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ABSTRACT

In this paper, we define the algebraic structures of Intuitionistic Multi L—fuzzy subgroups and
Intuitionistic Multi Anti L—fuzzy subgroups. The purpose of this study is to implement the fuzzy
set theory and group theory in Intuitionistic Multi L—fuzzy subgroups and Intuitionistic Multi
Anti L—fuzzy subgroups and also some related properties are investigated.
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I. INTRODUCTION

L.A.Zadeh [29] introduced the concept of fuzzy sets. A.Rosenfeld [21] applied this
concept in group theory and semi group theory, and developed the theory of fuzzy subgroups.
The concept of anti L—fuzzy subgroup was introduced by R.Biswas [7]. The concept of multi L—
fuzzy subgroups was introduced by Sourier Sebastian and S.Babu Sundar [25]. The idea of
Intuitionistic L—fuzzy set was given by K.T.Atanassov [5]. S.Sabu and T.V.Ramakrishnan [22]
proposed the theory of multi L—fuzzy sets interms of multi L—dimensional membership
functions.In all these studies, the closed unit interval [0,1] is taken as the membership Lattice.In
this paper, we introduce the notion of Intuitionistic Multi L—fuzzy subgroups and Intuitionistic
Multi Anti L—fuzzy subgroups of a group G and discuss some of its properties.

II. PRELIMINARIES

Throughout this paper G denotes an arbitrary multiplicative group with “e” is an identity element
and L denotes an arbitrary Lattice with least element 0 and greatest element 1. The join and meet
operations in L are denoted by max(or V) and min(or A) respectively. A function u: G — L is
called a multi L — fuzzy subset of G.

2.1 Definition



Let X be any non-empty set. A fuzzy set 4 of X is u: X — [0,1].
2.2 Definition

Let (G,.) be a group. A fuzzy subset p of G is said to be L-fuzzy subgroup (LFSG) of G,
if the following conditions are satisfied:

) uey) = min{ulx), p(y)}
()  p(x™H =px), forallx,y € G.

2.3 Definition

A L-fuzzy subset p of G is said to be anti L-fuzzy subgroup (ALFSG) of G, if the
following conditions are satisfied:

) uCey) < max{plx), n(y)},
()  p(x™Y) =px), forallx,y € G.

2.4 Definition

Let X be a fixed non-empty set. A Multi L-fuzzy subset (MLFS) p in X is defined as a set
of ordered sequences. p = {(x, uq(x), uz(x),..., pi(x),....): xeX}, where p;: X — [0,1], for all
i. Also note that, for all i, u; (x) is a decreasingly ordered sequence of elements.

ic., uy (x) = pp(x) 2. ... = pi(x) 2. ..., for all xeX.
2.5 Definition

A Multi L-fuzzy subset u of a group G is called a Multi L-fuzzy subgroup of G
(MLFSGQG), if

) ulxy) = minfulx), u(y)},
()  p(x™1) = ux), for all x, yeG.

2.6 Definition

A Multi L-fuzzy subset u of a group G is called a Multi Anti L-fuzzy subgroup of G
(MALFSG), if

(1) u(x,y) < max{u(x), u(y)},
()  p(x™1) = ux), for all x, yeG.

2.7 Definition

Let X be a fixed non-empty set. An Intuitionistic L-fuzzy subset (ILFS) u of X is an
object of the form u = {x, us(x),ya(x): xeX}, where uy: X — [0,1] and y4: X — [0,1].



Define the degree of membership and degree of non-membership of the element xeX
respectively with 0 < p,(x) + y4(x) < 1, for all xeX.

Remark

(a) When py(x) +y4(x) = 1,ie.,when y,4(x) = 1 — uy(x) = u5(x). Then u is called L-fuzzy
set.

(b) We use the notation u = (g, y4) to denote the Intuitionistic L-fuzzy subset (ILFS) p of X.
III. INTUITIONISTIC MULTI L-FUZZY SUBGROUPS (IMLFSG)
3.1 Definition

Let X be a non-empty set. Let u = {x, ua(x),ya(x): xeX} in X is defined as a set of
ordered sequences.

e, u= {x, (uAl(x),qu (), v es g, (x), ), ()/Al(x),)/Az(x), s Va (), ....):xeX}.
Where py,: X = [0,1], y4,:X = [0,1] and 0 < iy, (x) +y,,(x) < 1 for all i.

Here, p;(x) = puy(x) =.....= p;(x) =. ..., for all xeX are decreasingly ordered sequence. Then
the set u is said to be an Intuitionistic Multi L-fuzzy subset (IMLFS) of X.

Remark

Since we arrange the membership sequence in decreasing order, the corresponding non-
membership sequence may not be in decreasing or increasing order.

3.2 Definition

An Intuitionistic Multi L-fuzzy subset u = {x, us(x),y4(x): xeX} of a group G is said to be
Intuitionistic Multi L-fuzzy subgroup of G (IMLFSGQG) if it satisfies the following: For all x, yeG,

(1) walxy) =2 minf{us(x), ua(y)} and yu(xy) < max{y,(x),va()},
()  pa(x™) = pa(x) and y,(x7) = ya(x).

Or Equivalently p is IMLFSG of G if and only if
uaCxy™) = minf{u, (0), ua(y)} and ya(xy™) < max{ya(x),va()}-
SOME BASIC OPERATIONS ON INTUITIONISTIC MULTI L-FUZZY SUBGROUPS

Let A= {x,us(x),ya(x):xeX} and B = {x, ug(x),yg(x): xeX} be any two ILMFSG’s of X,
then

1. Inclusion: A € B & py,(x) < ug(x) and y4(x) = yg(x) for all xeX.



2. Equality: A = B & 11, (x) = pp(x) and y,(x) = y5(x) for all xeX.
3. Complement: A° = {x,y,(x), ity (x): xeX}
4. Union: AUB = {(x, (uaUup) (x), (vaUys) (x)): xeX}
Where, (1£4Upug) (x) = max(u (x), up(x)) and (v,Uyp) (x) = min(ya(x), v (x))
5. Intersection: ANB = {(x, (uaNpp) (%), (vaNyp)(x)): xeX}
Where, (4 Nug) (x) = min(p, (x), up (x)) and (yaNyp) (x) = max(ya(x), ys(x))
6. Addition: A @ B = {x, us(x) + pp(x) — pa()up(x),va(x) + vp(x) — va(x)yp(x): xeX}
7. Multiplication: A ® B = {(x, iy (x) 15 (), 4 (¥)y5 (x): xeX)}
8. Difference: A — B = {x, min(p,(x),y5(x)), max(y,(x), up(x)) : xeX}

9. Symmetric Difference: AAB = {(x, max[min(y 4(X), VB (x)), min(uB (%),74 (x))],

min [maX(VA (x), up (x), max()/B CIN (x))]) :xeX}
10. Cartesian Product: AxB = {(uA (CTECIRACIT (x)) : xeX}
3.1 Theorem

Let 4 be an Intuitionistic Multi L-fuzzy subgroup of a group G and e is the identity element of G.
Then prove that

(1) Ua(x) < puy(e) and y,(x) = y4(e), for all xeG.
(i)  Thesubset H = {xeG/us(x) = pa(e) and y,(x) = y4(e)} is a subgroup of G.

Proof
(i)  LetxeG
pa(x) = min {p,(x), ua(x)}
= minfu, (x), pa(x™ 1)}
< palex™) = py(e)
Hence, pa(x) < py(e)
And  y,(x) = max {y,(x),ya(x)}

= max{y,(x), )/A(x_l)}



> yalxx™t) = yale)
Hence, y4(x) = ya(e)
(i) Let H = {xeG/us(x) = pa(e) and y,(x) = ya(e)}
Clearly, H is non-empty set as eeH. To prove that H is a subgroup of G.
Letx,y € H. Then pa(x) = pa(y) = pa(e)
uaCey™) = min {uy (x), ua(y ™1}
= min {4 (x), ua(y)}
= min {us(e), pa(e)} = pale)
Therefore, — pa(xy™) = paCed L (1)
And obviously p,(e) = min {u,(e), us(e)}
= min {4 (x), ua(y)}
= min {u,(x), ta(y 1} = palxy™)
Therefore, us(e) = p(xy™ (2)
From (1) and (2) gives, ua(xy™") = pa(e)
Letx,y € H. Then y,(x) =va(¥) = va(e)
YaCey™) < max {y,(x), va(y "1}
= max {ya(x),va(»)}
= max {ya(e),va(e)} = vale)
Therefore, y,(xy D) <y.(e) 3)
And obviously y,(e) < max {y,(e),va(e)}
= max {ya(x),va(»)}
= max {y4(x), va(y ™)} <valxy™)
Therefore, y4(e) < ya(xy™ . (4)
From (3) and (4) gives, y4(xy™') = y4(e) and xy~* € H.

Clearly, H is a subgroup of G.



3.2 Theorem

Prove that u is an Intuitionistic L-fuzzy subgroup of G if and only if u¢ is an Intuitionistic Multi
L-fuzzy subgroup of G.

Proof
Suppose p is a ILFSG of G. Then for all x,y € G.
Case (i) : The first property of ILFSG gives,
Ualxy) = min{u,(x), us(y)} < Taking complement on both sides
e 1— pa(xy) =21 —minf{l — uy(x),1 — pus(»)}
g va(xy) < max{ys(x),va(y)}
Case (ii) : The second property of ILFSG gives,
pa(x) = uy(x~1) < Taking complement on both sides
e 1— ps(x) = 1—p,(x™h)
At Ya(x) = ya(x™h)

In both the cases, u,(x) =1 — y,(x) is a complement of u (ie., 1) satiesfies the conditions for
an IMLFSG.

Hence, u€ is an IMLFSG of G.
3.3 Theorem

If u is an Intuitionistic Multi L-fuzzy subgroup of G if and only if prove that

(1) ta(xy™) = min {p, (x), pa ()} and
(i1) Ya(xy™) < max Ya(x),va)}

Proof
(1) Let 4 be a IMLFSG of G for all x,y € G, then
< paCey™) = min {ua (), pa(y™H}
& = min {u,(x), ua(y)} [+ By definition 3.2]
< palxy™) = min {uy(x), ua ()}
(11) Let u be a IMLFSG of G for all x,y € G, then



e yaley™) < max {ya(x), va(y )}
= =max {y4(x),va(y)} [+ By definition 3.2]
e yaley™) < max {ya(x),va(0)}

Hence the proof.

3.4 Theorem

Let X be a non-empty set. For every two Intuitionistic Multi L-fuzzy subgroup of A and B in X,
then prove that

(1) (AUB)=AUB and (ii) (ANB)=ANB
Proof
Given X be a non-empty set.
For every two IMLFSG of A and B in X.
Then A = {x, uy(x),ya(x): xeX} and B = {x, ug(x),yg(x): xeX}.
0 AUuB = {(x (1) Va(0), (1a®) U ys(x)): xex}

= {(x, (4 U pp)(x), (va Vyp)(x)): xeX}
= {(x, max(uA(x),,uB(x)),min()/A(x),yB (x))) :xeX} =AUB

(AuB) = AUB
i AnB) = {(x(Nus()), (raNya(x))): xex}

= {(x, (uaNup)(x), (vaNyp)(x)): xeX}
= {(x, min(,uA(x),,uB(x)),max(yA(x),)/B(x))) :xeX} = ANB

(AnB) = ANB

Hence the theorem.

3.5 Theorem
Prove that u is an Intuitionistic Multi L-fuzzy subgroup of G, then
H = {xeG /uys(x) = 1,y4(x) = 0} is either empty or is a subgroup of G.

Proof



Given u is an IMLFSG of G.
To prove that H = {xeG/us(x) = 1,y,(x) = 0} is either empty or is a subgroup of G.
Case (i) : If no element satisfies this condition, then H is empty.

Case (ii) : Suppose for all x, yeH.

By theorem 3.3, gives  p,(xy ™) = min {p, (x), ua (v 1)}

= min {u,(x), ua(¥)} [+ By definition 3.2]
= min{11} =1 [ pax) = 1]
ualxy™H =1 [“ua:X - [0,1]] (1)

Again by theorem 3.3, y,(xy™1) < max {y,(x),y.(y 1)}

= max {y4(x),v.(y)} [+ By definition 3.2]
= max {0,0} =0 [+ va(x) = 0]
valxy™) = 0 [“ ya:X - [0,1]] (2)

From (1) and (2) we get, xy~leH.

Therefore, H is a subgroup of G.

Hence H is either empty or is a subgroup of G.
3.6 Theorem

If p is an Intuitionistic Multi L-fuzzy subgroup (IMLFSG) of a group G. For all x,y, e € G then
prove that

) palxy™) = pale) gives pa(x) = pa(y).
(i)  yalxy™) = yale) gives ya(x) = ya(y).

Proof
Letx,y,e € G.
(i)  Now, u,(x) = ua(xy=ty)
> min {p, (xy™), ua (1)}
= min {u(e), ta(y)} [ ualxy™) = pa(e)]

= ualey) = ua(y)



a0 = pa(y)
(i)  Now, ya(x) = yalxy™'y)
< max {y4(xy™ D, va()}

max {y4(e),y.(y)} [+ valxy™) = ya(e)]

= yaley) = va(y)
- va(x) = ya(y)
Hence the theorem.

IV. INTUITIONISTIC MULTI ANTI L-FUZZY SUBGROUPS (IMALFSG)

4.1 Definition

An Intuitionistic Multi L-fuzzy subset p = {x, us(x),y4(x): xeX} of a group G is said to be
Intuitionistic Multi Anti L-fuzzy subgroup of G (IMALFSQG) if it satisfies the following:

For all x, yeG, then

(1) walxy) < max{us(x), ua(y)} and yu(xy) = min{y,(x),va()},
() pa(x™) = pa(x) and y,(x7) = ya(x).

Or Equivalently p is IMALFSG of G if and only if
paCxy™) < max{p(x), ua()} and y,(xy™1) = min{ya(x),va()}-
4.1 Theorem

If p 1s an Intuitionistic Multi Anti L-fuzzy subgroup of G if and only if prove that

(1) taCey™) < max {uy(x), ua(y)} and
(i)  yaCxy™) = min {y,(x),va()}

Proof
(1) Let u be a IMALFSG of G for all x,y € G, then
e py(xy™) < max {u, (), pa(y ™13}
& = max {pus(x), ua(»)} [+ By definition 4.1]

S usgley™) < max {uy(x), s (¥)}
(i1) Let 4 be a IMALFSG of G for all x,y € G, then



e yaley™) = min {ya(x), 74y}
= = min {y,(x),v.(y)} [+ By definition 4.1]
e yaley™) = min {ya(x), va()}

Hence the proof.

4.2 Theorem

Let u be an Intuitionistic Multi Anti L-fuzzy subset of a group (G,.). If pu(e) =0 and
va(e) =1 and py(xy™") < max {us (x), 14 ()} and y4(xy™) = min {y,(x),y4(y)}, for all
X,y € G, then yu is an Intuitionistic Multi Anti L-fuzzy subgroup (IMALFSG) of a group G.

Proof

Let x,y € G and e is the identity element in G. Also given py(e) =0 and y,(e) =1 and
Ha(xy™) < max {ps(x), pa(y)} and y,(xy™") = min{y, (x), 74 ()}

To prove that y is an IMALFSG of a group G.
() Now, wus(x™) = palex™)
< max {uy(e), pa(x)} [ pa(ey™) < max {y (%), ua(¥)3]
< max {0, us (%)} [+ uale) = 0]
C (e = ()
And  ya(x71) = yalex™)
> min {ya(e),va(x)} [+ valxry™) = min{ya (), va()}]
= min {1, y4(x)} [+ va(e) = 1]
- ya(x™) = va()
(i)  Now, pa(xy) = pax(y=5™H
< max {pa (0, pa(y 3} [+ paCey™) < max {ua(x), pa(3)}]
2 pa(xy) < max {u, (%), ua(y)} [+ 1ta(x) = pa(x™H)]
And  y,(xp) = yalx(y™H™)
> min {y4(x), va(y 1)} [ Yaley™) = min{y, (x), 74 ()}]

- Ya(xy) = min {y,(x),v,(y)} [ yalx™) = ya(x)]



Hence, p is an IMALFSG of a group G.
4.3 Theorem

Let (G,.) be a group. If u is an Intuitionistic Multi Anti L-fuzzy subgroup of G, then prove that

palxy) = max {p,(x), pa(¥)} and y4(xy) = min {y,(x),ya(y)} with pu(x) # us(y) and
Ya(x) # y4(y), for each x and y € G.

Proof
Let x,y € G and u be an IMALFSG of G. Also given that p,(x) # pua(y) and y4(x) # va(y).
So without loss of generality assume that p,(x) < pu(y) and y (x) > v (y).
To prove that i, (xy) = max {u,(x), 1a(y)} and y(xy) = min {y,(x),va(y)}.
(1) Now, us(y) = pua(x *xy)

< max {py(x™ 1), ua(xy)}

= max {py(x), ua(xy)} [+ pa(x) = pa(x™1)]
= uy(xy) [+ pa(x) < pa ()]
< max {us(x), a(¥)}

= ua(y)

Therefore, 4 (xy) = pua(y) = max {u,(x), us(y)} forall x,y € G.
(i)  Now, ya(¥) = yalx"'xy)

> min {y,(x™ 1), y.(xy)}

= min {y,(x),y4(xy)} [ Ya(x) = ya(x™ D]
= yalxy) [+ va(x) > va(y)]
> min {y,(x),va()}

= v4(y)

Therefore, y4(xy) = y4(¥) = min {y,(x),y4(y)} forall x,y € G.
4.4 Theorem

If p is an Intuitionistic Multi Anti L-fuzzy subgroup (IMALFSG) of a group G and if there is a
sequence {x,} in G such that lim[max{ (us(x,), ua(x,)} 1 =0 and
n—->oo

lim [min { (y4(x;,), va(xn)}] = 1, then prove that py(e) =0 and y4(e) =1, where e is the
n—-0oo

identity element in G.



Proof

Let u be an IMALFSG of a group G with e is the identity element in G and x € G be an arbitrary
element.

Wehave x € G = x~ ! € G and hence xx~ 1 =e.

Given there is a sequence {x,} € G such that lim[max { (us(x,), us(x,)}] =0 and
n—00

lim [min { (14 Gea), vaCend}] = 1.

To prove that u,(e) =0 and y,(e) = 1.

() Now, pu(e) = palex™)
< max {pa(x), ua(x™ 1)}

~ ua(e) < max {py(x), ua(x)} [+ pa(x) = pa(x~ )]
For each n, we have py(e) < max {u,(x,), pa(xn)}
Taking limit n = oo on both sides we get,
pale) < Ai_{l;lo[maX{ (aCen), pa(xp)} = 0 [+ by given]
Therefore, u,(e) =0

(i)  Now, ya(e) = ya(xx™h)
> min {y,(x),ya(x"1)}

“ Ya(e) = min {y,(x),ya(x)} [+ va() = ya(x™H)]
For each n, we have y,(e) = min {y,(x,,), va(x,)}
Taking limit n = oo on both sides we get,
Ya(e) = Ai_r}glo[min { a7} =1 [+ by given]
Therefore, y,(e) = 1.
Hence the proof.
4.5 Theorem

If p is an Intuitionistic Multi Anti L-fuzzy subgroup of G, then

(1) ta(xy) = pa(yx) ifand only if py(x) = pu (y~*xy)
(i)  ya(xy) = y4(yx) ifand only if y,(x) = y4(y~1xy) forall x,y € G.



Proof
Let u be a IMALFSG of G forall x,y € G.
(1) Assume that p,(xy) =ty (yx), we have
1a(y~'xy) = pa(y~ryx) = palex) = pya(x).
pa(x) = us(y~txy), forallx,y € G.
Conversely, assume that p,(x) = u,(y~1xy), we have
ua(xy) = paCyxx™) = pa(yx).
Ua(xy) = pyu(yx), forallx,y € G.
Hence (i) is proved.
(i)  Also assume that y,(xy) =y, (yx), we have
Yay~'xy) = va(y~tyx) = valex) = ya(x).
Ya(x) =yva(y~xy), forallx,y € G.
Conversely, assume that y,4(x) = y4(y " 1xy), we have
Va(xy) = valeyxx™) = ya(yx).
s Yalxy) =ya(yx), forallx,y € G.
Hence (ii) is proved.
4.6 Theorem

If A and B are Intuitionistic Multi Anti L-fuzzy subgroups of G and H, respectively, then AxB is
an Intuitionistic Multi Anti L-fuzzy subgroup of GxH.

Proof

Let A and B be Intuitionistic Multi Anti L-fuzzy subgroups of G and H, respectively. Let x; and
x, bein G, y; and y, be in H.

Then (x4, y1) and (x,,y,) are in GxH.

Now, paxp[(x1, Y1) (X2, ¥2)] = taxs (X122, y1Y2)
= max {ps((x1x2), up(¥1y2)}

< max [max{u, (x1), ua(x2)}, max{up (y1), up (y2)}]



= max [max{u, (x1), p(y1)}, max{u, (x2), up (y2)}]
= max{faxg (X1, 1) , taxs (X2, ¥2)}

taxp[(x1,¥1) (%2, ¥2)] < max{piaxp (X1, Y1), haxs (X2, ¥2)}, ¥V x1.%2 € G, y1,y, €H.

And, Vaxp[(x1,¥1) (X2, ¥2)] = Yaxs ((x1%2, ¥1Y2)

= min {y4((x1x2), v (¥1Y2)}
> min [min{y,(x1),va(x2)}, min{yg (y1), v (y2)}]
= min [min{y,(x1), ¥ (1)}, min{y,(x2), v (y2)}]
= min{Yaxp (X1, Y1), Yaxz (X2, ¥2)}

Yaxs[(¥1, y1) (2, ¥2)] = min{yaxp (x1,¥1) , Yaxe (X2, ¥2)}, ¥V x1,x; € G, y1,y, €H.

Hence AxB is an IMALFSG of GxH.
Hence the proof.
V. CONCLUSION

In this paper, we have seen some basic definitions related on Intuitionistic L-fuzzy subgroup
(ILFSG) and Intuitionistic Anti L-fuzzy subgroup (IALFSG). Next we define Intuitionistic Multi
L-fuzzy subgroup (IMLFSG) and Intuitionistic Multi Anti L-fuzzy subgroup (IMALFSG) with
the help of ILFSG and TALFSG. Also we have investigated some properties and theorems based
on IMLFSG and IMALFSG. Further work is in progress in order to develop the IMLFSG and
IMALFSG.
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