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Abstract

This research focused on finding a mathematical space, extending to the Lebesgue spaces,
through which it is possible to find the best approximation for unbounded functions
depending on the fundamental theory of approximation(Korevkin Theorem) using some
linear operators in terms of the averaged modulus of smoothness of order k (t-modulus).
Key words: Multiplier convergence, Multiplier integral, Multiplier modulus.

1. Introduction

In 1949, G. Hardy [1] defined the multiplier sequence for a converge of the series
as.

A series )., Cy, is called a multiplier convergent if there is convergent sequence
of real numbers {®,, };—, ,such that 5 -, ¢, P, < ) where, {®,,}_, is called a
multiplier for the convergence, for example.

. 1. . . 1®
The series Zfﬁ=1; is a divergent series and the sequence {E} convergent sequence.
m=1

1 1

Since Z,"fl:la - =

o 1 . . . o 1.
~ Zm=1ﬁ which is convergent series then the series Zm=1; isa

multiplier convergent, so from above we note that.

If Y a, is convergent series then it is multiplier convergent,
this by Taken { @,}n-0 = {1}7=0 -

Similar to the above we provide the following definition.
Let L,,(X) be the space of all bounded measurable functions defined on X = [a, b]

with the norm

1

IfF Ol = 1F Ol = Uy fOIPY <o 1 <p<o,

Now for any real valued function f defined on B = [a, b], if there is a sequence

{ Cploz, of real numbers such that fB (fC)(x) < o,asn - o ,then fiscalled
multiplier integral and {C,, }5=, , is called a multiplier for the integral where n € N.

The multiplier integral norm can be defined as follows

1 Oy, = O 1GEDCOP dryex € X}

Where C, = {Cp}n=, be the multiplier for the integral and IIfIILan = lfllpe, -
1


https://en.wikipedia.org/wiki/Lebesgue_integration

From above.
Let L,c (X) = {f: Ifllpe, < oo} , X = [0, ), be the space of all unbounded continuous
functionsf,1 < p < oo, which are equipped with the above norm.

Where (fC,) is the sequence of real continuous functions on [0, o) and

£ Ollp = 1f Ollpe, (L.1)
Now After this introduction, we present the definition of the Szasz-Mirkjan-Beta operators .
The classical Szasz-Mirkjan operators are defined by

Yoo k , oy )k
Sn(frx) = X0 ink(X)f (;) where j,  (x) = e —n and k € N,x € [0, ).

Some authors like in [2] had been proposed a sequence of mixed summation integral
type operators, the so called Szasz-Mirakjan-Beta operators as follows:

Mo () = e F(0) + e Ny oo 7 F(6) St

B(n+1,k)
Where f € C[0,),x,t € [0, ) and
th-1 .
p(n+1,k) = fo Wdt (Beta — Function)

Another authors like in [4] Provide a Modified Szasz-Mirkjan-Beta Operators as follows:

For f € C,[0,) andn € N then
Ma(F0) = e By =00 [P (1) (0) o + e (D (O)

B(n+1,k)“0
Be the Szasz-Mirakjan-Beta operators where f € C,[0, ) such that |f(t)| < M(1 + t)”
o k—1
forsome M >0,y >0,B(n+ 1,k) = | S— )

0 (1+t)k+n+1

In this paper, we will study the approximation of unbounded function in L, ¢ (X)-
spaces by using Szasz-Mirkjan-Beta operators as new approach using Korevkin Theorem
which states the following.

[Korevkin Theorem] [3]

Let IL,, be a linear positive monotone operator such that
1) L,(1,x)=1
2) L,(t,x) =x+ a(x)
3) L,(t%x) =x%+ B(x)

Then forany f € Cla, b]

1Ly (f,) = FOllp < Bwi(f, (BG) — 2xa(x)), (1.2)

2. Preliminary
The following mathematical concepts are needed:

Definition 2.1: [3]
Let f € L,(X),X = [0, ) let

k i kh | . — kh
A;‘l(f,x): {'(zo(l.)(—l)k ‘f(x—7+lh):x+7EXbethe
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Difference of k — order of f and
wi(f,8)p = Sup|h|<5||A§‘l(f, .)||p is called the usual modulus of Smoothness of f.

Also

T (f,8)p = llwi (f, )|, is the averaged modulus of smoothness of order k of f

Definition 2.2
Let f € Lye, (X),X = [0, ) let
wr(f; S)p,C’n = SU-P|h|<5||A;cz(f, x)“p,cn’ §=0,

is called k — order modulus of smoothness of f
Definition 2.3

For f € Ly, (X),X = [0, ).
Let introduce a new sequence of linear operator

Ry (f,x) of Szasz-Mirakjan-Beta type operators to approximate a function f(x) belongs
to the space Lp,en(X),X = [0,), n,k € N as follows:

Ra(f,0) = e ™ (FC)(0) + e B 00 [2(fe,) () s

B(n+1,k)
o thk-1

Where x € [0,0),B(n+ 1,k) = [ ————dt

0 (1+t)k+1’l+1

Remark 2.3.1
For everyn € N we have
(nx)2 (nx)3

e g B — o [ 0 (o

to|=eem =1 (21)

Remark 2.3.2 [5]:
Properties of Beta function:
a) B(n,k)=B(k,n),nand k are are positive integers

b) B(n, k) = k(k+1)(l§:l—;)1)!(k+n—1) ifn # k

c) bn+1IB3(n+ Lk) = [ (bjﬁdt b € (0, )
&) EBk+Ln) = [ bt

e) — 1) = [ et
Remark 2.3.3

For n, k are positive integers then
1) Blk+1,n) ==B(n+1k)

k(k+1) IB3( +1,k)

2) B(k+2,n—1)=



Proof

1) Bk +1,n) = (k+1-1)! _ k! _ k(k—1)!

nm+1)(n+2)..(n+k+1-1)  nm+D)n+2)..(n+k)  nn+1)(n+2)..(n++k—1)

=<B(kn+1)==B(n+1k)

. (k+2-1)!
2) Blk+2n-1)= (-1 M) (+1)(n+2)...(n—1+k+2-1)
_ (k+1)! _ (k+1)k(k-1)!
T (- @)+1)..(n+k)  (n—1D)®)(n+1)..(n+k)
_ k(ke+1) (k—1)! _ k(k+1) _ k(e+1)
T -1 m+)n+2)..(n+k)  nn-1)° B(k,n+1) = n(n-1) B(n+1,k) .

Remark 2.3.4 [4]:

From the linear operator R, (f,x) let g,(x) be a sequence of real valued continuous
functions defined on [0, ) with 0 < g,,(x) < oo then let define the following positive
linear operator.

k
. _ ont1 | -ngn() v (nan())” oo ekt —nqi,
Malfo0 = e (e X k!B(n+1,k) fO f@® (a+tynth+t dt )+ If(0) -
Where

qn(x) =%(—1+\/1 +n(n—§)x2>, Vx = 0,n € N,a € [0,)

Remark 2.3.5
From the linear positive operator R; (f,x)and in order to obtain an approximation
process in space of unbounded functions, let’s introduce the new linear positive operator

as
Gr(f,x) =
n+1 —ngn(x) yo (ng‘;l.(x))k © th-1 —ngh(x)
b e "o Zk=1mfo (fC)(O) G At | + €79 (f€) (0)

Where g (x) be a sequence of real valued continuous functions defined on [0, o),

1+n2x2—2nx2
G300 = | Lo vk e [0,00),m € N,b €[0,0)

Remark 2.3.6
Forb = 1and g, (x) = x we get

Ry (f, %) = Gu(f, x)

Definition 2.4
For f € Ly (X),X = [0, ) then
T (f, pe, = lwr(f, S)lpc, is the averaged modulus of smoothness of order k of f.

3. Auxiliary Results
Here we will prove some results that are useful to prove our main results.



Lemma 3.1
Forf € Lye, (X),X =[0,00) ,lete;(x) =x',i =0,1,2
Then for each n > 1 we have
1) }?;(eo,X) = 1
2) Rp(e,x)=x

« _m o
3) Rn(ez,x) T n-1 + n—1
Proof

1) Since

(nx)k

n(f .X') =€ "x(fcn)(o) +e™™ Zk 1k'[B(n+1k)f (fen)( )(1+t)k+n 1 dt.
Then

; _ (p-nxyo __(0F otk
Rn(eOJ x) - (e nw Zk=1 k']B(n+1.k) fO (1+t)n+k+1 dt)

(.- w _ (mok _ - w @0k
= <e k=t apoe B+ L k)> =e Yt — =1 by (2.1)

tk-1

* - ) (nx)k o
2) Rn(ell x) =e nw Zk=1 k']B(Tl+1,k) fO t (1+t)n+k+1 dt

—nx (nx)k [e3) tk
= e L= 1k']B3(n+1k)f0 (1+t)ntk+ dt

< T Y e 1kaBa(?xJ)r1 o B(k + 1, n)> by remark (2.3.2:d) forb =1

- (nx)k-
< nx yneo zk(k”xl;;(nﬂ 5 —IB(n+ 1, k)> by remark (2.3.3: 1)

oo X(1X)
= (e-mrye 2"(2"—1)') letk — 1 = j then by (2.1) we get

Riey,x) = e 52 K00 =y (emege 0 = x g =

* — —nx "o (nx) ®© 2 tk
3) Ra(eyx) = (e Zk=1k!B(n+1’k) fo t (1+t)n+k+1dt) where
(fC) ) = e, = t?

=e Yy (nx)* J‘°° tht1
k=1 j1B(m+1,k) J0 (1+0)n+k+1

dt

k
e ™ Z,‘fﬂ%. B(k +2,n — 1)> by remark (2.3.2:e)forb = 1

k
= <e‘”x Z’?ﬂkvmgzl:im) zgkﬂ) B(n+1, k)) by remark (2.3.3: 2)
e

(nx)(nx)k~1 k(k+1)

_nxz (nx)k k(k+1)
k=1 k(k-1! "n(n-1)

k! ‘nn-1)

— e—nx ZI?:Z

o xmx)k 1 (k+1)

—nx 4
e ™My, DD 1)) letk —1 = j then

—nx Voo x(nx)’ (J+2)
(ez,x) =e€ Z jt -1




—emxye ) M ey (0] 2x
- Z j! Tn- 1+ Z j! "n-1

_ (p-nx wL N
= (e iz, M s 1. 20 etj—1=k

M)k x(k+1) | 2x
(k+1)k' o1 T aoa and by (2.1) we get

Ry(eyx) =e ™Y,

2

k 2
_ px v  m0)f nx? nx 2x _ nx 2x
=e e R 2
Zk 1 kv "n-1 n-1 n-1 n-1 n-1 n-1
" x? 2x
So R; (e, x) =2 4 £ ]

n—1 n-1

Lemma 3.2
For f € Lpe (X) with f(x) = 0forx >a > 0,X = [0,a) then

1
0 (f38)pe, < 1k(f,8)pe, < aPwi(f,S)pe,
Proof

(e = ok el o = fy (i (s, cs>p,<,an|)”dx>5

={J; [[Sup|h|<5[ ‘lak(fee| dett+khe[x—2,x+%|n[0,a ]]] dx}’
Applying holder's inequality, we obtain

i (f, pen = (i (SupimicslBE(FC o1 dxl {17 daf?

1 1
< wp(f,)pe,-(a—0)P = aPwi(f,S)pe,
then

1
TI:(f: <S)p,C‘ < apwl:(f ‘S)p Cn ew
we(f,8)pe, = SupllA (an,X)II

= sup (1, (ke @) e < (ke ] ax)

ol

< {3 (wi(fCn, ) dx}’ < {fé‘T(w;(fcn, s>)’°dx} = 1 )y,

1
then wi(f,8)pe, < Tk (f,Spe, < aPwi(f,S)pe, m(3.1)
Lemma 3.3
For f € Lpe (X) with f(x) = 0forx >a > 0,X = [0,a) we have
k
T;é(f, S)P'Cn < TI:—I (f’,m5> B k>1
p.Cn

olr



Proof
To prove this lemma we shall use the identity by [3]

h - ! ! !
[Aﬁ(f)(t) = fo i t+wdu, h>0 ,f"=(fCy) ] . Then

T, S)pen = N0k (F, )llpe, = {10k (f, )P dx)”
PP
{f dx}

1
[e'e) 0 h _ I P P
<305 [supmies {05 [y A0 CY o] e

Applying holder's inequality, we obtain

1

5up|h|<s{f |Ah(fcn)(t)| dt}

1

P

dx

| =

1
Sup|p|<s {fooo|A’ﬁ_1(fcn)'(t+u)du- |P}P J

1

< Sup U {lok-1((fC)", $MIP. h}dX}

P P
4 dx dx}

< Sup iy (f, S pen-h S STU_1 (F, 8 )pe, Lot S = —=8 then

T (f, S)pe, < {ff
|h|<S

* * * k
S Yy < STioa (fl7S)
prcn

Lemma 3.4

For f € Ly (X),u > 0 we have

(o uS)pe, < 20+ 1) T S)pe,

Proof

To prove this lemma we must prove that

T (finS)pe, < n*ti(f, 8)p,c,» Where n is a positive natural number
Let’s use the identity by [3]

[A Wf () = SV AMRAL (¢ + ih) ] where ZDR Akl — (1 4 ¢4 ¢2 4o g gk

And for A7 > 0 foralli =0,1,2,...(n — 1)k we get Z(n 1)kA"k =k

Applying this identity, we obtain

A5 f (O] < SERFATKALF (¢ + ih) 1t + 2nkh € [x — 22 x4 122
Z(zn l)kAznk iy 1|A f(x—(n D) )| Where
) . knS ) kns ) kS
t+lh,t+lh+kh€(x—7+(]—1)7,x_7+(]+1)7>

j=12,..2n—1



Then
|A nhf(t)l < Z(Zn Dk 4 fn‘k an-l |A’flf (x —(n—j) )| If we take the integration of
both sides, we get

1

Z(Zn 1Dk anZZH 1|A (an)(x_(n I >| |P)P

[f0°°|A nh(fcn)(t)| dt] <

Hence

vl

(xS, < 2GR AT g (7 ak(ren) (x - (i) )| a x)
Then

kS
wr(f, %;n8)pe. < (2n)*(2n — Dwi (f,x —(1- n)7,5>

Therefore, if we take thel, o -norm for both sided we get

T (f,nS)pe, < (20)F(2n = DT(f, S)pe,

From [u] < wand u < [u] + 1 where [u] be the smallest integer function we get
T (f 1Sy ey < T(f, (4] + 1))y, by Monotonicity

Let [u] + 1 = n we get

Te(f5u8)pe, < T (f, (U]l + DS)pe, = 1 (finS)pe, <

@n)*@2n = D1i(f,8)pe, = (2([u] + DFQ[L] + 1) = D)1ilf, S)pe,

< @+ D9 @u+ D i (f,)pe, = 2+ D 5 (f, e,

Then 75 (f, uS)pe, < 2(u + D 12(f,8)pe, ™

p'cn

Lemma 3.5
For L, is a linear positive operator in the space L,, o (X),X = [0,a],a > 0 such that
1) L,(1,x)=1
2) L,(t,x) =x+ a(x)
3) L,(t%x) = x? + B(x)
Then forany f € L, ¢ (X)
ILn(F) = Fllpe, < 37 (£ (BG) — 2xa@)

P.Cn

Proof
Since L, is a linear positive operator in the space Lp,C’n(X) which satisfies the above
conditions for f € L, ¢ (X) then by (1.2) we have

ILa(fCa) = (FElly < 30 ((fCu)(BG) = 2xa ().

Then by (1.1) we have

ILn(F) = P, < 301 (B = 2xa(0)

.Applying (3.1), we obtain

P.Cn

L () = fllpe, < 30k (f,+/(BG) - 2xa(x)>pc < 37 (£, (BG) — 2xa(@))
8
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Hence, [|Ln(f) = fllpc, < 37(f,V/ (B(x) — 2xa(x)) . =
Lemma 3.6
Lete;(t) = t',i = 0,1,2, Yx = 0 andn > 1 we have

1) G-;{(eo, x) =1
b ’1+n2x2—§nx2 b

2) Gp(ey,x) =bgn(x) = _t

n n
3) Gp(ey x) = b%x?

Proof
Since

Gn(f,x) =
n+1 [ ,-ngk(x) yoo (ngz(x))k 00 th-1 —ngk ()
b e Zk=1mfo (f@n)(t) ronrke dt | +e (f@n)(O) Then

* — pn+l | ,—ngnx) g (ngr*l(x)) th-1
1) Gn (eOJ x) b <e Zk=1 k']B(Tl'l‘l,k) fo (b+t)n+k+1 dt

_ — ;’(l [} (ngn(x)) 1
— pntl <e ngn(x) ne VB L) B .B(n+ 1, k) | by remark (2.3.2: ¢)

e Z,o{oﬂ@ —1 by (2.1)

k=11 1B(n+1,k) (b+t)n+k+1

k—
2) Gﬁ(el,x):b"“( ~ngh(x) yroo (nga)* f pk-1 dt)

_ -ng} (g ()" tk
= bn+1< ng (x)z e OB fo iR dt

_ bn+1< —ngn(x)z _IIS;BiZ—% bn]B(k +1, n)> by remark (2.3.2:d)

k-1
_nt1 | —ngh(o) v gn@(ngn)” " 1k .
=b <e Yk=2 g mmrie o Bt LK) | by remark (2.3.3:1)

= bg,’{(x)( ~ngn(x) Yoo %) let k — 1 = j then by (2.1) we have

Gilen ) = bg;(x)( o) 3 @) = bgr(0).1 = bgi(®)

[ee) k—
3) Gﬁ(ez,x)zbnﬂ( ~ngh(x) yieo (nga)* [ ket dt)

k=1 piB(n+1,k) (b+t)n+k+1

k
— pn+l | ,—ngnx) g (ngp(x))” (oo thtt
b <e Yt mirio o o 4t

— |pn+1 —ngn(x) y oo (ngn(x)) _ .
=h <e Ve LB I 1IB%(k +2,n—1) | byremark (2.3.2:¢)

— pn+l | ,—ngn(x) yoo (ng,’&(x)) 1 k(k+1)
=bp <e k=1 p e oL v B(n + 1,k) | by remark (2.3.3:2)



= pntl —ngn(x) Zoo ngn(x)(ngn(x)) 1 k(k+1)
k(k—1)! "pn1" n(n-1)

— b ( _ngn(X) 200 gn(x)((zgzgf)) - ) 1 tk 1 :]

e~ ngn(x) Zoo g5 (g ) .(]+2))
J! n-1

_ngn(x) Zoo (ngn(x)) .gn(x)]_l_ —ngrp(x) Zoo (ngn(x)) .2gn(x)
7! n-1 j! n-1

jG-1)! " n-1

k! Ton-1

( —ngn(x)zoo ”gn(x)(ngn(x)) gn(x)j +1 ZQn(x)> letj—1=k

e-ngH() g (ngn ()" n(g5)?(x) +zin(x>> by (2.1) we get

n—1 n—1 n—1 n—1
bzn(gr*l)z(x)_i_ 2b% g} (x)
n—1 n—1

1+n2x2—§nx2—1
- we have G (e,,x) = b*x? m

*\2 * 2 *\2 2
_ bz( n(gn)*(x) n 29n(x)) _ bn(gn)* ) n 2b%gn(x)

then Gy (ep, x) =

and for g, (x)(x) =
4. Main Results

In this section we will get the approximation for f €L, (X) by using
Ry (f,x) and G;;(f, x) operators.

Theorem 4.1
Forf € Lye (X),X=[0,al,a>0,n>1
* * 1
IRL () = FOllpe, < CTi (£, ﬁ)m where

=3(2(Va¥+2a+1)")

Proof

For f € L, ¢, (X),X =[0,a],a > 0,then by lemma (3.1) we have
1) Rn(ep,x) =R;(1,x) =1

2) Ry(e,x) =Ry(t,x) =x=x+4+0=x+ a(x) where a(x) =0

nx? + 2x nx? + 2x
* — P*(+2 — — 12 — 2 — 42
3) Rp(ez,x) = Ry(t%,x) 1 x° + — x* =x*+ B(x)
nx? + 2x
where B(x) = ——— — x?
n—1
and since x € [0,a),a > 0 then for n > 2 we have
nx? + 2x " nx? + 2x "
—>x“ weget ————x* >0
n—1 n—1

And since R;, be a linear, monotone and positive operators then by using lemma (3.5) we
get

10



IRACE, ) = FOllpe, < 35 (f, VB —axa()

_ . nx%+2x 5 _ . nx2+2x—-nx2+x2
= 31y, (f, — X ) = 314 (f'\/—n—l
p.Cn p.Cn

_ . xX242x “ a?+2a
= 31, (f, — ) < 3t <f, — >
p.Cn p.Cn

then R, (f,.) = F()llpe, < 37} (f, VaZ + 2a. — )

Vn—1

pJeTl

3 (2 ( a’?+ 2a+ 1)k+1) Tk (f, %) by lemma (3.4)

P'Cn

letC =3 (Z(Jm + 1)k+1) we get
IRA(F ) = FOllpe, < Ci(fms) . =

p'cn

Theorem 4.2
For f € Ly (X),X = [0,a] with f(x) = 0forx > a > 0 then

" C & , k1
IRA(F,) = FOllpe, < m=Ties (75 7=)  where

p.Cn
C= 3(2(\/a2+2a+1)k+1),k> 1

Proof
For f € L, e, (X),X = [0, a] by theorem (4.1) we get

IRA(F,) = FOllpe, < CTi (1,

Applying lemma (3.3), we obtain

! ) here C = 3 (2 ( 242 1)k+1>
y———t where C = ac + 2a +
Vn - 1 pjcn

C * /] 1 * C * ’ 1
< gt (Fgs) |, Then IRi(f ) = FOllne, < gt (£ )

Theorem 4.3
For f € L, ¢, (X),X=1[0,a), a> 0 we have

lim IR(F,) = FOllpe, = 0

Proof
By using theorem (4.1) we get

1
IRACE) = FOllpe, < €t (f—)  wehave

Vn_l p'en
i IR3CF,) = fOlle, < Jim 7 (f,==)  and since Jim ———=0 th
1m ) ) — . S 11m-tT , ana since I1im = en
A {1 pln = Tk Vn—1 b n-o\p — 1

* . 1
= Cty (f,rlllm )

lim |R(f,.) — fF(O)l < lim CT*(,
n—oo n(fs-) = () Pln = oo Tk / ~o4n—1 p.Cn

= C1(f, 0)pe, =0

1
V Tl - 1)p‘6n

11



hence, lim ||R;(f,.) — f()llpe, = 0 therefore
n—0o
lim,_, Ry, (f,x) = f(x) unformly on [0,a),a >0 m
Theorem 4.4
For f € L, ¢, (X),X =[0,a], a > 0 we have
1GR () = FOllpe, < 37k(f, 8nz),, o Where 85 = b2x? — 2bxgyi(x) + x2

Proof
By using lemma (3.6), we have
1) G,(ep,x) =G,(1,x) =1
2) Gp(eyx) = G = bgh(x) = x + bgh(x) — x = x + a(x)
where a(x) = bgn(x) — x
3) Gplepx) = Gy(t? x) = b*x* = x* + b*x* —x* = x* + B(x)
where B(x) = b%?x? — x?

and since G, (f) be a linear positive operator then by using lemma (3.5) we get

1632 = FOllpe, < 37 (fVBC — 202 @)

= 31, (f,\/bzx2 —x2 —2xbg;(x) + 2x2) .= 31 (f,\/bzx2 — 2xbgy(x) + xz)

p.Cn D.Cn

= 374(f; Sn,x)p,cn where S, , = /b2x2 — 2xbg};(x) + x2

andforb - 1, gn(x) = x,n — oo we get

Spx = \/bzx2 — 2xbg,(x) +x? - 0 then

NGa(f,.) = fOllpe, = 0Thus Gy (f,x) = f(x), this means that G, (f, x) is the best
approximationto f(x) =
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