 

≤ 𝑆𝑢𝑝 𝜏𝑘−1
⋆ (𝑓′, 𝒮∗)𝑝,𝒞𝑛

. ℎ ≤ 𝒮𝜏𝑘−1
⋆ (𝑓′, 𝒮∗)𝑝,𝒞𝑛

  , Let 𝒮∗ =
𝑘

𝑘−1
𝒮 then 

𝜏𝑘
⋆(𝑓, 𝒮∗)𝑝,𝒞𝑛

≤ 𝒮𝜏𝑘−1
⋆ (𝑓′,

𝑘

𝑘 − 1
𝒮)

𝑝,𝒞𝑛

∎ 

Lemma 3.4 

For 𝑓 ∈ 𝐿𝑝,𝒞𝑛
(𝕏), 𝜇 > 0 we have 

𝜏𝑘
⋆(𝑓, 𝜇𝒮)𝑝,𝒞𝑛

≤ (2(𝜇 + 1))
𝑘+1

𝜏𝑘
⋆(𝑓, 𝒮)𝑝,𝒞𝑛

 

Proof  

To prove this lemma we must prove that 

𝜏𝑘
⋆(𝑓, 𝑛𝒮)𝑝,𝒞𝑛

≤ 𝑛𝑘𝜏𝑘
⋆(𝑓, 𝒮)𝑝,𝒞𝑛

, where 𝑛 is a positive natural number 

Let’s use the identity by [𝟑] 

[∆𝑛ℎ
𝑘 𝑓(𝑡) = ∑ 𝐴𝑖

𝑛,𝑘∆ℎ
𝑘𝑓(𝑡 + 𝑖ℎ)

(𝑛−1)𝑘
𝑖=0  ]  where  ∑ 𝐴𝑖

𝑛,𝑘𝑡𝑖 = (1 + 𝑡 + 𝑡2 + ⋯ + 𝑡𝑛−1)𝑘(𝑛+1)𝑘
𝑖=0  . 

And for 𝐴𝑖
𝑛,𝑘 > 0 for all 𝑖 = 0,1,2, … (𝑛 − 1)𝑘    we get   ∑ 𝐴𝑖

𝑛,𝑘(𝑛−1)𝑘
𝑖=0 = 𝑘    

 
Applying this identity, we obtain 

 

|∆2𝑛ℎ
𝑘 𝑓(𝑡)| ≤ ∑ 𝐴𝑖

2𝑛,𝑘∆ℎ
𝑘𝑓(𝑡 + 𝑖ℎ)(2𝑛−1)𝑘

𝑖=0 , 𝑡, 𝑡 + 2𝑛𝑘ℎ ∈ [𝑥 −
𝑘𝑛𝒮

2
, 𝑥 +

𝑘𝑛𝒮

2
]  

≤ ∑ 𝐴𝑖
2𝑛,𝑘 ∑ |∆ℎ

𝑘𝑓 (𝑥 − (𝑛 − 𝑗)
𝑘𝒮

2
)| .2𝑛−1

𝑗=0
(2𝑛−1)𝑘
𝑖=0  Where  

𝑡 + 𝑖ℎ, 𝑡 + 𝑖ℎ + 𝑘ℎ ∈ (𝑥 −
𝑘𝑛𝒮

2
+ (𝑗 − 1)

𝑘𝒮

2
, 𝑥 −

𝑘𝑛𝒮

2
+ (𝑗 + 1)

𝑘𝒮

2
) 

𝑗 = 1,2, … ,2𝑛 − 1 



8 
 

Then 

|∆2𝑛ℎ
𝑘 𝑓(𝑡)| ≤ ∑ 𝐴𝑖

2𝑛,𝑘 ∑ |∆ℎ
𝑘𝑓 (𝑥 − (𝑛 − 𝑗)

𝑘𝒮

2
)|2𝑛−1

𝑗=0
(2𝑛−1)𝑘
𝑖=0    If we take the integration of 

both sides, we get 

[∫ |∆2𝑛ℎ
𝑘 (𝑓𝒞𝑛)(𝑡)|

𝑃
𝑑𝑡

∞

0
]

1

𝑃
≤ (∫ |∑ 𝐴𝑖

2𝑛,𝑘 ∑ |∆ℎ
𝑘(𝑓𝒞𝑛) (𝑥 − (𝑛 − 𝑗)

𝑘𝛿

2
) |

𝑃

𝑑𝑥2𝑛−1
𝑗=0

(2𝑛−1)𝑘
𝑖=0 |

𝑃
∞

0
)

1

𝑃

     

Hence 

𝜔𝑘
⋆ (𝑓, 𝑥, 𝑛𝒮)𝑝,𝒞𝑛

≤ ∑ 𝐴𝑖
2𝑛,𝑘 ∑ (∫ |∆ℎ

𝑘(𝑓𝒞𝑛) (𝑥 − (𝑛 − 𝑗)
𝑘𝒮

2
) |

𝑃∞

0
𝑑𝑥)

1

𝑃2𝑛−1
𝑗=1

(2𝑛−1)𝑘
𝑖=0   

Then 

𝜔𝑘
⋆ (𝑓, 𝑥; 𝑛𝒮)𝑝,𝒞𝑛

≤ (2𝑛)𝑘(2𝑛 − 1)𝜔𝑘
⋆ (𝑓, 𝑥 − (1 − 𝑛)

𝑘𝒮

2
, 𝒮)

𝑝,𝒞𝑛

 

Therefore, if we take the𝐿𝑝,𝒞𝑛
-norm for both sided we get 

𝜏𝑘
⋆(𝑓, 𝑛𝒮)𝑝,𝒞𝑛

≤ (2𝑛)𝑘(2𝑛 − 1)𝜏𝑘
⋆(𝑓, 𝒮)𝑝,𝒞𝑛

   

From [𝜇] ≤ 𝜇 and 𝜇 ≤ [𝜇] + 1 where [𝜇] be the smallest integer function we get 

𝜏𝑘
⋆(𝑓, 𝜇𝒮)𝑝,𝒞𝑛

≤ 𝜏𝑘
⋆(𝑓, ([𝜇] + 1)𝒮)𝑝,𝒞𝑛

   by Monotonicity 

Let [𝜇] + 1 = 𝑛 we get 

𝜏𝑘
⋆(𝑓; 𝜇𝒮)𝑝,𝒞𝑛

≤ 𝜏𝑘
⋆(𝑓, ([𝜇] + 1)𝒮)𝑝,𝒞𝑛

= 𝜏𝑘
⋆(𝑓; 𝑛𝒮)𝑝,𝒞𝑛

≤ 

(2𝑛)𝑘(2𝑛 − 1)𝜏𝑘
⋆(𝑓, 𝒮)𝑝,𝒞𝑛

= (2([𝜇] + 1)𝑘(2([𝜇] + 1) − 1))𝜏𝑘
⋆(𝑓, 𝒮)𝑝,𝒞𝑛

 

≤ (2(𝜇 + 1)𝑘) (2𝜇 + 1) 𝜏𝑘
⋆(𝑓, 𝒮)𝑝,𝒞𝑛

= 2(𝜇 + 1)𝑘+1 𝜏𝑘
⋆(𝑓, 𝒮)𝑝,𝒞𝑛

 

Then 𝜏𝑘
⋆(𝑓, 𝜇𝒮)𝑝,𝒞𝑛

≤ 2(𝜇 + 1)𝑘+1 𝜏𝑘
⋆(𝑓, 𝒮)𝑝,𝒞𝑛

       ∎ 

Lemma 3.5 

For 𝕃𝑛 is a linear positive operator in the space 𝐿𝑝,𝒞𝑛
(𝕏), 𝕏 = [0, 𝑎], 𝑎 > 0 such that 

1) 𝕃𝑛(1, 𝑥) = 1 

2) 𝕃𝑛(𝑡, 𝑥) = 𝑥 + 𝛼(𝑥) 

3) 𝕃𝑛(𝑡2, 𝑥) = 𝑥2 + 𝐵(𝑥) 

Then for any 𝑓 ∈ 𝐿𝑝,𝒞𝑛
(𝕏) 

‖𝕃𝑛(𝑓) − 𝑓‖𝑝,𝒞𝑛
≤ 3𝜏𝑘

⋆ (𝑓, √(𝐵(𝑥) − 2𝑥𝛼(𝑥))
𝑝,𝒞𝑛

 

Proof 

Since 𝕃𝑛 is a linear positive operator in the space 𝐿𝑝,𝒞𝑛
(𝕏) which satisfies the above 

conditions for 𝑓 ∈ 𝐿𝑝,𝒞𝑛
(𝕏)  then by (1.2) we have  

‖𝕃𝑛(𝑓𝒞𝑛) − (𝑓𝒞𝑛)‖𝑝 ≤ 3𝜔𝑘 ((𝑓𝒞𝑛), √(𝐵(𝑥) − 2𝑥𝛼(𝑥))
𝑝

 

Then by (1.1) we have 

‖𝕃𝑛(𝑓) − (𝑓)‖𝑝,𝒞𝑛
≤ 3𝜔𝑘

⋆ ((𝑓), √(𝐵(𝑥) − 2𝑥𝛼(𝑥))
𝑝,𝒞𝑛

 

.Applying (3.1), we obtain 

 

‖𝕃𝑛(𝑓) − 𝑓‖𝑝,𝒞𝑛
≤ 3𝜔𝑘

⋆ (𝑓, √(𝐵(𝑥) − 2𝑥𝛼(𝑥))
𝑝,𝒞𝑛

≤ 3𝜏𝑘
⋆ (𝑓, √(𝐵(𝑥) − 2𝑥𝛼(𝑥))

𝑝,𝒞𝑛
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Hence,  ‖𝕃𝑛(𝑓) − 𝑓‖𝑝,𝒞𝑛
≤ 3𝜏𝑘

⋆(𝑓, √(𝐵(𝑥) − 2𝑥𝛼(𝑥))
𝑝,𝒞𝑛

     ∎ 

Lemma 3.6 

Let 𝑒𝑖(𝑡) = 𝑡𝑖 , 𝑖 = 0,1,2, ∀𝑥 ≥ 0  and 𝑛 > 1 we have 

1) 𝐺𝑛
⋆(𝑒0, 𝑥) = 1 

2) 𝐺𝑛
⋆(𝑒1, 𝑥) = 𝑏𝑔𝑛

⋆(𝑥) =
𝑏  √1+𝑛2𝑥2−

2

3
𝑛𝑥2

𝑛
−

𝑏

𝑛
 

3) 𝐺𝑛
⋆(𝑒2, 𝑥) = 𝑏2𝑥2 

Proof 

Since 

𝐺𝑛
⋆(𝑓, 𝑥) =

{𝑏𝑛+1 (𝑒−𝑛𝑔𝑛
⋆ (𝑥) ∑

(𝑛𝑔𝑛
⋆ (𝑥))

𝑘

𝑘!𝔹(𝑛+1,𝑘)
∞
𝑘=1 ∫ (𝑓𝒞𝑛)(𝑡)

∞

0

𝑡𝑘−1

(𝑏+𝑡)𝑛+𝑘+1 𝑑𝑡) + 𝑒−𝑛𝑔𝑛
⋆ (𝑥)(𝑓𝒞𝑛)(0) } Then 

𝟏)    𝐺𝑛
⋆(𝑒0, 𝑥) = 𝑏𝑛+1 (𝑒−𝑛𝑔𝑛

⋆ (𝑥) ∑
(𝑛𝑔𝑛

⋆ (𝑥))
𝑘

𝑘!𝔹(𝑛+1,𝑘)
∞
𝑘=1 ∫

𝑡𝑘−1

(𝑏+𝑡)𝑛+𝑘+1

∞

0
𝑑𝑡)  

= 𝑏𝑛+1 (𝑒−𝑛𝑔𝑛
⋆ (𝑥) ∑

(𝑛𝑔𝑛
⋆ (𝑥))

𝑘

𝑘!𝔹(𝑛+1,𝑘)
∞
𝑘=1 .

1

𝑏𝑛+1 . 𝔹(𝑛 + 1, 𝑘)) by remark (2.3.2: c)  

= 𝑒−𝑛𝑔𝑛
⋆ (𝑥) ∑

(𝑛𝑔𝑛
⋆ (𝑥))

𝑘

𝑘!

∞
𝑘=1 = 1      by  (2.1) 

𝟐)    𝐺𝑛
⋆(𝑒1, 𝑥) = 𝑏𝑛+1 (𝑒−𝑛𝑔𝑛

⋆ (𝑥) ∑
(𝑛𝑔𝑛

⋆ (𝑥))
𝑘

𝑘!𝔹(𝑛+1,𝑘)
∞
𝑘=1 ∫ 𝑡

∞

0

𝑡𝑘−1

(𝑏+𝑡)𝑛+𝑘+1 𝑑𝑡)  

= 𝑏𝑛+1 (𝑒−𝑛𝑔𝑛
⋆ (𝑥) ∑

(𝑛𝑔𝑛
⋆ (𝑥))

𝑘

𝑘!𝔹(𝑛+1,𝑘)
∞
𝑘=1 ∫

𝑡𝑘

(𝑏+𝑡)𝑛+𝑘+1

∞

0
𝑑𝑡)  

= 𝑏𝑛+1 (𝑒−𝑛𝑔𝑛
⋆ (𝑥) ∑

(𝑛𝑔𝑛
⋆ (𝑥))

𝑘

𝑘!𝔹(𝑛+1,𝑘)
.

1

𝑏𝑛 𝔹(𝑘 + 1, 𝑛)∞
𝑘=1 )    by remark (2.3.2: d)  

= 𝑏𝑛+1 (𝑒−𝑛𝑔𝑛
⋆ (𝑥) ∑

𝑛𝑔𝑛
⋆ (𝑥)(𝑛𝑔𝑛

⋆ (𝑥))
𝑘−1

𝑘(𝑘−1)!𝔹(𝑛+1,𝑘)
.

1

𝑏𝑛 .
𝑘

𝑛
𝔹(𝑛 + 1, 𝑘)∞

𝑘=2 ) by remark (2.3.3: 1)  

 

= 𝑏𝑔𝑛
⋆(𝑥) (𝑒−𝑛𝑔𝑛

⋆ (𝑥) ∑
(𝑛𝑔𝑛

⋆ (𝑥))
𝑘−1

(𝑘−1)!

∞
𝑘=2 )  let 𝑘 − 1 = 𝑗 then by (2.1) we have 

𝐺𝑛
⋆(𝑒1, 𝑥) = 𝑏𝑔𝑛

⋆(𝑥) (𝑒−𝑛𝑔𝑛
⋆ (𝑥) ∑

(𝑛𝑔𝑛
⋆ (𝑥))

𝑗

𝑗!

∞
𝑗=1 ) = 𝑏𝑔𝑛

⋆(𝑥). 1 = 𝑏𝑔𝑛
⋆(𝑥)  

𝟑)    𝐺𝑛
⋆(𝑒2, 𝑥) = 𝑏𝑛+1 (𝑒−𝑛𝑔𝑛

⋆ (𝑥) ∑
(𝑛𝑔𝑛

⋆ (𝑥))
𝑘

𝑘!𝔹(𝑛+1,𝑘)
∞
𝑘=1 ∫ 𝑡2∞

0

𝑡𝑘−1

(𝑏+𝑡)𝑛+𝑘+1 𝑑𝑡)  

= 𝑏𝑛+1 (𝑒−𝑛𝑔𝑛
⋆ (𝑥) ∑

(𝑛𝑔𝑛
⋆ (𝑥))

𝑘

𝑘!𝔹(𝑛+1,𝑘)
∞
𝑘=1 ∫

𝑡𝑘+1

(𝑏+𝑡)𝑛+𝑘+1

∞

0
𝑑𝑡)  

= 𝑏𝑛+1 (𝑒−𝑛𝑔𝑛
⋆ (𝑥) ∑

(𝑛𝑔𝑛
⋆ (𝑥))

𝑘

𝑘!𝔹(𝑛+1,𝑘)
.

1

𝑏𝑛−1 𝔹(𝑘 + 2, 𝑛 − 1)∞
𝑘=1 )  by remark (2.3.2: e)  

= 𝑏𝑛+1 (𝑒−𝑛𝑔𝑛
⋆ (𝑥) ∑

(𝑛𝑔𝑛
⋆ (𝑥))

𝑘

𝑘!𝔹(𝑛+1,𝑘)
.

1

𝑏𝑛−1
.

𝑘(𝑘+1)

𝑛(𝑛−1)
𝔹(𝑛 + 1, 𝑘)∞

𝑘=1 ) by remark (2.3.3: 2)   
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= 𝑏𝑛+1 (𝑒−𝑛𝑔𝑛
⋆ (𝑥) ∑

𝑛𝑔𝑛
⋆ (𝑥)(𝑛𝑔𝑛

⋆ (𝑥))
𝑘−1

𝑘(𝑘−1)!
.

1

𝑏𝑛−1 .
𝑘(𝑘+1)

𝑛(𝑛−1)
∞
𝑘=2 )   

= 𝑏2 (𝑒−𝑛𝑔𝑛
⋆ (𝑥) ∑

𝑔𝑛
⋆ (𝑥)(𝑛𝑔𝑛

⋆ (𝑥))
𝑘−1

(𝑘−1)!
.

𝑘+1

𝑛−1

∞
𝑘=2 )  let 𝑘 − 1 = 𝑗  

= 𝑏2 (𝑒−𝑛𝑔𝑛
⋆ (𝑥) ∑

𝑔𝑛
⋆ (𝑥)(𝑛𝑔𝑛

⋆ (𝑥))
𝑗

𝑗!
.

(𝑗+2)

𝑛−1

∞
𝑗=1 )  

= 𝑏2 (𝑒−𝑛𝑔𝑛
⋆ (𝑥) ∑

(𝑛𝑔𝑛
⋆ (𝑥))

𝑗

𝑗!
.

𝑔𝑛
⋆ (𝑥).𝑗

𝑛−1
+∞

𝑗=1 𝑒−𝑛𝑔𝑛
⋆ (𝑥) ∑

(𝑛𝑔𝑛
⋆ (𝑥))

𝑗

𝑗!
.

2𝑔𝑛
⋆ (𝑥)

𝑛−1

∞
𝑗=1 )  

= 𝑏2 (𝑒−𝑛𝑔𝑛
⋆ (𝑥) ∑

𝑛𝑔𝑛
⋆ (𝑥)(𝑛𝑔𝑛

⋆ (𝑥))
𝑗−1

𝑗(𝑗−1)!
.

𝑔𝑛
⋆ (𝑥)𝑗

𝑛−1
+ 1.∞

𝑗=2
2𝑔𝑛

⋆ (𝑥)

𝑛−1
)  let 𝑗 − 1 = 𝑘  

= 𝑏2 (𝑒−𝑛𝑔𝑛
⋆ (𝑥) ∑

(𝑛𝑔𝑛
⋆ (𝑥))

𝑘

𝑘!
.

𝑛(𝑔𝑛
⋆ )2(𝑥)

𝑛−1
+∞

𝑘=1
2𝑔𝑛

⋆ (𝑥)

𝑛−1
) by (2.1) we get  

= 𝑏2 (1.
𝑛(𝑔𝑛

⋆ )2(𝑥)

𝑛−1
+

2𝑔𝑛
⋆ (𝑥)

𝑛−1
) =

𝑏2𝑛(𝑔𝑛
⋆ )2(𝑥)

𝑛−1
+

2𝑏2𝑔𝑛
⋆ (𝑥)

𝑛−1
  

then 𝐺𝑛
⋆(𝑒2, 𝑥) =

𝑏2𝑛(𝑔𝑛
⋆ )2(𝑥)

𝑛−1
+

2𝑏2𝑔𝑛
⋆ (𝑥)

𝑛−1
  

and for 𝑔𝑛
⋆(𝑥)(𝑥) =

√1+𝑛2𝑥2−
2

3
𝑛𝑥2−1

𝑛
      we have  𝐺𝑛

⋆(𝑒2, 𝑥) = 𝑏2𝑥2     ∎ 

4. Main Results  

In this section we will get the approximation for 𝑓 ∈ 𝐿𝑝,𝒞𝑛
(𝕏) by using 

𝑅𝑛
∗ (𝑓, 𝑥) 𝑎𝑛𝑑 𝐺𝑛

⋆(𝑓, 𝑥) operators. 

Theorem 4.1 

For 𝑓 ∈ 𝐿𝑝,𝒞𝑛
(𝕏), 𝕏 = [0, 𝑎], 𝑎 > 0, 𝑛 > 1 

‖𝑅𝑛
∗ (𝑓, . ) − 𝑓(. )‖𝑝,𝒞𝑛

≤ 𝐶𝜏𝑘
⋆ (𝑓,

1

√𝑛−1
)

𝑝,𝒞𝑛

 where  

𝐶 = 3 (2(√𝑎2 + 2𝑎 + 1)
𝑘+1

)  

Proof 

For 𝑓 ∈ 𝐿𝑝,𝒞𝑛
(𝕏), 𝕏 = [0, 𝑎], 𝑎 > 0, then by lemma (3.1) we have 

𝟏)   𝑅𝑛
∗ (𝑒0, 𝑥) = 𝑅𝑛

∗ (1, 𝑥) = 1 

𝟐)   𝑅𝑛
∗ (𝑒1, 𝑥) = 𝑅𝑛

∗ (𝑡, 𝑥) = 𝑥 = 𝑥 + 0 = 𝑥 + 𝛼(𝑥) where 𝛼(𝑥) = 0 

𝟑)  𝑅𝑛
∗ (𝑒2, 𝑥) = 𝑅𝑛

∗ (𝑡2, 𝑥) =
𝑛𝑥2 + 2𝑥

𝑛 − 1
= 𝑥2 +

𝑛𝑥2 + 2𝑥

𝑛 − 1
− 𝑥2 = 𝑥2 + 𝐵(𝑥) 

where 𝐵(𝑥) =
𝑛𝑥2 + 2𝑥

𝑛 − 1
− 𝑥2 

and since 𝑥 ∈ [0, 𝑎), 𝑎 > 0 then for 𝑛 > 2 we have 

𝑛𝑥2 + 2𝑥

𝑛 − 1
> 𝑥2  we get 

𝑛𝑥2 + 2𝑥

𝑛 − 1
− 𝑥2 > 0 

And since 𝑅𝑛
∗  be a linear, monotone and positive operators then by using lemma (3.5) we 

get 
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‖𝑅𝑛
∗ (𝑓, . ) − 𝑓(. )‖𝑝,𝒞𝑛

≤ 3𝜏𝑘
⋆ (𝑓, √𝐵(𝑥) − 𝑎𝑥𝛼(𝑥))

𝑝,𝒞𝑛

 

= 3𝜏𝑘
⋆ (𝑓, √

𝑛𝑥2+2𝑥

𝑛−1
− 𝑥2 )

𝑝,𝒞𝑛

= 3𝜏𝑘
⋆ (𝑓, √

𝑛𝑥2+2𝑥−𝑛𝑥2+𝑥2

𝑛−1
 )

𝑝,𝒞𝑛

   

= 3𝜏𝑘
⋆ (𝑓, √

𝑥2+2𝑥

𝑛−1
 )

𝑝,𝒞𝑛

≤ 3𝜏𝑘
⋆ (𝑓, √

𝑎2+2𝑎

𝑛−1
 )

𝑝,𝒞𝑛

  

then ‖𝑅𝑛
∗ (𝑓, . ) − 𝑓(. )‖𝑝,𝒞𝑛

≤ 3𝜏𝑘
⋆ (𝑓, √𝛼2 + 2𝑎.

1

√𝑛−1
)

𝑝,𝒞𝑛

≤  

3 (2 (√𝑎2 + 2𝑎 + 1)
𝑘+1

) 𝜏𝑘
⋆ (𝑓,

1

√𝑛 − 1
)

𝑝,𝒞𝑛

  by lemma (3.4) 

let 𝐶 = 3 (2(√𝛼2 + 2𝑎 + 1)
𝑘+1

)  we get   

‖𝑅𝑛
∗ (𝑓, . ) − 𝑓(. )‖𝑝,𝒞𝑛

≤ 𝐶𝜏𝑘
⋆ (𝑓,

1

√𝑛−1
)

𝑝,𝒞𝑛

     ∎ 

Theorem 4.2 

For 𝑓 ∈ 𝐿𝑝,𝒞𝑛
(𝕏), 𝕏 = [0, 𝑎] with 𝑓(𝑥) = 0 for 𝑥 > 𝑎 > 0 then 

‖𝑅𝑛
∗ (𝑓, . ) − 𝑓(. )‖𝑝,𝒞𝑛

≤
𝐶

√𝑛−1
𝜏𝑘−1

⋆ (𝑓′,
𝑘

𝑘−1

1

√𝑛−1
)

𝑝,𝒞𝑛

 where   

𝐶 = 3 (2 (√𝛼2 + 2𝑎 + 1)
𝑘+1

) , 𝑘 > 1 

Proof 

For 𝑓 ∈ 𝐿𝑝,𝒞𝑛
(𝕏), 𝕏 = [0, 𝑎] by theorem (4.1) we get 

‖𝑅𝑛
∗ (𝑓, . ) − 𝑓(. )‖𝑝,𝒞𝑛

≤ 𝐶𝜏𝑘
⋆ (𝑓,

1

√𝑛 − 1
)

𝑝,𝒞𝑛

 where 𝐶 = 3 (2 (√𝛼2 + 2𝑎 + 1)
𝑘+1

) 

Applying lemma (3.3), we obtain 

 

≤
𝐶

√𝑛−1
𝜏𝑘−1

⋆ (𝑓′,
1

√𝑛−1
)

𝑝,𝒞𝑛

 .Then ‖𝑅𝑛
∗ (𝑓, . ) − 𝑓(. )‖𝑝,𝒞𝑛

≤
𝐶

√𝑛−1
𝜏𝑘−1

⋆ (𝑓′,
1

√𝑛−1
)

𝑝,𝒞𝑛

        ∎ 

Theorem 4.3 

For 𝑓 ∈ 𝐿𝑝,𝒞𝑛
(𝕏), 𝕏 = [0, 𝑎), 𝑎 > 0  we have  

lim
𝑛→∞

‖𝑅𝑛
∗ (𝑓, . ) − 𝑓(. )‖𝑝,𝒞𝑛

= 0 

Proof 

By using theorem (4.1) we get 

‖𝑅𝑛
∗ (𝑓, . ) − 𝑓(. )‖𝑝,𝒞𝑛

≤ 𝐶𝜏𝑘
⋆ (𝑓,

1

√𝑛 − 1
)

𝑝,𝒞𝑛

  we have 

lim
𝑛→∞

‖𝑅𝑛
∗ (𝑓, . ) − 𝑓(. )‖𝑝,𝒞𝑛

≤ lim
𝑛→∞

𝜏𝑘
⋆ (𝑓,

1

√𝑛 − 1
)

𝑝,𝒞𝑛

and since lim
𝑛→∞

1

√𝑛 − 1
= 0   then 

lim
𝑛→∞

‖𝑅𝑛
∗ (𝑓, . ) − 𝑓(. )‖𝑝,𝒞𝑛

≤ lim
𝑛→∞

𝐶𝜏𝑘
⋆ (𝑓,

1

√𝑛 − 1
)

𝑝,𝒞𝑛

= 𝐶𝜏𝑘
⋆ (𝑓, lim

𝑛→∞

1

√𝑛 − 1
)

𝑝,𝒞𝑛

 

= 𝐶𝜏𝑘
⋆(𝑓, 0)𝑝,𝒞𝑛

= 0  
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hence, lim
𝑛→∞

‖𝑅𝑛
∗ (𝑓, . ) − 𝑓(. )‖𝑝,𝒞𝑛

= 0 therefore 

lim𝑛→∞ 𝑅𝑛
∗ (𝑓, 𝑥) = 𝑓(𝑥) unformly on [0, 𝑎), 𝑎 > 0       ∎ 

Theorem 4.4 

For 𝑓 ∈ 𝐿𝑝,𝒞𝑛
(𝕏), 𝕏 = [0, 𝑎], 𝑎 > 0 we have 

‖𝐺𝑛
⋆(𝑓, . ) − 𝑓(. )‖𝑝,𝒞𝑛

≤ 3𝜏𝑘
⋆(𝑓, 𝛿𝑛,𝑥)

𝑝,𝒞𝑛
where 𝛿𝑛,𝑥 = √𝑏2𝑥2 − 2𝑏𝑥𝑔𝑛

⋆(𝑥) + 𝑥2 

Proof 

By using lemma (3.6), we have 

1) 𝐺𝑛
⋆(𝑒0, 𝑥) = 𝐺𝑛

⋆(1, 𝑥) = 1 

2) 𝐺𝑛
⋆(𝑒1, 𝑥) = 𝐺𝑛

⋆ = 𝑏𝑔𝑛
⋆(𝑥) = 𝑥 + 𝑏𝑔𝑛

⋆(𝑥) − 𝑥 = 𝑥 + 𝛼(𝑥) 

where 𝛼(𝑥) = 𝑏𝑔𝑛
⋆(𝑥) − 𝑥 

3) 𝐺𝑛
⋆(𝑒2, 𝑥) = 𝐺𝑛

⋆(𝑡2, 𝑥) = 𝑏2𝑥2 = 𝑥2 + 𝑏2𝑥2 − 𝑥2 = 𝑥2 + 𝐵(𝑥) 

where 𝐵(𝑥) = 𝑏2𝑥2 − 𝑥2 

and since 𝐺𝑛
⋆(𝑓) be a linear positive operator then by using lemma (3.5) we get 

‖𝐺𝑛
⋆(𝑓, . ) − 𝑓(. )‖𝑝,𝒞𝑛

≤ 3𝜏𝑘
⋆ (𝑓, √𝐵(𝑥) − 2𝑥𝛼(𝑥))

𝑝,𝒞𝑛

   

= 3𝜏𝑘
⋆ (𝑓, √𝑏2𝑥2 − 𝑥2 − 2𝑥𝑏𝑔𝑛

⋆(𝑥) + 2𝑥2)
𝑝,𝒞𝑛

 = 3𝜏𝑘
⋆ (𝑓, √𝑏2𝑥2 − 2𝑥𝑏𝑔𝑛

⋆(𝑥) + 𝑥2)
𝑝,𝒞𝑛

 

= 3𝜏𝑘
⋆(𝑓; 𝒮𝑛,𝑥)

𝑝,𝒞𝑛
 where  𝒮𝑛,𝑥 = √𝑏2𝑥2 − 2𝑥𝑏𝑔𝑛

⋆(𝑥) + 𝑥2 

and for 𝑏 → 1, 𝑔𝑛
⋆(𝑥) = 𝑥, 𝑛 → ∞  we get 

𝒮𝑛,𝑥 = √𝑏2𝑥2 − 2𝑥𝑏𝑔𝑛(𝑥) + 𝑥2 → 0   then 

‖𝐺𝑛
⋆(𝑓, . ) − 𝑓(. )‖𝑝,𝒞𝑛

→ 0 Thus  𝐺𝑛
⋆(𝑓, 𝑥) ≅ 𝑓(𝑥) , this means that 𝐺𝑛

⋆(𝑓, 𝑥) is the best 

approximation to 𝑓(𝑥)       ∎                                
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