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Abstract—This work demonstrates the design and compares
the performance of two different digital control techniques for a
modeled pneumatic diaphragm valve. The valve model is derived
using first-principles modeling, the Karnopp friction model and
approximates the I/P converter dynamics with a first order filter.
The digital PID and LQR controllers were chosen to compensate
the valve friction. A proposed contribution is to implement
a digital LQR control using the Bryson rule and the Pincer
technique to tune the matrices Q and R based on requirements
response, maximum deviation of states variables and control
effort. The robustness of the LQR controller compared to the
PID controller is presented in this paper.

Keywords—Digital control, I/P converter, LQR, PID, pneu-
matic valve.

I. INTRODUCTION

FRICTION is a characteristic of mechanical systems that
imposes the biggest challenges during the design of

stem position controllers for pneumatic diaphragm valves.
The friction index deviation during its life span is common,
considering that this phenomenon depends on the maintenance
condition of the valve and therefore its wear directly affects
it. Since the diaphragm valves are widely employed in the
process industry to regulate flow [1], it is important that the
position controllers present acceptable performance even when
the valve has a high friction index, as sub-optimal control
loops may affect the overall plant efficiency.

Oscillations in process variables due to valve stiction, can
induce the operator to perform an incorrect controller tuning.
In addition, such type of nonlinear oscillations cannot be
completely eliminated by controller detuning or by the action
of digital valve positioners [2]. Defective or excessively worn
valves are responsible for significantly reduce the performance
of the plant control loops [3].

The PID is the most commonly used controller to control
industrial loops [4]. Its broad adoption can be explained as the
PID controller has a simple structure and it is easily understood
by the control engineers [5]. Methods to increase the PID
tuning performance as Ziegler and Nichols (1942) technique
[6] and its variations over the years is still widely used in
practice.

The valve friction compensation have been studied [7].
The combinations of control freezing and knocker technique
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for valve friction compensation can provide good results [8].
However, the Linear Quadratic Regulator (LQR) applied for
valve friction compensation is totally new. The LQR design
technique is quite studied in modern optimal control theory.
One characteristic of the LQR controller is its robustness,
which is desirable when designing controllers for models that
present uncertainties. For a SISO plant, the LQR has at least
a phase margin of 60 degrees and an infinity gain margin [9].
Therefore, the LQR controller is a good choice to study for
valve positioners.

The valve that is studied in this paper is an actuator
normally used in industrial plants that need flow control in
their processes. Pneumatic diaphragm valves are the most
fundamental actuators in control applications in chemical
engineering plants. Typically, in a single chemical process
production unit there can be up to 6000 control valves [10].
However, these actuators may be the ones that present more
problems due to high wear and the impact that has been
generated by this wear.

II. MODEL

To obtain the valve model, it is possible to apply the balance
of forces to the valve stem, according to the Newton’s second
law, as shown in Equation (1) [10]. The input signal of the
valve is defined by the controller (4-20mA), converted into a
pressure unit through the I/P converter, and the valve output is
the stem position (usually normalized between 0 and 100%).
The valve model parameters used in this paper are presented
in Table I.

mẍ(t) = Fdiaph − Fsp − Fat − Fflow − Finit, (1)

where m is the moving parts mass (stem + plug + diaphragm),
x(t) is the stem position, Fdiaph is the diaphragm force, Fsp
is the spring force, Fflow is the fluid force that exerts on the
valve plug, Fat is the friction force, Finit is the spring initial
force. The diaphragm force and the spring force are presented
in Equations (2) and (3).

Fdiaph = Sap(t), (2)

where Sa is the diaphragm section area and p(t) is the air
pressure inside the valve diaphragm chamber and

Fsp = Kspx(t), (3)

where Ksp is the spring constant.
The I/P converter is modeled as a first order filter [11]:



TABLE I
VALVE MODEL PARAMETERS, AS ESTIMATED IN [11].

Variable Value Description
Sa (m2) 0.0445 diaphragm cross section area
pmax (Pa) 206331 maximum diaphragm pressure
pmin (Pa) 42231 minimum diaphragm pressure
m (Kg) 1.6 moving parts mass

Ksp (N/m) 206941 spring constant
Fs (N ) 942.4 static friction force
Fc (N ) 665.4 Coulomb friction force

Fv (Ns/m) 70500 viscous friction force
Finit (N ) 2823 spring initial force
vs (m/s) 0.00326 Stribeck velocity
xmax (m) 0.02858 maximum stem position
xmin (m) 0 minimum stem position
Kp (Pa/%) 1641 pressure gain
τI/P (s) 0.933 time constant of the I/P converter

Fig. 1. Simplified schematic of a pneumatic diaphragm valve [1].

ṗ(t) =
KpOP (t) + pmin − p(t)

τI/P
, (4)

where Kp is the pressure gain, OP (t) is the normalized
controller output (0 - 100%), pmin is the minimum diaphragm
pressure and τI/P is the time constant of the I/P converter. The
pressure gain is defined as:

Kp =
pmax − pmin

100
, (5)

where pmax is the maximum diaphragm pressure.

According to [10] the fluid force can be neglected, because
it is much smaller than the other forces involved.

A. Friction Models

There are currently several friction models for pneumatic
valves, some of them quite simple while others are more
sophisticated. Some of these models can be checked at [12].
However, among the main existing models, [13] performed
a performance comparison and its conclusion was that the
Karnopp [14], LuGre [15] and Kano [1] were able to reproduce
the ISA diaphragm valve tests with a high precision.

For this paper, the Karnopp model was selected for the
development of controllers and also for the simulations.

B. The Karnopp Friction Model

The Karnopp model describes the friction force Fat of
Equation (1) establishing the following conditions:

Fat =


Fext, if |v| < DV and |Fext| ≤ Fs
Fssgn(Fext), if |v| < DV and |Fext| > Fs,

Fd(v), if |v| ≥ DV
(6)

where Fext is the resultant external force, v is the stem ve-
locity, DV is the minimum speed before the stem movement,
Fs is the static friction force, sgn(Fext) is the sign of Fext
quantity and

Fd(v) = [Fc + (Fs − Fc)e−(v/vs)
2

]sgn(v) + Fvv, (7)

where Fc is the Coulomb friction force, vs is the Stribeck
velocity, Fv is the viscous friction force and sgn(v) is the
sign of v.

C. Pneumatic Valve Behavior

It is possible to verify in the previous item that the friction
model is discontinuous and non-linear. It can be classified into
well known non-linearities, such as hysteresis, dead zone and
dead band [16]. Through these characteristics it is possible to
obtain some parameters of the valve, for the model of Kano
for example. Figure 2 shows what can be called the valve
signature [1]. Figure 3 shows the valve signature using the
Karnopp friction model.

Fig. 2. Typical pneumatic valve signature [17].

The valve stem may become stuck due to a high static
friction. This condition can worsen further due to excessive
wear and poor maintenance of the valve. During this process,
the integrator of the closed-loop controller continues to correct
the error, and when the force applied to the stem overcomes
the static friction, excessive stem slipping occurs, crossing the
desired operating point [17]. Excessive static friction can also
reduce the valve operating range.



Fig. 3. Algorithm signature of Karnopp friction model.

D. Model Linearization

In order to be able to design the linear controllers, it is
necessary to calculate the linear model around the operating
velocity. Initially, Equation (1) is expanded in order to separate
viscous friction from static friction:

ẍ =
SaKp

m
p(t)− Ksp

m
x(t)− Fv

m
ẋ(t)−

[Fc + (Fs − Fc)e−(ẋ(t)/vs)
2

]

m
sgn(ẋ(t)).

(8)

Applying the linearization in static friction of Equation (8)
around velocity ẋL:

F̄at(ẋ(t)) = − 2ẋL
v2sm

(Fs − Fc)e−(ẋL/vs)
2

ẋ(t). (9)

Using a constant Cff to adjust the equation:

Cff = − 2ẋL
v2sm

(Fs − Fc)e−(ẋL/vs)
2

. (10)

ẍ =
SaKp

m
p(t)− Ksp

m
x(t)− Fv

m
ẋ(t) + Cff ẋ(t) (11)

E. The Laplace Transfer Function

According to Equation (11) the Laplace transfer function
considering the I/P converter model and the pneumatic valve
model is calculated:

X(s)

U(s)
=

(
1

τI/P s+ 1

)(
SaKp/m

s2 + (Fv/m+ Cff )s+Ksp/m

)
(12)

The transfer function of the pneumatic valve can be repre-
sented as a second order transfer function:

G(s) =
ω2
n

s2 + 2ξωns+ ω2
n

(13)

Thus ξ can be calculated as:

ξ(ẋL) =
Fv

m + Cff

2
√

Ksp

m

(14)

The velocity value of the stem was obtained graphically,
considering that the behavior of the valve system is under-
damped (0 < ξ < 1). Therefore, ξ = 0.5 was aleatory
chosen and for this point, resulted in a linearization point of
ẋL = 0.001853m/s.

F. State Space Model

The state space model was calculated from Equations (4)
and (11):

ṗ(t)ẋ(t)
ẍ(t)

 =

−
1

τI/P
0 0

0 0 1
SaKp

m −Ksp

m −(
Fv+Cff

m )


p(t)x(t)
ẋ(t)

+

 1
τI/P

0
0

OP (t)

y(t) =
[
0 1 0

] p(t)x(t)
ẋ(t)

+
[
0
]
OP (t)

III. DIGITAL CONTROLLER DESIGN

For this paper two different techniques design are proposed
to perform the closed loop control of the valve. A digital LQR
and a digital PID.

A. Design of Linear Quadratic Regulator (LQR)

The Optimal Quadratic Control is performed by calculating
a K[n] time varying gain. In steady state condition, this gain
is constant. It can be obtained in a simpler way than the time
variant gain [18]. The K matrix should minimize Equation
(15):

u[n] = −Kx[n]

J =
1

2

∞∑
n=0

(xT [n]Qx[n] + uT [n]Ru[n] + 2xT [n]Nu[u]), (15)

Following the system:

x[n+ 1] = Φx[n] + Γu[n] (16)

y[n] = Cx[n] (17)

According to Bryson Rule [19] the matrices Q (18) and
R (19) must be diagonal, which are composed of the maxi-
mum desired deviations of the states (Mdxi2) and the input
(Mdui2).

Qii =
1

Mdxi2
(18)



Rii =
1

Mdui2
(19)

The Pincer technique [20] can introduce another degree of
freedom to the LQR controller design, in view of keeping the
poles in closed loop within the unit circle of radius 1/α, with
α > 1. With that, (15) can be simplified by (20).

J =

∞∑
n=0

[(αnx[n])TQ(αnx[n]) + (αnu[n])TR(αnu[n])] (20)

To calculate the matrix gain K, the dlqr command from
MATLAB © [20] was used.

The Pincer technique was used with a criterion of 1%. The
calculation of α was performed using Equation (21):

α = 100
Ts
ta , (21)

where ta is the settling time and Ts is the controller sampling
time [20].

The state space system was expanded with an additional in-
tegrator in order to change the regulatory to tracking behavior
of the LQR controller. The new structure of Equation (16) is
presented in the following matrix:

[
x[n+ 1]
v[n+ 1]

]
=

[
Φ− ΓK ΓKi

−C Imxm

] [
x[n]
v[n]

]
+

[
0

Imxm

]
r[n]

B. Design of Discretized Positional PID Controller

The PID controller designed for the valve was performed
first using the Laplace Transform. It is noteworthy that this
controller was designed and implemented in the simulations
additionally with the anti-windup function. For that it was
considered to assign a zero value for error of the integrative
term if u(t) is greater than sat. It also can be done by
subtracting from the integative term the error between u(t)
and sat multiplied by a gain 1/Tt, where Td ≤ Tt ≤ Ti [21].

A pure derivative term results in a very large amplification
of the measurement noise [21], in this case it is possible to
approximate this term of the controller according to Equation
(22). The complete PID structure is shown in Figure 4.

sTd ∼=
sTd

1 + sTd/N
, (22)

where Td is derivative time and N is a gain limitation for high
frequencies (usually assigned between 3 to 20) [21].

The method used to discretize the PID controller is the Rect-
angular Backwards. The u[n] output of this digital controller is
the sum of the outputs of the controllers: proportional (up[n]),
integral (uI [n]) and derivative (uD[n]). It can be checked in
Equation (23).

u[n] = up[n] + uI [n] + uD[n] (23)

up[n] = kpe[n] (24)

Fig. 4. PID controller with anti-windup and derivative filter. Adapted from
[21].

uI [n] = uI [n− 1] +
kpTs
TI

e[n] (25)

uD[n] =
TD

TD +NTs
uD[n−1]− kpNTD

TD +NTs
(y[n]−y[n−1]),

(26)
where kp is the controller gain, TD is the derivative time, TI is
the integrator time, Ts is the sampling time of the controller,
N is a gain limitation for high frequencies and y[n] is the
system output.

IV. SIMULATION RESULTS

The simulations for controller comparison are performed
with Karnopp model non-linearized and with 500Hz. The
controllers are tuned to achieve the maximum values of the
requirement response for the linearized Karnopp model in
closed loop as follows:

TABLE II
PID PARAMETERS

Overshoot Settling time Phase Margin Gain Margin
10% 2s 69° 43.3dB

A. PID Tuning and Results

The PID parameters were tuned with the aid of the Tune
tool, available in the standard PID block of MATLAB©. The
tuned parameters can be verified in Table III. The stem
position, stem velocity and control effort of the stem can be
verified in Figures 5, 6 and 7, respectively.

TABLE III
PID PARAMETERS

kp N Ti Td
1.8545 20 0.39364 0.01



Fig. 5. Stem position for the Karnopp model in closed loop with the PID
controller.

Fig. 6. Stem velocity for the Karnopp model in closed loop with the PID
controller.

Fig. 7. Control effort of stem for the Karnopp model in closed loop with the
PID controller.

B. LQR Tuning and Results

According to the Bryson Rule, the maximum desired de-
viations of the states (Mdxi2) are 1% for the stem position
and 2m/s for the stem velocity. For integrator state a range
between 0 and 100 has been defined and a value of 81.65 was
adjusted manually to achieve the maximum deviation values of
the other states. For the input (Mdui2), the control effort can
be adjusted. This value was adjusted manually with the same
purpose of the integrator value. Thus, the Q and R matrices
can be defined as:

[
Q
]

=


0 0 0 0
0 1

12 0 0
0 0 1

22 0
0 0 0 1

81.652


[
R
]

=
[
0.1
]

The stem position, stem velocity and control effort of the
stem can be verified in Figures 8, 9 and 10, respectively.

Fig. 8. Stem position for the Karnopp model in closed loop with the LQR
controller.

Fig. 9. Stem velocity for the Karnopp model in closed loop with the LQR
controller.



Fig. 10. Control effort of stem for the Karnopp model in closed loop with
the LQR controller.

C. Comparison of PID and LQR Error

The error between the PID and LQR controlles are com-
pared according to three different types of performance in-
dexes: ISE (Integrated Squared Error), VI (Variability Index)
and ITAE (Integrated Time-weighted Absolute Error) con-
sidering Equations (27), (28) and (29), respectively. For a
fair comparison the first cycle of the response t < 100 was
discarded, considering that in the first cycle the stem position
starts from x = 0. The results can be verified in Table IV and
Figure 11:

ISE =

∫ T

T0

(x− xset)2dt (27)

V I =
2σx
µx

100, (28)

where σx is the standard deviation of the stem position and
µx is the mean value of the stem position.

ITAE =

∫ T

T0

t|x− xset|dt (29)

TABLE IV
PERFORMANCE INDEX

Index PID LQR
ISE 1300,99 1136,72
VI 14,69 12,13

ITAE 10080,39 4928,57

Fig. 11. Error between the PID and LQR controllers.

V. CONCLUSION

The LQR and PID digital controllers were designed and
compared. The PID controller presented considerable oscil-
lation and permanent steady state error. It should be noted
that the non-linear characteristics of the pneumatic diaphragm
valve limit the performance of a linear controller, even with the
best tuning. On the other hand, the LQR controller presented
better results. It is possible to notice that this controller has
a better tracking of the stem position than the PID controller.
Other characteristics of the response obtained with the LQR
controller should also be highlighted, such as less oscillations
and reduced steady state error. The comparison of the perfor-
mance indexes confirms that. These differences between the
responses of the two digital controllers show that, in fact, the
LQR controller is more robust than the PID controller. For
future work, these controllers are ready to be tested on a real
valve.
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