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Abstract. A self-balancing scooterate (also"hoverboard",self-balancingsystem on board) is a self-

balancing  transport system consisting of  motorized wheels have pad on which the rider places her or his 

feet and stands on pad to drive. The driver or a person controls the velocity of Hoverboard by leaning 

forwards or backwards, and provide direction with a steering command. The study of balancing of a 

person on Hoverboard can be explained with the help of a complex computer algorithm that stabilizes the 

under-actuated system . 

The methodology or The Concepts used  for controlling  the Hover board mechanism through 

mathematical modelling can be studied by explaining through kinematic model, the dynamic model (using 

Lagrange approach) that are presented to control the Two-Wheel personal Balancing Transporter 

(TWPBT) as follows.  

1. INTRODUCTION 

A self-balancing scooterate (also"hoverboard",self-balancingsystem on board) is a self-balancing  

transport system consisting of  motorized wheels have pad on which the rider places her or his feet and 

stands on pad to drive. The driver or a person controls the velocity of Hoverboard by leaning forwards 

or backwards, and provide direction with a steering command. The study of balancing of a person on 

Hoverboard can be explained with the help of a complex computer algorithm that stabilizes the under-

actuated system . With the consequence of back or forward movement ,The person can move  system 

by leaning forwards or backwards and can use controller to stabilize it ,.  

Since 2001, Segway PT  are available in the market used as a two-wheeled self-balancing vehicles and  

recognized as a powerful personal transporter and commercial vehicle as a versions. Another 

successful  example is -so called- Hover board : .The Hover board may be consider as an evolution of 

the first, it has drive mechanism and has the advantage of being minimum weight , portable and 

smaller in size. 
 

Another section The problem of controlling the Two-Wheel Personal Balancing Transporter 

(TWPBT) starts with the mathematical modelling that controls the Energy which are govern by 

kinematic modelling , the dynamic modelling explained through  Lagrange mathematical Equation . 

 

 

A subsection Mathematical Modelling of Hover board 

 

Some text. The methodology or The Concepts used for controlling the Hover board mechanism 

through mathematical modelling can be studied as follows. The problem of controlling the Two-Wheel 

Personal Balancing Transporter (TWPBT) starts with the mathematical modelling  that controls the 

Energy which are govern by kinematic modelling , the dynamic modelling explained through  

Lagrange mathematical Equation are presented and explained in details as follows ; 
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2. KINEMATIC MODELLING OF HOVERBOARD .  

 

 

The Nomenclature used for this Model are  

 

Let    

        

mP   Mass/weight  of the Driver  [kg]/N  

mw  Mass/weight of the Right AND Left wheel (SAME)  [kg/N]  

JθP Mass moment of inertia of the Driver, w.r.t. pitch rotation  [kgm
2
]  

JδP Mass moment of inertia of the Driver w.r.t. yaw rotation  [kgm
2
] 

 Jw  Mass moment of inertia of the ROTOR(wheels)  [kgm
2
]  

αm,βm  Angular position of the ( Right, Left ) motor (w.r.t to the base) [rads]  

α,β  Angular position of the ( Right, Left ) ROTOR(wheels)(w.r.t to the ground) [rads]  

θP           Angular position of the Driver (w.r.t .the ground, where 0 is the  upper position in the vertical 

direction ) [rads]  

vL,vR  Linear Velocity of the (Right, Left)  centre  of the ROTOR(wheels)  [m/s]  

xb,vb  X-axis position and Linear Velocity of the  centre of the base (origin)  [m],[m/s] 

 xP,yP,zP – X-Y-Z-coordinates of the Driver’s centre of Mass [m]  

L Length between centre of Mass of the Driver and Base [m]  

D Distance between ROTOR(wheels) [m]  

R  Radius of the ROTOR(wheels) [m]  

CL,CR  Torques acted on  the ROTOR(wheels), by Motor (than to gearbox)  [Nm]  

ρ  Velocity  ratio of the motor  and the wheel  

τL,τR  Torque of the (Right, Left) motor  [Nm]  

ψ   Frictional viscosity coefficient 
 

ABOVE  Nomenclature gives  Meaning with units for Hoverboard 

 

 

 

 
 

 

 

Figure 1: Graphical representation of Hover board showing above parameters 



 

 

 

 

 

 

 

3    ASSUME SUITABLE DATA 

 
-Let’s assume suitable data:  

1 The frictional parameter is assumed to be linear and directly proportional to the motor’s velocity, 

other than reality. 

 

2. Assuming Driver as a rigid body (cylinder) of "2L" height 

 

3.  Efficiency of Gearbox = 1 

4.  No Elasticity to Velocity ratio 

5   Neglecting Air friction  

6. System’s vertical origin is treated as vertical coordinate of the base  

 

 

The given below equation relates motor’s position (declared to the Driver’s angle) with the 

ROTOR’s(wheels) angle (declared to the ground) are : 

 

α = θP +ραm  

 β = θP +ρβm  

˙ α = ˙ θP +ρ˙ αm  

˙ β = ˙ θP +ρ˙ βm         (1) 

 

 

The relation between the ROTOR(wheels) and base are: 

 

vL = r˙ α 

 vR = r˙ β 

 vb = vL+vR 2r = r ˙ α+ ˙ β 2r ˙  
δ = vL−vR D = r ˙ α− ˙ β D        (2) 

 

 

Referring to Driver’s centre of mass: 

 
xP = xb +LsinθPcosδ  
yP = LcosθP  
zP = zb +LsinθPsinδ  
˙ xP = ˙ xb +L˙ θPcosθPcosδ−L˙δsinθPsinδ 

 ˙ yP = L˙ θPsinθP ˙ 
 zP = ˙ zb +L˙ θPcosθPsinδ+L˙δsinθPcosδ  
v

2
 = ˙ x2

 + ˙ y2
 + ˙ z2

  = 

 = v2 b +L2 ˙ θ2 P +2L˙ θP[˙ xbcosθPcosδ+ ˙ zbcosθPsinδ]+ +2L˙ δ[−˙ xbsinθPsinδ+ ˙ zbsinθPcosδ 

(3) 

 

where: 



 

 

 

 

 

 

 
˙ xb = vbcosδ ˙ zb = vbsinδ        (4) 

thus: 

v2 P = v2 b +L2 ˙ θ2 P +2L˙ θP[vbcosθPcos2δ+vbcosθPsin2δ] =  
= v2 b +L2 ˙ θ2 P +2L˙ θPvbcosθP       (5) 

 

 

 

4   DYNAMIC MODELLING OF HOVER BOARD  

 
 

- The Resultant torque, of motor after the gearbox, due to Frictional viscosity coefficient   can be 
modelled as: 

CL = 1/ ρ (τL −ψ˙ αm) =  1/ ρ τL − ψ ρ2 (˙ α− ˙ θP) 

 CR = 1/ ρ (τR −ψ˙ βm) =  1/ ρ τR − ψ ρ2 (˙ β− ˙ θP)     (1) 

 

 

 

4.1   kinetic energy of the Rotors (wheel ): 

 

Neglecting the kinetic energy of rotor(wheel) about  its vertical axis ,The  equations  given below 

referred both translational (linear)and rotational parameters of the rotor(wheel )motion.  

 

KEL = 1 /2mwv
2
 L + 1/ 2Jw ˙ α2 = 1 /2(mwr2

 +Jw)˙ α2
 

 KER = 1 /2mwv
2
 R + 1 /2Jw ˙ β2 = 1 /2(mwr2

 +Jw)˙ β2
 

 KEw = TL +TR = 1/ 2(mwr
2
 +Jw)(˙ α+ ˙ β)2

              (2) 

 

 

4.2  KINETIC ENERGY OF THE DRIVER: 

 
the kinetic energy of the Driver is compounded with three parameters as :  

 

Thus translational  or the Linear kinetic energy is written as : 

KEP = 1/ 2mPv
2
 P = 1/ 2mP(v

2
 b +L2 ˙ θ2 P +2L˙ θPvbcosθP) 

     = 1 /2mP[r ˙ {α+ ˙ β /2 }2 +L2 ˙ θ2 P +2L˙ θPr ˙ α+ ˙ β 2 cosθP]     (3) 

  

 

The rotational or circular kinetic energy w.r.t. rotation of the Driver around the rotor’s (wheel’s) 

centre (θP) is written as: 

 

KEθP = 1/ 2JθP ˙ θ2 P     (4) 

 

 

 The rotational or circular kinetic energy w.r.t  the rotation around the vertical axis (y) is  written as  

 

KEyP = 1/ 2(JδP +mPL2sinθ2 P)˙ δ2  
 = 1 /2(JδP +mPL2sinθ2 P){r ˙ α− ˙ β /D }2     (5) 

 

 

Therefore  Total kinetic energy of the Driver is given by: 



 

 

 

 

 

 

 

KEP = KEtP +KEθP +KEyP  

= 1 /2mP[{r ˙ α+ ˙ β 2 }2 +L2 ˙ θ2 P +2L˙ θPr ˙ α+ ˙ β 2 cosθP]+ 

 1 /2JθP ˙ θ2 P+  

1 /2(JδP +mPL2sin2θP){r ˙ α− ˙ β/ D }2                            (6)

  

 

4.3 KINETIC ENERGY OF THE MOTORS: 

 
The kinetic energy of the motors is: 

KEm    = KEmL +KEmR    = 1/ 2Jm(˙ α2 m + ˙ β2 m) =  
         = 1 /2 Jm /ρ2 (˙ α2 + ˙ β2 +2˙ θ2 P −2˙ α˙ θP −2˙ β˙ θP)                  (7) 

 

 

 

 

Total kinetic energy:  

 

Therefore  Summation of all  kinetic energy of the system is given as : 

 

KE  =   KEP +KEw +KEm = 

  1/ 2mP[{r ˙ α+ ˙ β 2 }2 +L2 ˙ θ2 P +2L˙ θPr ˙ α+ ˙ β 2 cosθP ] + 

  ½(JθP ˙ θ2 P+ 

 1 /2(JδP +mPL2sin2θP)   {r ˙ α− ˙ β /D }2+ 

1/2(mwr2 +Jw)(˙ α+ ˙ β)2+  
1 /2 Jm ρ2 (˙ α2 + ˙ β2 +2˙ θ2 P −2˙ α˙ θP −2˙ β˙ θP )   (8) 

 

 

 

 

4.4  Potential energy (of the Driver): 

 
The potential energy w.r.t  the vertical position of the Driver’s center of mass: 

 

PE = mPgLcosθP       (9) 

 

 

 

5 LAGRANGIAN EQUATION 

 

USING Lagrangian rule, the Equation for the system can be written as  

 
T = KE − PE    

 

Where T = Total Energy or Torque 

 



 

 

 

 

 

 

 
Fig : 2 Torque acting on a wheel 

 

The above figure gives the total idea how torques is applied on  left wheel with complete references as 

shown., while in the left of the TWPBT base: and In the Right, the rotor(wheel),,,it is to be noted that 

the torque generated by the motor applies equal and opposite in the two bodies.  

The symmetric holds for the right rotor(wheel). 

 

W.R.T ABOVE Situation, Therefore the Lagrange equations can be mathematically modelled as : 

 

d /dt(∂L ∂ ˙ α)− ∂L /∂α = CR  

d /dt(∂L ∂ ˙ β)− ∂L/ ∂β = CL  

d/ dt(∂L ∂ ˙ θP)− ∂L/ ∂θP = −(CR+CL)     (1) 

 

CONCLUSIONS : 

 

1) The right-side of the Lagrange equations state the active contribution to the dynamics.  

2) The first and second equations’ terms are torques of the  motors,  

3) the third equation, the active contribute is the sum of the torques of the two motors, as easily 

noticeable  

 

Thus permits to write the complete Mathematical Modelled Equations of motion  

 as 

 [mPr2/4 + r2(JδP+mPL2sin2θP)/ D2 +mwr2 +Jw + Jm/ ρ2]¨ α+ 

 [mPr2 /4 − r2(JδP+mPL2sin2 θP)/ D2 +mwr2 +Jw]¨ β+  
[mPLrcos θP /2 − Jm /ρ2]¨ θP + ψ ρ2 ˙ α− ψ ρ2 ˙ θP + 

−mPL ˙ θ2 Prsin θP / 2 + 2mPL2r2sin θP cos θP /D2 ˙ θP(˙ α− ˙ β) = τL /ρ 

 [mPr2/ 4 − r2(JδP+mPL2sin2 θP)/ D2 +mwr2 +Jw]¨ α+  
[mPr2/ 4 + r2(JδP+mPL2sin2 θP)/ D2 +mwr2 +Jw + Jm/ ρ2]¨ β+  
[mPLrcos θP / 2 − Jm ρ2]¨ θP + ψ/ ρ2 ˙ β− ψ/ ρ2 ˙ θP+  
−mPL ˙ θ2 Prsin θP 2 + 2mPL2r2sinθPcosθP D2 ˙ θP˙ β− ˙ α = τR/ ρ  
[mPLrcos θP / 2 − Jm ρ2]¨ α+[mPLrcos θP 2 – Jm/ ρ2]¨ β+  
+[mPL2 + 2Jm ρ2 +J θP]¨ θP −mPgLsinθP+  
+2ψ /2 ˙ θP – ψ/ ρ2 ˙ α− ψ/ ρ2 ˙ β− mPL2r2sin θP cos θP /D2 (˙ α− ˙ β)2 = −τL/ ρ – τR/ ρ  
 

Above are the equations of motion for the Hover board system.  

 



 

 

 

 

 

 

 

In order to make  a linear controller, it is  possible to linearize system into  a non-linear system 

 

 

6.  FUTURE SCOPE 

 

Self-balancing scooterate  system like Hoverboard is the  simplest mathematical model for the 

study.The Validation of  above mathematical model can be made possible using simulation software 

like simulink block model.And therefore the parameters related to System’s,Subsystem ( 

example:stability,poles etc) can easily be identify for making the model usable for design of suitable 

and proper controller. The system can be made more realistic if one can go for study related to model 

extentions ,which will more exhaustive and interesting. 

 

The evoluted model  can also be analyzed from the above mathematical model parameters, where 

Driver will  have few degree of freedom w.r.t. the angle of the base  using above references. 

Using model’s parameters regarding the Driver and its nature of driving –A   Block model can be 

prepared using  physiological parameter. The mathematical model presented  as a system model is  

used for the "self-balancing Robotised System" problems, that consist of a rigid body erected  on  two 

wheels. 

 

. 
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